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A NOTE ON WEAKLY SYMMETRIC MANIFOLDS
C. A. MANTICA AND U. C. DE

ABSTRACT. The object of the present paper is to determine the nature of
the associated 1-forms of a weakly symmetric manifold.

1. INTRODUCTION

As is well known, symmetric spaces play an important role in differential
geometry. The study of Riemannian symmetric spaces was initiated in the late
twenties by Cartan [4], who, in particular, obtained a classification of those
spaces.

Let (M™,g), (n = dim M) be a Riemannian manifold, i.e., a manifold M with
the Riemannian metric g and let V be the Levi-Civita connection of (M", g). A
Riemannian manifold is called locally symmetric [4] if VR = 0, where R is the
Riemannian curvature tensor of (M™, g). This condition of local symmetry is
equivalent to the fact that at every point P € M, the local geodesic symmetry
F(P) is an isometry [11]. The class of Riemannian symmetric manifolds is very
natural generalization of the class of manifolds of constant curvature. During
the last five decades the notion of locally symmetric manifolds have been weak-
ened by many authors in several ways to a different extent such as conformally
symmetric manifolds by Chaki and Gupta [6], recurrent manifolds introduced
by Walker [18], conformally recurrent manifolds by Adati and Miyazawa [1],
conformally symmetric Ricci-recurrent spaces by Roter [15], pseudo symmetric
manifolds introduced by Chaki [5] etc. The notion of recurrent manifolds have
been generalized by various authors such as Ricci-recurrent manifolds by Pat-
terson [12], 2-recurrent manifolds by Lichnerowicz [10], projective 2-recurrent
manifolds by Ghosh [9] and others.

The notion of weakly symmetric and weakly projective symmetric manifolds
were introduced by Tamassy and Binh [17] and later Binh [3] studied decom-
posable weakly symmetric manifolds. Weakly symmetric manifolds have been
studied by several authors ([2, 7, 13, 14]) and many others. A Riemannian
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manifold is said to be semisymmetric [16] if its curvature tensor satisfies the
condition

ViV Rl — Vi ViR, =0,
where V denotes the Levi-Civita connection on (M", g).
A non-flat Riemannian manifold (M",g) is called weakly symmetric if the

curvature tensor is not identically zero and satisfies the condition
(1) V., Ryiji = ArRyiji + BrRyiji + CiRprji + D Rpivie + ExRhijr,

where A, B,C, D, E are 1-forms which are non-zero simultaneously. Such a
manifold is denoted by (WS),. If A= B = C = D = E = 0, the manifold
reduces to a symmetric manifold in the sense of Cartan. This justifies the
name of weakly symmetric manifold. Prvanovic [13] proved that under certain
condition the 1-forms are related as follows:

B, = Cp = Dy, = Ey,
for all h. That is, the weakly symmetric manifold is characterized by the
condition
V., Rpiji. = A Rpiji + BnRriji + BiBRurji + BjRuirk + BrRhijr.

The 1-forms A and B are called the associated 1-forms of a (WS),. The
existence of a (W.S), was proved by Prvanovic [14] and a concrete example
was given by De and Bandyopadhyay [7]. The present paper is concerned with
certain investigations on a (W.S),. The paper is organized as follows.

After introduction we prove that the associated 1-form A of a (W.S), is
closed if and only if the 1-form B is closed. Further, we obtain a condition
under which a (WS),, result to be a semisymmetric manifold. Finally, a con-
dition under which a (WS),, reduces to a Pseudo-symmetric manifold in the
sense of Deszcz [8] is obtained.

2. NATURE OF THE ASSOCIATED 1-FORM OF A WEAKLY SYMMETRIC
MANIFOLD

In this section we determine the nature of the associated 1-forms of a (W'5),,.
Let

V., Ryiji = ArRyijk + BrRyiji + BiRnrji + B Rpiri + BrRhijr-
Then

(2) VsV,Rhijk — Vi VsRyijr = (VsA, — Vo Ag) Ry
+ (VB — BsBp)Ryiji, + (Vs Bi — BsB;) Riyjic
+ (VsB; — BsBj)Rpivi + (VsBr — BsBy) Ryijr
— (V,.By — B, By)Raiji — (V. B; — B, B;) Rigjic
— (V,Bj — B, Bj) Ruisk — (V, Bx — B, By,) Ruijs,

or,
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VoV Rpiji — Vi VRyijie = (VA — Vi Ag) Ry
+ BopRyijic + BsiRprji + Bsj Rhivk + Bsk Rpijr
— By Raiji — BriRpsjk — BrjRuisk — BriRhijs,
where
By, =V B, — BBy,

