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COMPLEX LAGRANGE SPACES WITH (v, 3)-METRIC

SWETA KUMARI AND P. N. PANDEY

ABSTRACT. The purpose of the present paper is to introduce the notion of
(7, B)-metric in a complex Lagrange space, where « is a cubic-root metric
and S is a differential (1,0)-form. Several geometric objects of such spaces
such as fundamental metric tensor, its inverse, Euler-Lagrange equations,
complex semispray coefficients, complex nonlinear connection and Chern—
Lagrange connection are discussed.

1. INTRODUCTION

R. Miron [4] and B. Nicolaescu [8, 9] studied Lagrange spaces with (a, f)-
metric. T. N. Pandey and V. K. Chaubey [10] introduced the concept of (v, 5)-
metric in a Lagrange space, where v is a cubic-root metric and § is a 1-form
defined by v = {/ayr(x)y'yiy* and B = b;(x)y", respectively. In 2013, S. K.
Shukla and P. N. Pandey [11] further extended the theory of Lagrange spaces
with (7, f)-metric. N. Aldea and G. Munteanu [1] introduced and worked on
complex Finsler spaces with («, 5)-metric. The authors [3] of the present paper
further studied complex Randers spaces. G. Munteanu [5] initiated the study
of a complex Lagrange space in 1998. Later on, in 2002, various analysis of
complex Lagrange space was done by G. Munteanu [6].

In the present paper, the notion of (v, )-metric in a complex Lagrange
space, where 7 is a cubic-root metric and [ is a differential (1,0)-form, is
introduced. We determine the fundamental metric tensor, its inverse, Euler-
Lagrange equations, complex semispray coefficients, complex nonlinear con-
nection and Chern—-Lagrange connections for a complex Lagrange space with

(7, B)-metric.
2. PRELIMINARIES

Let M be a complex manifold of dimension n. Let (2¥),_15; be local coordi-
nates in a chart (U, 2*) and T"M be its holomorphic tangent bundle. T"M has
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a natural structure of complex manifold such that (z*,7*) are local coordinates
in a chart on U belonging to T"M. A complex Lagrangian L [7] on T"M is a
smooth real valued function L: T"M — R such that

.. . P . P
(1) 9i5 = 8185[’7 0; = a_niv &] = 8_773

is a non-degenerated metric (detg,; # 0) and determines a Hermitian metric
structure. A complex Lagrange space is a pair L™ = (M, L(z,n)). The exis-
tence of a complex Lagrange function L involves the study of the variational
problem on curves. Let ¢ : [0,1] — M be a holomorphic curve and L(z,n) be
the complex Lagrangian on 7'M . The Euler-Lagrange equations for a geodesic
are given by

2) Eu»zaL_ﬂ«éL>:Q o Ly

0zt dt \ on TR
The coefficients of the complex semispray S of a complex Lagrange space
L™= (M, L(z,n)) are

1 - . .
(3) G*(z,m) = 59”(@3@%)77”-

The coefficients of the complex nonlinear connection (c.n.c.) (Cartan Connec-
tion) [7] of a complex Lagrange space L™ = (M, L(z,n)) are
(4) Ni=0,G".
crL
Also, the Chern-Lagrange connection Nj [7] is defined as
cL
(5) N}= g™ (9;0;L).

These two connections are related by
Ly 5

In this paper, we study a complex Lagrange space whose Lagrangian L is a
function of v(z,n) and |5(z,n)|, i.e.,

(6) L(z,n) =~(z,n) +18|(z,n),
where
(7) v =\ agEn "

and

(8> |ﬁ(2’,77)| =V 5(75777)5(2’77) with 5(7«'777) - bz(z>7]1

The space L™ = (M, L(z,n)) is called the complex Lagrange space with (v, | 5])-
metric.



158 SWETA KUMARI AND P. N. PANDEY

3. FUNDAMENTAL METRIC TENSOR
Differentiating (7) partially with respect to ' and 7™ and using the sym-
metry of a3 in its indices, we get
. a . 2057
9 a = 5 9 m) = & o5
where a; = a3 7" and am = aﬁmniﬁj . Again, differentiating the first equa-
tion of (3.1) partially with respect to 77, we obtain

20 4daap

(10) D05y = 3—72 - 95
where a; = a5 7*. Differentiation of (8) with respect to n' and 7™ gives
: by - Bbm
11 OB = =— o8] = =2,

Further differentiating the first equation of (3.3) partially with respect to 7,
we have

(12) 00518 = =

This leads to

Proposition 1. In a complex Lagrange space with (v, 3)-metric, (9), (10),
(11), and (12) hold.

