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A NOTE ON WEAKLY SYMMETRIC MANIFOLDS

C. A. MANTICA AND U. C. DE

Abstract. The object of the present paper is to determine the nature of
the associated 1-forms of a weakly symmetric manifold.

1. Introduction

As is well known, symmetric spaces play an important role in differential
geometry. The study of Riemannian symmetric spaces was initiated in the late
twenties by Cartan [4], who, in particular, obtained a classification of those
spaces.

Let (Mn, g), (n = dimM) be a Riemannian manifold, i.e., a manifold M with
the Riemannian metric g and let∇ be the Levi-Civita connection of (Mn, g). A
Riemannian manifold is called locally symmetric [4] if ∇R = 0, where R is the
Riemannian curvature tensor of (Mn, g). This condition of local symmetry is
equivalent to the fact that at every point P ∈ M , the local geodesic symmetry
F (P ) is an isometry [11]. The class of Riemannian symmetric manifolds is very
natural generalization of the class of manifolds of constant curvature. During
the last five decades the notion of locally symmetric manifolds have been weak-
ened by many authors in several ways to a different extent such as conformally
symmetric manifolds by Chaki and Gupta [6], recurrent manifolds introduced
by Walker [18], conformally recurrent manifolds by Adati and Miyazawa [1],
conformally symmetric Ricci-recurrent spaces by Roter [15], pseudo symmetric
manifolds introduced by Chaki [5] etc. The notion of recurrent manifolds have
been generalized by various authors such as Ricci-recurrent manifolds by Pat-
terson [12], 2-recurrent manifolds by Lichnerowicz [10], projective 2-recurrent
manifolds by Ghosh [9] and others.

The notion of weakly symmetric and weakly projective symmetric manifolds
were introduced by Tamassy and Binh [17] and later Binh [3] studied decom-
posable weakly symmetric manifolds. Weakly symmetric manifolds have been
studied by several authors ([2, 7, 13, 14]) and many others. A Riemannian
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manifold is said to be semisymmetric [16] if its curvature tensor satisfies the
condition

∇l∇mR
h
ijk −∇m∇lR

h
ijk = 0,

where ∇ denotes the Levi-Civita connection on (Mn, g).
A non-flat Riemannian manifold (Mn, g) is called weakly symmetric if the

curvature tensor is not identically zero and satisfies the condition

∇rRhijk = ArRhijk +BhRrijk + CiRhrjk +DjRhirk + EkRhijr,(1)

where A,B,C,D,E are 1-forms which are non-zero simultaneously. Such a
manifold is denoted by (WS)n. If A = B = C = D = E = 0, the manifold
reduces to a symmetric manifold in the sense of Cartan. This justifies the
name of weakly symmetric manifold. Prvanovic [13] proved that under certain
condition the 1-forms are related as follows:

Bh = Ch = Dh = Eh,

for all h. That is, the weakly symmetric manifold is characterized by the
condition

∇rRhijk = ArRhijk +BhRrijk +BiRhrjk +BjRhirk +BkRhijr.

The 1-forms A and B are called the associated 1-forms of a (WS)n. The
existence of a (WS)n was proved by Prvanovic [14] and a concrete example
was given by De and Bandyopadhyay [7]. The present paper is concerned with
certain investigations on a (WS)n. The paper is organized as follows.

After introduction we prove that the associated 1-form A of a (WS)n is
closed if and only if the 1-form B is closed. Further, we obtain a condition
under which a (WS)n result to be a semisymmetric manifold. Finally, a con-
dition under which a (WS)n reduces to a Pseudo-symmetric manifold in the
sense of Deszcz [8] is obtained.

2. Nature of the associated 1-form of a weakly symmetric
manifold

In this section we determine the nature of the associated 1-forms of a (WS)n.
Let

∇rRhijk = ArRhijk +BhRrijk +BiRhrjk +BjRhirk +BkRhijr.

Then

(2) ∇s∇rRhijk −∇r∇sRhijk = (∇sAr −∇rAs)Rhijk

+ (∇sBh −BsBh)Rrijk + (∇sBi −BsBi)Rhrjk

+ (∇sBj −BsBj)Rhirk + (∇sBk −BsBk)Rhijr

− (∇rBh −BrBh)Rsijk − (∇rBi −BrBi)Rhsjk

− (∇rBj −BrBj)Rhisk − (∇rBk −BrBk)Rhijs,

or,



A NOTE ON WEAKLY SYMMETRIC MANIFOLDS 121

∇s∇rRhijk −∇r∇sRhijk = (∇sAr −∇rAs)Rhijk

+BshRrijk +BsiRhrjk +BsjRhirk +BskRhijr

−BrhRsijk −BriRhsjk −BrjRhisk −BrkRhijs,

where

Bsh = ∇sBh −BsBh.