Permuting cyclically h, j,r and i, k, s, we get

(3) (VA — VA Ryiji + (ViAp — Vi A)Rjgrs + (ViiA; — Vi Ag) Reshi

+ B Rriji. + BoiRprji + Bsj Rpivi, + B Rpijr

+ BijRpjrs + BirRjhrs + Bir Rjghs + BisRjgrn

+ B Rjsni + BrsBrjni + BrnRysji + BrilRrsn

— BinRsijik — BriBnsjk — BrjRuisk — BriRnijs

— By Rigrs — BriRjirs — BhrRjkis — BrsRjiri

— BjrRisni — BjsRikni — BjnRrski — BjiRrsne = 0,

because, in view of the Walker identity [18],

VsV Rhiji — ViV Ryiji + ViV R
— ViViRjkrs + ViViRyshi — V,; Vi Rogni = 0.
Now, let us suppose
VA, =V, As.
Then

(4)  BsnRyiji + BsiRirjk + BsjRuirk + Bsk Rhijr
+ Bij Rhkrs + B Rjnrs + Bip Rjkns + BisRjkrn
+ By Rjshi + BrsRyjni + BinRrsji + BiiRyshj
— By Raiji — BriRhsji — BrjRhisk — BriRpijs
— BhjRikrs — BriRjirs — Brr Rjkis — BrsRjkri
— By Rishi — BjsRekni — BinRyski — BjiRpshi, = 0.
Let us suppose that V,.Bys # VB,. Then there exists at least one B,.; — By,
say By — Ba1, such that Bjs— By # 0. Puttingh=j=r=1, i=k=s=2
in (4) we find
6(By1 — Biz)Ria12 = 0,
that is,
Ri212 =0
Now, putting h=r =1,i=k =s=21in (4), we have
4(Bg1 — Bi2)Ri2jo = 0
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that is,
Ri9j9 = 0 for all j.
Puttingh=k=r=1,i=s=21in (4), we get
4(By1 — Bia)Rigj1 = 0,
that is,
Ry2j1 = 0 for all j.
Now, putting h =r =1,i=s=2in (4), we get
2(Bay — Bia) Rigjn = 0.
that is,
Ry2jn, = 0 for all j and all h.
Further, putting h =r =1, s = 2 in (4) we obtain
(5) (Ba1 — Bi2)Ruiji + (Baj — Bja)Riiik + (Bak — Br2) Ruijn
+ (Bj1 — Byj)Rijok + (Bri — Bik)Riij2 = 0,
from which, for j = 1, we get
Rypng =0,
and for j = 2,
Ryiar, = 0.
Thus (5) reduces to
(Ba1 — Br2) Ruiji = 0,
that is,
Ryjr = 0 for all 4, 7, k.

Putting h =s =2, r =11in (4), we get Rojor, = 0 and Ry;;, = 0.
Finally, putting h =1, s = 2 in (4) we get

(Ba1 — Bi2)Ryij =0
that is,
R = 0 for all r,4, j, k.

Thus, ifin (3) VA, = V, A,, then B;; — Bj; = 0 or the space is flat. Excluding
this last possibility, we get B;; — Bj; = 0, or V,;B; = V,;B;.
Now, let us suppose VB, = V, B;s. Then (3) reduces to

(6> AsrRhijk + AihRjkrs + Aijrshi = 07
where we have put
VA, — V, A, = A,
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If VA, # V,. A, then there exists at least one A,, say A, such that A # 0.
Then, in the same way as before, we get R;jpr = 0. Thus we obtain the
following:

Theorem 1. In a weakly symmetric manifold the associated 1-form A is closed
iof and only if the 1-form B is closed.

Suppose the 1-form B is recurrent with the same vector of recurrence. That
is, V,.B, = B,.Bs. Then obviously B is closed. Hence from Theorem 2.1 we
get the 1-form A is also closed. Therefore from (2) we obtain

vrvsRhijk - strRhijk = 0.
From the above discussion we obtain the following:

Theorem 2. A weakly symmetric manifold reduces to a semisymmetric man-
ifold provided the 1-form B is recurrent with the same vector of recurrence.

Suppose now that the 1-form B is of the concircular form V,.B, = B, B, +
Ygrs, where v is an arbitrary scalar function, then B is closed and again from
Theorem 2.1 the 1-form A is also closed. From (2) we may infer:

(7) (str - Vrvs>Rhijk = ’Y[gshRm'jk - gthsijk
+ gisthjk - girRhsjk; + gsthi’/‘k - gerhisk + gksRhijr - ngRhijs]-

We have thus obtained that the manifold is Pseudo-symmetric in the sense of
Deszcz [8] and the following Theorem is true.

Theorem 3. A weakly symmetric manifold having the 1-form B of the con-
circular form V, By = B, Bs +7vg,s reduces to a Pseudo-symmetric manifold in
the sense of Deszcz.
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