The moments of Lagrangian L(z,n) are defined as
1.
(13) Di = 58,1—/
Since the Lagrangian L(z,n) is a function of v and |5, (13) implies

1 . .
(14) pi = 5([/78@'7 + Ly 0i ),
where L,Y = (%L, L|ﬁ| = 8|5|L , &, = 8/87, and aw = 8/8\ﬂ|
Using the first equation of (3.1) and (3.3) in (14), we have

1 11—
pi = (67 *Lya; + 15|5| 1Llﬁlbi) :

Thus, we have
Theorem 1. In a complex Lagrange space L™ with (v, B)-metric, the moments
of Lagrangian L(z,n) are given by

pi = pa; + p1b;,

where

1

(15) P = 6’7_2[@
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and

1—
(16) p1= 16|B|_1Lw|-

The scalars p and p; appearing in Theorem 1 are called the principal invari-
ants of the space L". Differentiating (15) and (16) partially with respect to 7’
and 7', we respectively have

1 _ 1— 1
= (Lyy —277'L) a; + 1518l 2Ly 815,

%P =138
| . ) (U
Op = 7" (Lyn =277 L) a5 + 1By Ly

1
9
1— .
0;p1 = ﬁlﬁl T Ly + 5 BB (Lisye + 181 Lg)) b

. 1 _
%plzgﬁlﬂ\ T Lypgaz + 51817 (Lisis + 1817 L) by,
where
B 0*L I 0*L B 0*L _I I B 0*L
Yy 8727 v18l 878‘5‘ 8‘5‘8’}/ 18] s 1818 a‘ﬂ'Q
Thus, we have

L

Theorem 2. The derivatives of the principal invariants of a complex Lagrange
space L™ with (v, B)-metric are given by

1 _ .
(17) 0ip = 5p—20; + BB Ypoiby,  Op = posaz + poaby,
and
(18) dip1 = BB (p-1a; + pob;) Osp1 = 288" p_1a; + pobs
with

1 _ _
P=2=797 Loy =297'L,),
1 -
(19) p-1= EB|B| 17 2Lv|ﬁ\,
1 _
po = g (Ligiis + 1817 i) -

The energy of the complex Lagrangian L(z,n) is defined as
(20) Ep, =n'0;L — L.

Using (6) in (20), we have
(21) Ep, =0'(Ly 0ry + Lig 011 8]) —

Since v and |3| are positively homogeneous of degree one in 7', in view of
Euler’s theorem on homogeneous functions, we conclude

2 voa=1 o =1L
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Using (22) in (21), we get

151

(23) B, =2L + =

L8l — L.
3 el

This leads to

Theorem 3. The energy of the Lagrangian L(z,n) in a complex Lagrange
space with (v, B)-metric is given by (23).

Next, we calculate the fundamental metric tensor g;5(z,m) of a complex
Lagrange space with (v, §)-metric. In view of (6), (1) implies

1 . ' . N

+ (me Oy + Ligya 3¢|5|> 05181 + Lyg) 0 0511
Now using (15) and (19) in (24), we have
(25) 9;5(2,m) = 4pa; + 2p_sa;az + 2,0,15’1(23(1;@- + Baib;) + 2pobib;.
A simple calculation shows that

3 37’161, - _ 3118
(26)  (@Bag + faity) = 22y, BN

where 1 = ;L and 7/ = 8;L In view of (26), (25) reduces to

41p]

- ;0%
372 77

bib; —

(27) 9:;5(2,m) = dpa; + q2a:a5 + q_1mm; + qobib;
with
G2 =2 (P—Q - 4’6’p1> v 41 = Mﬂ—h qo = 2po — 372|ﬁ‘,0—1-
357 5L 3
Further (27) can be written as
(28) 9;5(2,m) = 4pagz + cic;,
where
ci =r_1a; + rob;

such that

ror-1 = g-1, (721)2 = q4-2, 7’(2) = qo-

Thus, we have

Theorem 4. The expression for the fundamental metric tensor g; of a com-
plex Lagrange space with (v, 5)-metric is given by (28).

