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CERTAIN IDENTITIES INVOLVING k-BALANCING AND
k-LUCAS-BALANCING NUMBERS VIA MATRICES

PRASANTA KUMAR RAY

ABSTRACT. Matrix methods are useful to derive several identities for bal-
ancing numbers and their related sequences. In this article, two matrices
with arithmetic indexes, namely

_ (2Ck,, -1 _(Cra CF,—1
Xa—< 1 0) and Ya—( 1 Cha

are used to derive some identities including certain sum formulas involving
k-balancing and k-Lucas-balancing numbers.

1. INTRODUCTION

Balancing numbers B and balancers R are solutions of a Diophantine equa-
tion 1+2+34---+(B—1) = (B+1)+(B+2)+---+(B+ R) and satisfy the
linear recurrence B,,.1 = 6B, — B,_1, n > 2 with initial conditions By = 0 and
By = 1, where B,, denotes the n'* balancing number [1, 3]. They also satisfy
the non linear recurrence B> — B,, 11 B,,_1 = 1 which we call Cassini formula for
balancing numbers. A number sequence very closely associates with balancing
numbers is the sequence of Lucas-balancing numbers [9]. For each balanc-
ing number B,,, a Lucas-balancing number C,, is defined by C,, = /8B2 + 1.
The first few Lucas-balancing numbers are {1,3,17,99,577,...} and satisfy
the recurrence relation same as that of balancing numbers but with different
initials, i.e., C,y; = 6C, — C,_1 with Cy = 1 and C; = 3. Several inter-
esting identities among balancing and Lucas-balancing numbers were devel-
oped in [7]. For instance, the identity resembles with trigonometric identity
sin(x + y) = sinz cosy £ cosxsiny is

Bmin = Ban + CmBn
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and the identity resembles with D’Movier’s theorem is (C,, + \/an)m =
Com + V/8Bym. Another number sequence known as the sequence of cobal-
ancing numbers was obtained by slightly modifying the original Diophantine
equation. Cobalancing numbers b and the cobalancers r are solutions of a Dio-
phantine equation 1 +24+3+---+b=(b+ 1)+ (b+2)+---+ (b+7) [9]. An
interesting observation found in [9] is that ”Every balancer is a cobalancing
number and every cobalancer is a balancing number”.

Balancing numbers are generalized in many ways. One of the most general
extension of balancing numbers was due to Liptai et al. [6]. He has replaced
the original definition of balancing numbers by the following

(1) Fg2itet@-)f =@+ D)+ + (-1,

where the exponents k& and [ are given positive integers. In the work of Liptai
et al. [6], effective and non-effective finiteness theorems on (1) are proved. A
balancing problem of ordinary binomial coefficients was studied by Komatsu
and Szalay [4]. Some more results on generalization of balancing numbers can
be seen in [2, 5, 8, 11].

Recently, Ray has studied a one-parameter generalization of balancing num-
bers known as k-balancing numbers [12]. He defined the k-balancing sequence
{Bin}n € N, (k > 1) recursively by By n41 = 6By, — Bpn_1 with Byo = 0,
Byi = 1 and n > 1. First few k-balancing numbers are {0, 1, 6k, 36k* —
1,216k — 12k,...,}. Tt is observed that for k& = 1 the usual balancing
numbers are obtained. Similarly, the sequence of k-Lucas-balancing numbers
{Ckn}n € N defined recursively by Cjy p+1 = 6Ck,p, — Crpo1 with Co = 1,
Cr1 = 3k and usual Lucas-balancing numbers are obtained for k£ = 1. The
Binet’s formulas for both k-balancing and k-Lucas-balancing numbers are re-
spectively given by By, = ﬁ::\\g and Cy,, = /\{u;\g’ where A\; = 3k++v9k? — 1
and Ay = 3k —v9k2 — 1. Notice that A\; + )y = 6k and A\ Ay = 1. Several iden-
tities concerning k-balancing and k-Lucas-balancing numbers can be found in
[12, 13]. Few of them are summarized below which will be needed later.

