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DERIVATIONS OF CONVOLUTION ALGEBRAS ON FINITE
PERMUTATION SEMIGROUPS

MARIA J. ALEANDRO

ABSTRACT. If n € N let S, be the lexicographically ordered discrete semi-
group of permutations of {1,...,n}. Our matter is to seek about the struc-
ture and behauviour of derivations of the convolution algebra I* (S,,). This
problem has its own interest even in the finite case and emerges from stud-
ies of several kinds of amenability on Banach algebras supported on infinite
discrete groups or semigroups.

1. INTRODUCTION

The problem of derivations on convolution algebras has a long-standing in-
terest and even today it is a matter of research (among a huge literature the
reader can see [2], [11]). Given a semigroup S and u,v € S we shall write

[ ={zeS:zv=u} and [v 'u] ={z €S :ve=u}.

It is known that if S is discrete and contains an infinite pairwise disjoint
sequence of sets X (u,) = u,S N [uyu, '] then I' (S, w) is not amenable for any
weight function w, that is there is always a Banach [ (S, w)-bimodule H and a
non-inner derivation D,, : I' (S,w) — H* (cf. [5], Theorem 1.). In particular,
let Sy be the discrete semigroup of functions of the positive integers into itself
and let P be the set of prime positive integers. Given a fix p € Pand n € N
we write u,(n) = p"® if n = p"®m, with (m:p) = 1. We can represent
n = Iepq’™, where v, (n) = max {s € Ny : ¢* | n} for each ¢ € P. Thus, if
n(n) £ p»® then nu, = u, and since u, is idempotent then u,n € X (u,).
Further, since u,nu, = u, then (u,n) (p*) = p® for all s € Ny. Hence it is readily
seen that {X (u,)} is an infinite disjoint sequence of non empty subsets of Sy
and [! (Sy,w) is never amenable.

2020 Mathematics Subject Classification. 47B47, 43A20.
Key words and phrases. inverse semigroups, amenable groups and semigroups, amenable
Banach algebras, Jacobson radical, centralizing derivations.
CONICET - UNCPBA, FCExactas, Dpto. de Matematicas. NUCOMPA.
57



58 MARIA J. ALEANDRO

Now, remember that a semigroup S is called inverse semigroup if for all

v € S there exist a unique element v=! € S so that vv~'v = v and v"lvv™! =

v~!. Hence, if S is an inverse semigroup with an infinite set Eg of idempo-
tents ! (S,w) is never amenable (cf. [5], Corollary 1.). Further, combining
this result with the investigation in [4] the algebra ' (S, w) on an inverse semi-
group S is amenable if and only if Eyg is finite and every subgroup of S is
amenable. Certainly, for all n € N, by finiteness, each group contained in
S, is amenable but not necessarily an inverse semigroup. For instance, let us
consider (1,1,2) € S, i.e., the function (1,1,2) : 1 — 1,2 — 1, 3 — 2. Then
(1,1,2) has no unique inverse, for
(1,1,2)(1,3,1) (1,1,2) = (1,1,2), (1,1,2)(1,3,3) (1,1,2) = (1,1,2).
(1,3,1)(1,1,2) (1,3,1) = (1,3,1), (1,3,3) (1,1,2) (1,3,3) = (1,3, 3).
It is worth mentioning that any derivation on the group algebra of a discrete
group is inner (cf. [7], Theorem 4.). A closer look on the structure and

properties of derivations on [1(.S,) will allow us to derive the results described
in Subsection 1.2.

1.1. Notations. If n € Nand g € 5, let 6, = {597h}heXn7 where 4, denotes
the usual Kronecker symbol. Clearly {,} ¢ is a basis of I' (S,) and given
D e L(I*(S,)) there is a unique subset {)\Z}g,hesn of C such that D (d,) =
> hes, Mooy for g € S, If {69} g denotes the dual basis of {d5},cs, then

)\Z = <D (0g) ,5h> for all g,h € S,. If m,p € ' (S,) then there is a unique set
{F} 4 hes, of linear forms on I' (S,) so that

(1) mxp =) [thF,f(p)

gE€Sn LheS,

5.

We shall also write S,, as the disjoint union S,, = U}_, S, &, where S, ;, contains
the elements g € S, so that #Im (g) = k. The Jacobson radical of I' (S,,) is
denoted by J (I* (S,,)) and the set of derivations on I* (S,) by Z (I' (S,)).