_ Using a proposition given by D. Bao, S. S. Chern, and Z. Shen [2], the inverse
¢’ of the fundamental tensor g;7 1s given by

i 1 =. 1 .=
29 i — (o - i
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where
¢ =da'c 2 =alt CiC5.

This leads to

Theorem 5. The inverse ¢° of the fundamental tensor 97 of a complex La-
grange space with (v, B)-metric is given by (29).

4. EULER-LAGRANGE EQUATIONS

In view of (6), (2) reduces to

d d|pl\ 9
Ei(L) = L E;(y) + Lig Ei(18]) — (LWd_Z +L”'ﬁ'%) 8;'
(30) (g dIB 918]
Blge T Lsla g ) B =
Also
Oy d
(31) Ei(v") = 3v*Ei() - a{f ch
and
|8 d
(32) Ei(181%) = 2|B|Ei(|8]) — 2 %%'

Substituting values of F;(v) and E;(|5]) from (31) and (32) in (30), we obtain

9 dy dv? 4 8|B| 15|
Iy — (A3 L 2 F (182 —— +=
Ey(L) = 2pE;(*) + BmEz(!B! )+6PW a3 oy di

al dy disl\ _ 9l8] dy d|s|
— o Lyy= + Lyg—— | — 55 ( Lys L
anz( v gr TR o \ gy TR gy

(33)

This leads to

Theorem 6. The Fuler-Lagrange equations of a complex Lagrange space with
(7, B)-metric are given by (33).

For the natural parametrization of the curve c: ¢ € [0,1] — 2%(t) € M with
respect to the cubic-root metric v, =y (z —) =1.
Thus, we have

Theorem 7. In the natural parametrization, the Euler-Lagrange equations of
a complex Lagrange space with (v, B)-metric are

B 2 4, 0181 dIB|
Ei(L) = 2pE;(v )+ﬁplE<|B|> "oy dr

oo, oN3lds)
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If |5] is constant along the integral curve of the Euler-Lagrange equations
with natural parametrization, then the Euler-Lagrange equations of the com-
plex Lagrange space with (v, 5)-metric are given by

(34) E(L) = 20Ei(7) + %plEium% 0,

This leads to the following theorem.

Theorem 8. If |3]| is constant along the integral curve of the Euler-Lagrange
equations with natural parametrization, then the Fuler-Lagrange equations of
the complex Lagrange space with (v, 3)-metric are given by (34).

5. COMPLEX CANONICAL SEMISPRAY

The coefficients of the complex canonical semispray of a complex Lagrange
space with (v, )-metric is given by (3) together with (6).
Differentiating (7) and (8) partially with respect to 2", we have

B

_ -2 _
(35) 8w = AW ) ah|5| - 2|5|

B
By, + MC;L,

where

1 - : '
Ap = §(8ha¢j’k)771ﬁ]ﬁk, By = (Onbi)n's  Ch = (Onby)77-

Substituting (35), (15) and (16) in 0L = L0y + L5 0k|B|, we get
(36) OpL = 6pA;, + 2p; <Bk + %Ck) .

Differentiating (36) partially with respect to 7", we have

) 48
OpOLL = (GP—QAk + Eﬁp—lBk + 4P—1Ck> ay

(37) + <6P1Ak + 2po By + QPO%Ck - 2P1%Ck> by,
) ) B
+ ( 6pAyg + 2p1 By, + 2p1 Ec’kh )

where

(38) A = A, By = 05Dk, Cii = 07Ch.
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Contracting (37) with n*, we obtain

: 48
(8};8kL)nk = (Gp_QAO + —Bp_lBo + 4p_1C'0> ay

B
(39) 6p_1 Ao+ 2p0Bo + 20020, o) b
+ | 6p—1A40 + 2p0 0+2P0§ 0—2,01? o | by
_ ) B
+ | 6pAgs + 291 By + 21 ECOh ,
where
AO = Ak(za 77)77ka BO = Bk(z>77)77k7
(40) Co = Ci(z,m)n", Agp = Az,
By = B (z,mn", Con = Ci(z,mn".

, - 28
G = ghl[ <3p_2A0 + Fﬁp—lBO + 2p_100) ag

(41) + <3P1A0 + poBo + Po%co - Pl%co> by
B B
+  3pAgs + P1Boy + ECOh ] :

This leads to the next theorem.