Bk’,n-‘,—l - Bkm,—l = 2Ck:,na Bk,—n = _Bk ns
2
Bk,n - Bk,nJrlBk,nfl = 17 Bk,2n = 2Bk,nck,n-

Matrix methods are useful tools to derive identities for balancing numbers
and their related number sequences [11]. In this article, some k-balancing and
k-Lucas-balancing sums with arithmetic indexes, say an+r with fixed integers
a and r with 0 < r < a — 1, are derived using the matrices

(20, —1  (Cra C’,ia—l
= () it e (%)
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2. SOME IDENTITIES OF k-BALANCING NUMBERS VIA MATRICES

In this section, some known and new identities concerning k-balancing num-
bers are obtained using matrices. Before doing this, we need the following
result.

Theorem 1. Let M be a square matriz with M? = 2C, .M — I where a is a
fixed positive integer and I denotes the identity matriz of order 2. Then

1
B Bk,a

M" [Bk,anM - Bk,a(n—l)l}

for all integers n.

Proof. Since n is any integer, the following three cases will arise. The first case
for n = 0 is obvious.

In order to prove the second case, i.e., for n > 1, we use principle of induc-
tion. The basis step is clear for n = 1. Assume that, the result is true for all
m < n. Then by inductive hypothesis,

1
M™ = B [Bk,amM - Bk,a(m—l)l} .
k,a
Now, in the inductive step,
M™ = M™M
1
= B [Bk,amM - Bk,a(m—l)l} M
k,a
1
= B |:Blc,am]\42 - Bk,a(m—l)M}
k,a
1
= B [Bk,am(2ck,aM - I) - Bk,a(mfl)M]
k,a

1
- B
The required result follows as 2C}, , By am — Bra(m—1) = Bra(m+1)-
In case 3, we need to show M ™" = Bi,a [B;m_(mM — Bm(_n_l)l] . For that,
let A=2Cy] —M = M=, Then
A? =4C I — ACk M + M?
= 2C4.a(2C)aI — M) + (M? — 2Cy . M)
=20k A—1.

Therefore, by case 2, A" = ﬁ [B;wnA - Bk,a(n—l)I] . It follows that

[(zck,aBk,am - Bk,a(m—1)>M - Bk,amIM} .

Bk,aM_n - Bk,an(QCk,aI - M) - Bk,a(n—l)[
= _Bk,anM + (20k,aBk,an - Ba(nfl))[
= _Bk,anM + Bk,a(n+l)7
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and the proof completes as By, _, = — By, O

20k, —1
1 0
induction and the result of Theorem 1, we observe that, for any integer n > 1,

X" — 1 Bk,a(n-ﬁ-l) _Bk,an
@ Bkﬂ Bk,an _Bk,a(n—l) '

It is also noticed that the matrix X" satisfies the recurrence relation X! =

20, o X" — X" for n > 1 and with initials X = [ and X! = X,,. Furthermore,

Ck,a C’Iz,a -1
1 Cia

Now let us introduce a second order matrix X, = and using

let us define another second order matrix Y, = ( ) and we prove

the following result.

2 _
Lemma 1. Let Y, = Cra g =1 . Then, forn >1,
1 Ck:,a
yn — 1 Bk,a(n+1) - Ck,aBk,an (C]ia - 1)Bk,an
¢ Bk,a Bk,an Bk,a(n+1) - Ck,aBk,an '

Proof. Method of induction is used to prove this result. The result is obvious
for n = 1. Assume that

Yn—l 1 (Bk,an - Ck,aBk,a(nfl) (C]ia - 1)Bk,a(n71) )

“ - Bk,a Bk,a(n—l) Bk,an - Ck,aBk,a(n—l)
Now in the inductive step,
Yan —_ Y;],n_lya
_ 1 Bk:,an - Ck,aBlaa(n—l) (C]%,a - 1)Bk,a(n—1) Ck,a C]%,a —1
Bkﬂ Bk,a(n—l) Bk,an - Ck,aBk,a(n—l) 1 Ck,a ’
By usual matrix multiplication and after some algebraic manipulation, we
obtain the desired result. ([l

It is seen that det Y, = 1 implies that detY," = 1. That is,
S0 [(Bk,a(rH»l) - Cvk,aBk,an)2 - (C]g,a - 1)Blz,an] = 17

and the following result will obtain.
Lemma 2. For any integer n > 1,
Bl%,a(n+l) — 2Co Biatn+1)Br,an + B = B,%’a.

k,an

The following are two fundamental identities concerning k-balancing and
k-Lucas-balancing numbers that are obtained by using the matrix Y,.

