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ABSOLUTE |C, o, 8; 6|, SUMMABILITY FACTOR OF
INFINITE SERIES

SMITA SONKER, XH. Z. KRASNIQI AND ALKA MUNJAL

ABSTRACT. In this study, a generalized theorem on a minimal set of suf-
ficient conditions for absolute summable factor has been established by
applying a sequence of wider class (quasi-power increasing sequence) and
the absolute Cesaro |C, a, §; 6| summability for an infinite series. Further
a well-known application of the above theorem has been obtained under
suitable conditions.

1. INTRODUCTION

(o9}
Let Y a, be an infinite series with sequence of partial sums {s,} and n'"
n=0
sequence to sequence transformation (mean) of {s,} is given by u, s.t.

00
Uy = E UnkSk-
k=0

The series Y a, is said to be absolute summable, if
n=0

lim u, = s,
n—oo

and
oo
Z [ty — Up—1| < 00.
n=1

Let 7, represent the n'* (C,1) mean of the sequence (na,), then the series
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ay is said to be |C, 1|, summable [11] for k > 1, if
n=0
— 1
> —lmlf < 0.
n=1 n

If u® and 72 represent the n'™ Cesaro mean [1] of order o > —1 of the sequence
(sn) and (na,), respectively, i.e.,

1 n
o a—1
Un = o E AL s,
n =0

and
1 n
a a—1
T = Ao ;Anvvav,
where
1 2)...
P Chs )((”') (@41 o), A%, =0 and A2 =1 for n > 0.

n!

The series Y a, is said to be |C, a|; summable for £ > 1 and o > —1, if
n=0
an_l\u“ —u®_|F = Z l|7a\k < 00.
n=1 ! " n=1 n"

The series is |C, «, §; 0| summable for k > 1, a > —1, 0 < <1, a+8 > 0,
and 0 > 0, if

o0 o0
Zn(‘ﬂ”k’l)]ug”ﬁ —uP|F = Zn‘%’l\n‘:’ﬂ]k < 0.
n=1 n=1

Remark 1. If § = 0, then |C, «, §; 0| summability reduces to |C, «, |, summa-
bility. If we take a = 1 & = 1, then |C, a, | becomes |C, 1, 1|, summable
and similarly if 8 = 0, then |C, «, 8], summability reduces to |C, a| summabil-
ity. If « =1 & k =1, then |C, a|; summable factor becomes |C, 1] summable
factor.

For the sequence {7#} which is n'* Cesaro means of {na,}, w? can be
expressed as [2]

B — |7eh), a>-1, =1,
T ) maXicp<n [T, a> —1, 0< B < 1.

2. KNOWN RESULTS

Using |C, |, summable factor, Bor [3] determined a minimal set of sufficient
conditions for an infinite series to be absolute summable. His result can be
stated as follows.
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Theorem 1. [3] Let (X,) be a quasi-f-power increasing sequence for some
0(0 <6 <1). Assume that there exists a sequence of numbers (A,) such that
it 1s E-quasi-monotone satisfying the following:
AA, <&,
[AN,| < [Ay],
Z A, X, is convergent for all n.

If the conditions
|An] X = O(1) as n — o,

m ok

ZM:O(XWI) as m — oo
n

n=1

are satisfied, then the series Y ap\, is |C, alx summable for 0 < a < 1 and
k> 1.

3. MAIN RESULTS

Sonker et al. [7, 8, 9, 10] have determined various results for the general-
ization of the Cesaro summable factor. The aim of the present study is to
formulate the problem of generalization of absolute Cesdro summability fac-
tor (|Ca, ;6] for k > 1, a > -1, 0< <1, a+f >0and § > 0) for
an infinite series. This work will also motivate the researchers interested in
theoretical studies of infinite series.

A positive sequence X = (X,,) is said to be a quasi-f-power increasing
sequence if there exists a constant K = K(X, f) > 1 such that Kf, X, >
fm X for allm > m > 1, where f = [f,(0,¢)] = {n’(logn)*,{ >0,0< 6 < 1}
[12]. If ¢ = 0, then a quasi-f-power increasing sequence [6] can be obtained.

The results of Bor [3] have been modernized with the help of generalized
Cesaro |C, a, 3; |r summability and we establish the following theorem.

Theorem 2. Let (X,,) be a quasi-f-power increasing sequence for some 0 (0 <
0 < 1). Assume that there exists a sequence of numbers (A,) such that it is
&-quasi-monotone satisfying the following:

(1) S0, X, = O(1),

(2) AA, <&,
(3) |AX| < [Ax,
(4) Z A, X, is convergent for all n.