Theorem 9. The coefficients of the complex canonical semispray of a complex
Lagrange space with (v, B)-metric are given by (41).

6. CANONICAL COMPLEX NONLINEAR CONNECTION AND
CHERN-LAGRANGE CONNECTION

In this section, we find out the coefficients of the complex nonlinear con-
CL

C
- k : k
nection N7 and Chern-Lagrange connection N; of a complex Lagrange space

with (v, [8])-metric. Partial differentiation of g" g, = &} with respect to 7’
yields

(42) 09" = —g""CL;.
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Partial differentiation of the quantities appearing in (19) and (40) with respect
to 1/, we get

. . 1 —
Ojp—2 = p—3a; + pi—2bj, Oip-1=5PB p-2a;+ -1bj,
31'/?0 = p—1a; + pob;, 3J‘A0 = Aj + Ay,
(43) 9;Cy = Cj, 0;Agy = 240 + A,
(93005 == ng, 8jag == ZGjE,
9;Bo = S k) {0k 11", 9; By, = Bz,
where
1
H—3 = 2_7'7 * (’YQL’YW — 6vLyy + 10[’7) ’
| _
-2 = 1_87 45|ﬁ| ' (Lw\ﬁl — 2y ILW\BI) )
1

1
[y = 21817 (181 Lysyi8) + L))

717
1
o = 755181 (I8P Lisysia + 181 Lig1e — Lia)

_ —_ T o _
Aoﬁj = Arhjn ’Arhj = 8?“ahj

and &) denotes the interchange of the indices k and j, and addition. Now,

applying (41) in (4), we get

TR R 253
N} = 5 <3jghz> { <3p—2Ao + EBP—IBO + 20—100) ay

+ (3,0—1140 + poBo + pO%CO - 01%00> by,
) o BA
+ | 3pAgs + p1Bos + PlECOh
hi £ 23
+9"0;| | 3p—240 + Ep—lBO +2p_1Cy | az

+ (3,0—1140 + poBo + Po%co - pl%Cb) by,

+ (3PA0h + p1Bo + pl%COh) ] -
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Using (17), (18), (38), (40), (42), and (43) in (44) and simplifying, we have
(45)

c

, . - 3
N; = _C;jGT + g}” |:p2 (3(140] + Aj)CLE + 6140&]% + §A0haj>
+ p_l{ (3Agj +34; — a; 8 ~'Co) by + 4(BB ' Bo + Co)ayy
+ (335_1A0E — 235_28()&%

)b; S ) (Oxbs) 0" + C;)ay,
+ BB~ ( By, + B ' BCq)a }+
}+

+2(38
Po{ (kj) (Orb; 77 + 68 C)
Pl{

+Bﬁ_1( h+6 _I/BCOh 6 (bjOO_BCj)bE

+B8718CH + th} +3p(2A407; + Aj) + 3p_sajagAg
+ MQ{(BO + B ' BCo)asan + 3Aobjah} + Ml{(Bo + B 7' BCo)a;by
#2557 B+ Calbyag + 3Aubbe | + pal B+ B 3Cbi

Also, using (37) in (5), we obtain

o 23
N; =2¢' { (3P2Aj + EPABJ' + 2,0100) a;

(46) + <3p1AJ + pij + po%Cj — pléC]) ZTZ

<3pA + p1Bj; +plgC)}

Thus, we can state the following theorem.

Theorem 10. The coefficients of the complex nonlinear connection and Chern—
Lagrange connection of a complex Lagrange space with (v, 5)-metric are given
by (45) and (46), respectively.

7. CONCLUSIONS

In the present paper, we have developed the theory of complex Lagrange
spaces with (v, #)-metric. It plays a significant role in the expansion of the
earlier works of G. Munteanu [5]-[6]. For some geometric objects, expressions
are obtained which are further useful in the development of the current space.
The results obtained are useful in the study of connections, holomorphic cur-
vature, complex nonlinear connections and torsions in such spaces. In Section
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5 and Section 6, expressions for complex canonical semispray, complex nonlin-
ear connections and Chern-Lagrange connections are obtained, which will be
applicable in geodesic correspondence between two complex Lagrange spaces
with different (v, 5)-metrics on the same underlying complex manifold.
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