Theorem 2. For all natural numbers n and m,

Bk,aBk,a(n—l—m) = Bk,a(n—l—l)Bk,am - 2C’k,aBk,cmBk,am + Bk,a(m+1)Bk,an-
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Proof. For any natural numbers n and m,

yotm _ L (Bk,a<n+m+1>—Ck,aBk,a(nm) (C o = 1) Broa(ntm) >

¢ B Bkz,a Bk,a(ner) Bk,a(n+m+1) - Ck,aBk,a(n+m)

On the other hand,
YanY:lm — 1 <Bk ,a(n+1) — Ck aBk an <O2 - 1)Bk an >

B,ia Bk‘,an Bka n+1) Ck: aBk an
Bk,a(erl) - Ck:,aBk:,am (Okﬂ - 1)Bk,am
Bk,am Bk,a(erl) - Ck,aBk,am .
Since Y""™ = YY" and comparing the (2, 1) entries from both sides of the
matrices, the desired result is obtained. O

The following is an immediate consequence of Theorem 2.

Corollary 1. For any natural numbers m and n, Bypim = Bin+1Bem —
Bk,an:,mfl'

Proof. Putting a = 1 in the result of Theorem 2 and using the identity By, ;41—
2Ck, aBy gm = —Bg,m—1, we obtain the desired result. O

Theorem 3. For all natural numbers n and m,
Bkz,aBk,a(n—m) = Bk,a(m—i—l)Bk,an - Bk,a(n—i—l)Bk,am'

Proof. Since Y™™ = Y"[Y™|7, proceed similarly as in Theorem 2, we get the

required identity. 0
In particular for a = 1, we have the following corollary.

Corollary 2. For any natural numbers m and n, By,_pn = Bgm+1Brn —

By i1 Brm.-

3. SUM FORMULAS FOR k-BALANCING NUMBERS WITH RATIONAL INDEX

In this section, we derive certain sum formulas for k-balancing numbers with
rational index, in particular of the kind an, where a is a positive integer. We
use the matrix Y, to establish these results.

Theorem 4. Let n be any integer and a be any positive integer. Then

Z B Bk a(n+1) — Bk,an - Bk,a
bl By, ,a+1l — Bk,a—l -2

Proof. For any integer n and a > 1, [ =Y = (I -Y,) Z Y7, where I is the
7=0
2 x 2 identity matrix. It follows that

(2) zn:ch = (I =Yo) "1 =Y.
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In fact, (I —Y,)™! exists since det(I —Y,) = 2 — 2C},, # 0. Equation (2) can
be rewritten as

n

Z Bk,a(j—i—l) - Ck,aBk,aj Z(le,a - 1)Bk,aj
=0

1 j=0
By n n
’ Z By, o5 Z Biaj+1) — Cr,aBr.aj
§=0 §=0
B 1 1 —Chya C,ia -1
N (2 — 2Ck,a)Bk,a 1 1 - Clc,a
Bk,a - Bk,a(n+2) - Ck,aBk:,a(nJrl) (O]ia - 1)Bk,a(n+1)
Bk,a(nJrl) Bk,a - Bk,a(n+2) - Ck,aBk:,a(nJrl) .

Performing usual matrix multiplication on right hand side of the above iden-
tity, using the formulas 2C%, — 2 = By at1 — Bra-1 — 2, Bimtn + Bem—n =
2By, ,»Ck,n and some algebraic manipulation, we get the desired result. 0

Theorem 5. Let n be any integer and a be any positive integer. Then

Zn:(—l)ka _ Bra@min) + Bran = Bra
“ By at1 — Bra—1 +2

=0
Proof. For any even integer n and a > 1, [ + Y = (I +Y,) Y (—=1)Y7,
=0
hence

(3) Y (=Y = (I +Y) NI+ Y.

=0
The inverse (I +Y,)™! surely exists because det(I +Y,) = 2+ 2Cy, # 0. We
rewrite (3) as

> (1Y [Brags1) = CraBrajl (1) (CRu = 1) Bras
1 =0 7=0
Bk, - J - J

D (1Y B > (1Y [Biagis1) = CraBraj]
=0 j=0

B 1 14 Cro —(C7,— 1)

(24 2Ck4)Bra —1 14 Cra

Bio + Bram+2) — CraBramn+1) (C;z,a — 1) Bya(n+1) )
Bk,a(n—H) Bk,a + Bk,a(n+2) - Ck,aBk,a(n—l—l) .