1.2. Our results. In Section 2 we shall seek about derivations on /' (S,,). In
Theorem 1, (2) we determine the precise conditions on the coefficients )\Z in
order that D be a derivation; (3) will be related to the innerness matter while
(4) will describe the beauviour of the transpose of derivations on the forms
F?. In Proposition 1 it is shown how [ (S,) can be antihomomorphically
embedded into a subalgebra § of M, (C). In Theorem 2 we shall see that
Z (I*(S,)) is linearly isomorphic to a quotient of the Lie algebra of matrices
A € My» (C) so that ady (§F) € §. Here upon in Proposition 2 we will give
a complete description of Z (I'(S3)). Among other properties, it will seen
that any derivation maps onto the explicitly evaluated Jacobson radical. In
[8] it is shown that any element in the image of a bounded derivation on a
Banach algebra U so that [[U,U],U] = (0) is quasi-nilpotent. In [10] it is
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proved that any centralizing derivation D on a Banach algebra U maps into
the radical. Although those conditions are sufficient by Proposition 2, they
are not necessary, even in the finite dimensional context. From Proposition 2
we deduce that

[[62.1): 02,2)] + 61,1y] = g0 # 0.

Further, we know that any non zero derivation D on [' (S;) maps onto the
radical and is given as D (m) = (m, ) qo for some suitable linear form A. But

(D (m) ,m] = (m, A) (m") 4+ 2m@D 4 m2) g,

i.e., [D(m),m] is not centralizing since Z (I* (S3)) = Cd12).

2. DERIVATIONS ON [! (S,,)

The proof of the following theorem is straightforward:

Theorem 1.
(i) D is a derivation if and only if the following identity holds
(2) A, = Z M+ D Aifl g h €S,
kellh—1 kelg—1]

(ii) Let D be an inner derivation, say D = ady for some m € I*(S,). If
m=3,  wh then

h k k
(3) Ay = Z m- Z m.
kelhg=1] kelg=1h]

(iii) If D is a derivation then

(4) D (F)) = SONEL — NEf) if g.h € S,

leSn

Corollary 1. (c¢f. [1], Lemma 1.1. (i4)) If D € Z (I* (S,)) then s (D (m)) =

0, where m € 11 (S,,),, s is the augmentation functional, i.e.,

Proof. Given I, h € S, by (2) we see that

(5) =) M > AL

ke(lh—1] kelg—1]
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As S, 08,1US,108, CS,1ifl €S, — S, then [g7!] = @. By (5), if we
choose h € Sy, then [Ih™'] = @ and A, = 0. Now, if g, h € S, we can write

> Mo =D(d,)

lESnJ

ie., Zlesm AL = 0. Now, given h € S,, we choose any g € S, ;. Now we get

D (44) = D (64 * 6p)
=D LS 0+ 0% > AL

1€Sn1 1Sy,
= D (&) + [ N6,
leSn
and 50 ) AL = 0. The general case now follows by simply spanning. U

Proposition 1.

(i) If g,h € Sy, then F}} = 690, and F}l = 3, -1, 0"

(ii) There is a semigroup isomorphism n : S, — S,, so that n =n"!

and

(6) F{ (87) = Foid) (9a(y)

forall f,g,h € S,.
(iii) There is an anti-monomorphism F : 11 (S,) < M (C).

Proof. (i): Let m € I (S,,), [ € S,. By using (1) we have

0.

m*élzz Z mf 6k:Z[meFf(5l>

keSnl | felki-1] keS, LfeSn

If k ¢ Sul then > .o m/Ff () = 0 and we deduce that Ff(6;) = 0 for
fes, If kesS,l then

doowl=> wFf(a),

Felkl—1) feS,
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and since m is arbitrary we see that Ff (§;) = 1 if fI = k. Therefore,

Fyl (m) =Y mlF} (6)

fESR

Y w
hf=g

- Y W
felh=1g]

= Z mf 5hf,6g>

f€Sn
= <5h *m, 59)
= (m, §95y) .
(ii): Let n(f) (i) = f(n—i+1), f € S, and i € {1,...,n}. It is readily
seen that n is a semigroup isomorphism of S, and n~! = n. Moreover, if
m € ' (S,,), we can write

(7) T (m) = > (G, 070

feSn

- Z m® ) (855, 679

fESn

= Z m (Shf,5g
feSn
= F{(n(m)),

with 7 (M) =>tcs, m§;. If f € S, we can see that n (07) = 0n(y) and with
this fact combined with (7) we get (6).

(iii): Let F : I'(S,) = Man (C) so that F (p) = [FY (M), es, P € I'(S,),
where the upper and lower indexes denote rows and columns, respectively.
Then F is clearly linear. If m,p € I*(S,) and g,h € S,, by (1), we have
opxm=73, o FF(m)d;. Further,

5h*m*p—ZFh 5k*p—ZFh )ZF,ﬁ(p)&
k€Sn keSy, 1S,
Consequently,
Fjl (mxp) = (m s p,070p)
= (Op xmxp, )

=> Fi(m)F!

keSn
= [F(p) F(m)]}-
Since F'(p) = [(dn * P, )], e, the injectivity of F' is immediate. O
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Remark 1. The anti-monomorphism F' of Proposition 1 provides a non trivial
re-presentation of I'(.S,,) into C™". Therefore, it suffices to consider

0:1"(S,) = L(C"),p(m)(z) =2 F (m).