Permuting cyclically h, j, r and i, k, s, we get

(3) (∇sAr −∇rAs)Rhijk + (∇iAh −∇hAi)Rjkrs + (∇kAj −∇jAk)Rrshi

+BshRrijk +BsiRhrjk +BsjRhirk +BskRhijr

+BijRhkrs +BikRjhrs +BirRjkhs +BisRjkrh

+BkrRjshi +BksRrjhi +BkhRrsji +BkiRrshj

−BrhRsijk −BriRhsjk −BrjRhisk −BrkRhijs

−BhjRikrs −BhkRjirs −BhrRjkis −BhsRjkri

−BjrRkshi −BjsRrkhi −BjhRrski −BjiRrshk = 0,

because, in view of the Walker identity [18],

∇s∇rRhijk −∇r∇sRhijk +∇i∇hRjkrs

−∇h∇iRjkrs +∇k∇jRrshi −∇j∇kRrshi = 0.

Now, let us suppose

∇sAr = ∇rAs.

Then

(4) BshRrijk +BsiRhrjk +BsjRhirk +BskRhijr

+BijRhkrs +BikRjhrs +BirRjkhs +BisRjkrh

+BkrRjshi +BksRrjhi +BkhRrsji +BkiRrshj

−BrhRsijk −BriRhsjk −BrjRhisk −BrkRhijs

−BhjRikrs −BhkRjirs −BhrRjkis −BhsRjkri

−BjrRkshi −BjsRrkhi −BjhRrski −BjiRrshk = 0.

Let us suppose that ∇rBs 6= ∇sBr. Then there exists at least one Brs−Bsr,
say B12−B21, such that B12−B21 6= 0. Putting h = j = r = 1, i = k = s = 2
in (4) we find

6(B21 −B12)R1212 = 0,

that is,

R1212 = 0

Now, putting h = r = 1, i = k = s = 2 in (4), we have

4(B21 −B12)R12j2 = 0
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that is,

R12j2 = 0 for all j.

Putting h = k = r = 1, i = s = 2 in (4), we get

4(B21 −B12)R12j1 = 0,

that is,

R12j1 = 0 for all j.

Now, putting h = r = 1, i = s = 2 in (4), we get

2(B21 −B12)R12jh = 0.

that is,

R12jh = 0 for all j and all h.

Further, putting h = r = 1, s = 2 in (4) we obtain

(5) (B21 −B12)R1ijk + (B2j −Bj2)R1i1k + (B2k −Bk2)R1ij1

+ (Bj1 −B1j)R1i2k + (Bk1 −B1k)R1ij2 = 0,

from which, for j = 1, we get

R1i1k = 0,

and for j = 2,

R1i2k = 0.

Thus (5) reduces to

(B21 −B12)R1ijk = 0,

that is,

R1ijk = 0 for all i, j, k.

Putting h = s = 2, r = 1 in (4), we get R2i2k = 0 and R2ijk = 0.
Finally, putting h = 1, s = 2 in (4) we get

(B21 −B12)Rrijk = 0

that is,

Rrijk = 0 for all r, i, j, k.

Thus, if in (3) ∇sAr = ∇rAs, then Bij−Bji = 0 or the space is flat. Excluding
this last possibility, we get Bij −Bji = 0, or ∇iBj = ∇jBi.

Now, let us suppose ∇sBr = ∇rBs. Then (3) reduces to

AsrRhijk + AihRjkrs + AkjRrshi = 0,(6)

where we have put

∇sAr −∇rAs = Asr.
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If ∇sAr 6= ∇rAs, then there exists at least one Ars, say A12, such that A12 6= 0.
Then, in the same way as before, we get Rijhk = 0. Thus we obtain the
following:

Theorem 1. In a weakly symmetric manifold the associated 1-form A is closed
if and only if the 1-form B is closed.

Suppose the 1-form B is recurrent with the same vector of recurrence. That
is, ∇rBs = BrBs. Then obviously B is closed. Hence from Theorem 2.1 we
get the 1-form A is also closed. Therefore from (2) we obtain

∇r∇sRhijk −∇s∇rRhijk = 0.

From the above discussion we obtain the following:

Theorem 2. A weakly symmetric manifold reduces to a semisymmetric man-
ifold provided the 1-form B is recurrent with the same vector of recurrence.

Suppose now that the 1-form B is of the concircular form ∇rBs = BrBs +
γgrs, where γ is an arbitrary scalar function, then B is closed and again from
Theorem 2.1 the 1-form A is also closed. From (2) we may infer:

(7) (∇s∇r −∇r∇s)Rhijk = γ[gshRrijk − grhRsijk

+ gisRhrjk − girRhsjk + gjsRhirk − gjrRhisk + gksRhijr − gkrRhijs].

We have thus obtained that the manifold is Pseudo-symmetric in the sense of
Deszcz [8] and the following Theorem is true.

Theorem 3. A weakly symmetric manifold having the 1-form B of the con-
circular form ∇rBs = BrBs+γgrs reduces to a Pseudo-symmetric manifold in
the sense of Deszcz.
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[13] M. Prvanović. On weakly symmetric Riemannian manifolds. Publ. Math. Debrecen,
46(1-2):19–25, 1995.

[14] M. Prvanovich. On totally umbilical submanifolds immersed in a weakly symmetric
Riemannian manifold. Izv. Vyssh. Uchebn. Zaved. Mat., (6):54–64, 1998.

[15] W. Roter. On conformally symmetric Ricci-recurrent spaces. Colloq. Math., 31:87–96,
1974.
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