Performing usual matrix multiplication on right hand side of the above iden-
tity, using the formulas 2C%, — 2 = Biat1 — Bra-1 — 2, Bimtn + Bem—n =
2By, ,»,Ck,n and some algebraic manipulation, we get the desired result. 0



126 PRASANTA KUMAR RAY

4. IDENTITIES INVOLVING k-BALANCING AND k-LUCAS-BALANCING
NUMBERS USING MATRICES

In this section, some special relations between matrices and k-balancing and
k-Lucas-balancing numbers are investigated. This investigation allows us to
establish new and some known identities concerning k-balancing and k-Lucas-
balancing numbers.

Theorem 6. If X is a square matriz with X* = 6kX —1I, where I is the identity
matriz with the same order as X, then for all integers n, X" = Bj,X —
Bk,nflj-

Proof. There are three possibilities for n, either n =0orn € Zt orn € Z~.
The result is clearly true for the first case, i.e., for n = 0.

For positive integers n, we use the mathematical induction method to prove
the result. Clearly, the result is true for n = 1 as X! = By X — Bpol = X.
Assume that the result is true for all n. Then, by inductive hypothesis, X" =
By n X — By ,—11. Proceeding to inductive step, using the recurrence relation
for k-balancing numbers and the fact X? = 6kX — I, we have

Bint1X — Bypnl = (6kX By, — Byno1X) — Bl

— (GkX - [)Bk,n - Bk,nle

= X2Bk,n - Bk,nle

= (BgnX — Bipo11)X.
Using the inductive hypothesis, we have By, 41 X — By, = X" and the result
follows. Now to finish the proof, we need to show that, for all natural number
n, X " = By _,X — By _,—11. For that, let Y = 6kl — X = X! then Y2 =
36k?1—12k1 X +X?. Since X? = 6kX —1I, it follows that Y? = 6k(6k]—X)—1.

Further simplification gives Y2 = 6kY — I and hence Y" = By Y — By p-11.
AsY = 6kI — X = X', this identity reduces to X ™ = (6kg,, — Brn1)] —

By, X = By p+11 — By, X. The proof completes as By, = —By, . O
. L 6k —1
Corollary 3. If the k-balancing matrix is M = 10 ) then
Bk n+1 _Bk n
M"™ = ’ ’
( Bk,n Bk,nl) ’

for every integer n.

Proof. Since M? = 6kM — 1,

n __ . 6k§Bk,n _Bk,n Bk,n—l 0
M" = Bk,nM - Bk,n—ll — ( Bk‘,n 0 ) - ( 0 Bk,n—l )

and the result follows. O
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_ (3k9K2—1 w _ [ Ckn (9% —1)By,
Corollary 4. Let T = ( L sk >, then T™ = (Bk,n Chn , for

every integer n.

Proof. The proof is similar to the proof of Corollary 3. OJ
Lemma 3. For every integer n, C7, — (9k* = 1)B;,, = 1.

Proof. 1t is observed that det T' = 1. It follows that det T™ = 1. Consequently,

2 _
det Crn (9% —1)Bin =1, and the result follows. O
Bk,n Ck,n

Lemma 4. For all integers m and n, Cymin = CrmChin + (95% — 1) By.n Br.n
and Bk,m+n - Bk;,mck,n + Ck,mBk,n'

Proof. For all integers m and n,

Tern — Tan
| Cem (95 — 1) By, Cin (9%* — 1) By,
N Bk,m Ok:,m Bk,n Ck:,n

_ Ck,mck,n + (9k2 - 1)Bk,mBk,n (9k2 - 1)(Bk,mck,n + Ck,mBk,n)
N Bk,ka,n + Ck,mBk,n Ck,mck,n + (9k2 - 1)Bk,mBk,n '

On the other hand,

Tm+n _ Ck,m+n (9k2 - ]-)Bk,m—l—n
Bk,m+n Ck,m+n ‘

The desired results are obtained by equating the corresponding entries from
both matrices. 0

Lemma 5. For all integers m and n, Cipmn = CrmChn — (9k* — 1) By, Br.n
and Bk,m—n - Bk,mck,n - Ck,mBk,n'

Proof. The proof of this result is analogous to the previous proof. O
The following results directly follow from Lemma 1 and Lemma 2.