If the conditions
(5) |An]| X = O(1) as n — o,
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m wa’ﬁ k
(6) Z (n?—‘”)f = O0(X,,) asm — o

n=1
are satisfied, then the series Y an\, is |C, «, 5;0|x summable for k > 1, a >
-1, 0<pB8<1, a+p>0 andd > 0.
4. LEMMAS
The following lemmas have been used to prove the main theorem.

Lemma 1. 5] If0< <1, a>—1and 1 <v <mn, then

1 1a 1 ja
DAY A, > AN ACa,
=0 p=0

Lemma 2. [4] Let (X,) be a quasi-f-power increasing sequence for some
0 (0 <6 <1). If (A,) is a {-quasi-monotone sequence with AA, < &, and
> oné&, X, < oo, then

= max
1<m<wv

ian\An\ < 00,

n=1
nA, X, = O(1) as n — co.
5. PROOF OF THEOREM 2

Let T be the n* (C,«, ) mean of the sequence (na,\,). The series is
|C, o, B; 8|, summable, if

(7) > T < o,
n=1

Applying Abel’s transformation and Lemma 1, we have

81
Ly Aa,ﬁ ZAn vAyVaA

1 P W
(8) = o Z AN, ZAB pASpa, + c:B ZAg;l,Agvav
no = p= n v=1
and
n—1 v
o, |>\ | o
T = AwZ'“ | 4%} A%pa, + o ZAQ ! A%a,
v=1 p=1 n v=1

= o7 Z AP W AN+ [y

(9) =T + TO‘
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Using Minkowski’s inequality,
(10) (T e = Tl + T | < 2 (1T + 1T )
In order to complete the proof of the theorem, it is sufficient to show that

(11) Znék_1|Tﬁ;ﬁ|k < oo forr=1,2.

By using Holder’s inequality, Abel’s transformation and conditions of Lemma
2, we have

m+1 m+1 n—1 k
Ok—1 o ﬁ 0k—1 a,B, o0
E n T, E E AP wEPIAN,
| 104 ﬁ) ( v v ‘ |>

n=2
m+1 n—1 k-1
< Zn—l (a+p— 5kzva+6 a76)k|Av‘(Z‘Av|>
v=1
m m+1
:O(UZ”W wy ) Ay Z a+5 Skt1
v=1 n= v+1

o N N T dx
=0(1) ) v +5)’“(101;’5)’“|Av\/W

= 0(1) Y vl |(wg?) !

m—1 v

=0(1) > A(|Ay]) > (weP)rrh=

v=1 r=1

Dm|Ap| Y (wi?)Fe® !
v=1

m—1

e

= 0(1 ) v|AA|X, +O(1 Z|A 1 X, + O(1)m|Ap| X,
v=1 v=1
=0(1) as m — o0,

(v+1)AJA,| —

(D)m| A | X
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m m

ST = 0(1) Y Pl (wg?) !
n=1
m—1 n
=0(1) > A (wg?yrp !
n=1 v=1

+O(D) A Y (wiP)Fn
n=1

m—1
=0(1) Y |AN] X, + O(1)| A\ | X

n=1
m—1

= O(l) Z ‘An|Xn + O(l)Mm‘Xm
n=1

(12) =0(1) as m — oo.
Collecting (7) - (12), we have

(o]
> T < o,
n=1

Hence the proof of the theorem is complete.

6. COROLLARIES

Corollary 1. Let (X,,) be a quasi-f-power increasing sequence for some 6 (0 <
0 < 1). Assume that there exists a sequence of numbers (A,) such that it is
&-quasi-monotone satisfying (1)-(5) and the following:

o (wy )
13 — - =0(X,, — 00.
(13) ; p (Xm) as m — o0
Then the series > an\, is |C, a, Bl summable fork>1, a> -1, 0 < <1
and o+ 3 > 0.

Proof. Putting § = 0 in Theorem 3.1, we will get (13). We omit the details as
the proof is similar to that of Theorem 3.1 and we use (13) instead of (6). [

Corollary 2. Let (X,,) be a quasi-f-power increasing sequence for some 0 (0 <
0 < 1). Assume that there exists a sequence of numbers (A,) such that it is
&-quasi-monotone satisfying (1)-(5) and the following:

m B\k
(14) (wn)” = O0(X,,) as m — 0.
n
n=1

Then the series Y ap\, is |C, Blx summable for 0 < § <1 and k > 1.
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Proof. Putting & = 0 and § = 0 in Theorem 3.1, we get (14). We omit the
details as the proof is similar to that of Theorem 3.1 and we use (14) instead

of (6). O
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