For matrix representations of finite dimensional convolution algebras the reader
can see [6].

Theorem 2. Let § = Im (F) and D,, = {\ € Mun (C) : ady (§) C§}. There
is a bijection between Z (I' (S,)) and the quotient linear space D,/ (D, NF°).

Proof. By Theorem 1 (iii) and Proposition 1, if D € Z (I'(S,)) then there is
A € M (C) so that F' (D (p)) = ady (F (p)). Hence A € D,,. As ady (F) = (0)
if and only if A € F¢ we get an injection ¥ : Z (I' (S,)) — D,/ (D, NF).
Now, if A\ € D, let us write Dy = F~*oady o F in L(I'(S,)). Then D, is
a derivation and the linear mapping A\ — D, is zero on D, N §° Finally it
is readily seen that the induced mapping D,/ (D, NF°) — Z (I* (S,)) equals
\Il_l. ]
Proposition 2.

(i) The space Z (11 (Sy)) is two dimensional.

(ii) If D € Z (I* (S3)) — (0) then Im (D) is a non-zero ideal and Im (D) =

(0).
(iii) If D € Z (I* (S2)) then Im (D) C J (I* (S2)).
(iv) Every non-zero derivation within [' (Sy) maps onto the radical.

Proof. (i): By applying Theorem 1 (i) or (iii) it is seen that if m € [' (S3) and
D is a derivation on [! (S;) then

(8) D (m) = [am®) + (o + ) mEY + pmE?] g4, a, 8 € C,

where qo = 0(1,1) — d(2,2). In this case we have

F((l,l)) _ F((22’2): m — m®Y +m(1’2) +m(2,1) + m(2’2),

1,1 2)

(12) _ @21 _ (22 o) _ p(12) _ o20)
Foy =Fuy = Fany = by = Feh = Fopy =0,
F((ll’;)) = Fg’f)) ‘m — mb,

(1.2) _ p(2,1) . 1,2
Fiiy) = Faoy) cm— m2)

(1.2) _ p(2,1) . 2,1
Foy = Fy sm— m@,

(1,1) (2,2) . 2,2

(ii): Given m,p € [' (S,) it is sufficient to observe that
D (m) xp =D (m)[pt) 4 plt? 4 p® 4 2],
e D (m) = [p2) — pV|D ().

(iii): An element m € [' (S,) is singular if and only if (m(l’z))2 = (m(Q’l))2
or mD 4+ m2 4+ mY 4 m2) = 0. Besides qo € J(I'(Sy)) if and only if
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d(1,2) — P * qq is regular for any p € 11 (Ss) (cf. [3], p. 69). If for a fixed p we
write p = §12) — p * 9o then p = dq 2~ (p®? — p1) q. Hence pt? = 1,
pY =0 and ptY + p12 4 pED £ 52 = 1 ie. p becomes regular. Thus
qo € J (I* (S3)) and the claim follows by (8).

(iv): We observe that

J (' (S2)) = {mel'(S,): mD 4 mZ2) = (12 = @D = 0}
and by a dimensionality argument the claim follows. 0

Example 3. The following is the list of non-zero complex homomorphisms on
[' (S3) induced by homomorphisms A : (Ss,0) — ({—1,0,1},) :

) ho(m) =3 m,

geSs
hy (m) = m(1:2:3) +m(132) +m(213) —|—m(231) +m(312) —|—m(321)
ho (m) = m(1:23) _ (132 4 (13) _ (231) _ q(3.12) _ m(3’2’1),
hs (m) = m123) _ q(132) _ 0 (218) L 0 (231) 4 1 (3.1.2) _ m(3’2’1),
hy (m = m(1:23) 4§ (132 _ (213) _ (231) _ 1(3.12) 4 (321
If D € Z (I' (S3)) the matrix M = [(D ( 5h>]g hetm(sy) 1as the form
[ 0 0 0 0 0 0 7
0 0 1 Co —C2 —C1
M = C3 —C1 — C4 Cy —C9 — Cg C2 — C7 C1 — Cg
Cg Cop —C3 C7— Co —Csy Cy Cg
cg —Co —C3 Co+cq Cq —C5 cr
| C3 €1 —C4 —C —C —Cr —Ce Cs

By (9) the Jacobson radical of I' (S3) is contained in the subspace S of I (S3)
defined as

S - m123) — 1 (218) _ 1 (132) 4 (821) _ (231 4 1(3.12) _
Therefore, if Im (D) C J (I* (S3)) the following identities must hold

cp=cg=cs=c5 =cg=0and ¢y = —cg = c7.
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