Lemma 6. For all integers m and n, Cipmin + Com—n = 2C, mCrn and
Bk,m+n + Bk,mfn = ZBk,ka,n~

Lemma 7. For all integers x,y, and z,

Brasyrz=Br2ChyChz + ChaBryCrz + CroChyBr.. + (9k* — 1) By, ,Cy.y Bi. .,
and

Crotytz=CrzClyCrot(9k*=1) [BroBryCr.o + BruCryBi.. + CruBryBr.2] -
Proof. For all integers x,y, and z,

Tx+y+z _ <Ck,m+y+z (9k2 - 1)Bk,:v+y+z> )
Bk,a:—l—y—i—z Ck,a:—l—y—i—z
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On the other hand,
T:v—i—y-l—z — Tx—l—yTz

([ Chasy (k2 = 1)Brasy\ [ Che (92 — 1)B,.
a Bk,m+y Ck,:p—l—y Bk,z Ck,z ’

Putting the values of Cj 4, and By 4, using Lemma 4, performing the ma-
trix multiplication and equating the corresponding entries of the matrices, we
obtain the desired results. 0

Lemma 8. For all integers x,y, and z, C’,f’a:+y—2(9k2 —1)Ch oty Biy+2 B o—n—
(9k2 - ]')Bliy-l—z - Cl%,z—x'

Proof. Consider the following matrix multiplication:

Chow (92— 1)Bia\ (Cry) _ (Chasy

Bk,z Ck,z Bk,y Ok:,y-i—z '
Cro (95 — 1)By.,
Bk,z Ck,z

Ck,y _ 1 Ck,z _<9k2 - 1)Bk,x Ck,:v+y
Bk,y Ck,zfx _Bk,z Ck,z Bk,y+z ‘

It follows that

Using Lemma 5, det ( > = Ch.—z # 0 and therefore, we

obtain

_ Ck,zck,x-i-y - (9k72 — 1)Bk7er,y+z

Ck
7y
Ok,z—a:

and
o Ck,a:Bk,y+z - Ck,z+yBk,z

Ck,z—a:

By virtue of Lemma 3, C7, — (9%* — 1)B;,, = 1. Putting the values of Cj,
and By, in this identity and after some algebraic manipulation, we obtain

CRary|CE. = OF = 1)BE) = 20K 1)Chapy Buy o CucBre = BraCi
—(9k2 - 1)B£,y+z [CZ@ - (9]{:2 - 1)Bl?:,x] = Clg,z—x'

Bk,y

Using Lemma 3 and Lemma 6, we obtain the desired result. 0
Lemma 9. For all integers xz,y, and z
sz,xﬂ, - Ck,m+yck,y+zck,zfz - Cl%,y+z = (9k2 - 1)Bz,z—x7

where x # z.

Proof. Consider the following matrix multiplication:

Cro (9> = 1)Bis\ [ Cry\ _ ( Craosy
C/ﬁz (9]{32 — l)B/@z Bk7y Ck,y—f—z ’
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Cre (9k* —1)By.,
Cr. (9k* —1)By..

Cry) _ 1 (9k2 — 1)By. —(9%2 — 1)Bio \ ( Chosy
Bk,y (9k2 — 1)Bk,zfz _Ck,z Ck,ac Bk,y+z '

It follows that

Since det ( > = (9%* — 1) By, # 0 for = # 2z, we have

Bk,zck,x+y - Bk,x Ck,erz
Bk,zf;t

Cry =
and
Bk _ Ck,xck,y+z - Ok,:c+y0k,z
Y (92 —1)By. .
Putting the values of Cy, and By, in the identity C7  — (9%* — 1)B}, = 1,

after some algebraic manipulation and using Lemma 3 and Lemma 6, we get
the desired result. 0J

Similarly, considering the matrix product

Bk,a: Bk@ Ck,y _ Bk,x—i—y
Bk,z Ck,z Bk,y Bk,y+z

and proceeding in the same way as in the previous lemma, we get the following
result.

Lemma 10. For all integers x,y, and z, B} ., — B o4y Bry+zChz—a— B,y . =
2
Bj. . ., where x # z.
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