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COMPLEX LAGRANGE SPACES WITH (γ, β)-METRIC

SWETA KUMARI AND P. N. PANDEY

Abstract. The purpose of the present paper is to introduce the notion of
(γ, β)-metric in a complex Lagrange space, where γ is a cubic-root metric
and β is a differential (1, 0)-form. Several geometric objects of such spaces
such as fundamental metric tensor, its inverse, Euler-Lagrange equations,
complex semispray coefficients, complex nonlinear connection and Chern–
Lagrange connection are discussed.

1. Introduction

R. Miron [4] and B. Nicolaescu [8, 9] studied Lagrange spaces with (α, β)-
metric. T. N. Pandey and V. K. Chaubey [10] introduced the concept of (γ, β)-
metric in a Lagrange space, where γ is a cubic-root metric and β is a 1-form
defined by γ = 3

√
aijk(x)yiyjyk and β = bi(x)y

i, respectively. In 2013, S. K.
Shukla and P. N. Pandey [11] further extended the theory of Lagrange spaces
with (γ, β)-metric. N. Aldea and G. Munteanu [1] introduced and worked on
complex Finsler spaces with (α, β)-metric. The authors [3] of the present paper
further studied complex Randers spaces. G. Munteanu [5] initiated the study
of a complex Lagrange space in 1998. Later on, in 2002, various analysis of
complex Lagrange space was done by G. Munteanu [6].

In the present paper, the notion of (γ, β)-metric in a complex Lagrange
space, where γ is a cubic-root metric and β is a differential (1, 0)-form, is
introduced. We determine the fundamental metric tensor, its inverse, Euler-
Lagrange equations, complex semispray coefficients, complex nonlinear con-
nection and Chern–Lagrange connections for a complex Lagrange space with
(γ, β)-metric.

2. Preliminaries

Let M be a complex manifold of dimension n. Let (zk)k=1,n be local coordi-

nates in a chart (U, zk) and T ′M be its holomorphic tangent bundle. T ′M has
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a natural structure of complex manifold such that (zk, ηk) are local coordinates
in a chart on U belonging to T ′M . A complex Lagrangian L [7] on T ′M is a
smooth real valued function L : T ′M → R such that

(1) gij = ∂̇i∂̇jL, ∂̇i ≡
∂

∂ηi
, ∂̇j ≡

∂

∂ηj

is a non-degenerated metric (detgij ̸= 0) and determines a Hermitian metric
structure. A complex Lagrange space is a pair Ln = (M,L(z, η)). The exis-
tence of a complex Lagrange function L involves the study of the variational
problem on curves. Let c : [0, 1] → M be a holomorphic curve and L(z, η) be
the complex Lagrangian on T ′M . The Euler-Lagrange equations for a geodesic
are given by

(2) Ei(L) ≡
∂L

∂zi
− d

dt

(
∂L

∂ηi

)
= 0, ηi =

d

dt
zi.

The coefficients of the complex semispray S of a complex Lagrange space
Ln = (M,L(z, η)) are

(3) Gk(z, η) =
1

2
gik(∂j ∂̇iL)η

j.

The coefficients of the complex nonlinear connection (c.n.c.) (Cartan Connec-
tion) [7] of a complex Lagrange space Ln = (M,L(z, η)) are

(4)
c

N i
j= ∂̇jG

i.

Also, the Chern–Lagrange connection
CL

Nk
j [7] is defined as

(5)
CL

Nk
j = gik(∂j ∂̇iL).

These two connections are related by

c

Nk
j =

1

2
∂̇j

CL

Nk
0 .

In this paper, we study a complex Lagrange space whose Lagrangian L is a
function of γ(z, η) and |β(z, η)|, i.e.,
(6) L(z, η) = γ(z, η) + |β|(z, η),
where

(7) γ = 3

√
aij kη

iηjηk

and

(8) |β(z, η)| =
√

β(z, η)β(z, η) with β(z, η) = bi(z)η
i.

The space Ln = (M,L(z, η)) is called the complex Lagrange space with (γ, |β|)-
metric.
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3. Fundamental metric tensor

Differentiating (7) partially with respect to ηl and ηm and using the sym-
metry of aij k in its indices, we get

(9) ∂̇lγ =
al
3γ2

, ∂̇mγ =
2am
3γ2

,

where al = alj k η
j ηk and am = aij mη

iηj. Again, differentiating the first equa-
tion of (3.1) partially with respect to ηp, we obtain

(10) ∂l∂̇pγ =
2alp
3γ2

− 4alap
9γ5

,

where alp = alp k η
k. Differentiation of (8) with respect to ηl and ηm gives

(11) ∂̇l|β| =
βbl
2|β|

, ∂̇m|β| =
βbm
2|β|

.

Further differentiating the first equation of (3.3) partially with respect to ηp,
we have

(12) ∂l∂̇p|β| =
blbp
4|β|

.

This leads to

Proposition 1. In a complex Lagrange space with (γ, β)-metric, (9), (10),
(11), and (12) hold.

The moments of Lagrangian L(z, η) are defined as

(13) pi =
1

2
∂̇iL.

Since the Lagrangian L(z, η) is a function of γ and |β|, (13) implies

(14) pi =
1

2
(Lγ ∂̇iγ + L|β|∂̇i|β|),

where Lγ = ∂γL, L|β| = ∂|β|L , ∂γ ≡ ∂/∂γ, and ∂|β| = ∂/∂|β|.
Using the first equation of (3.1) and (3.3) in (14), we have

pi =

(
1

6
γ−2Lγai +

1

4
β|β|−1L|β|bi

)
.

Thus, we have

Theorem 1. In a complex Lagrange space Ln with (γ, β)-metric, the moments
of Lagrangian L(z, η) are given by

pi = ρai + ρ1bi,

where

(15) ρ =
1

6
γ−2Lγ
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and

(16) ρ1 =
1

4
β|β|−1L|β|.

The scalars ρ and ρ1 appearing in Theorem 1 are called the principal invari-
ants of the space Ln. Differentiating (15) and (16) partially with respect to ηj

and ηl, we respectively have

∂jρ =
1

18
γ−4

(
Lγ γ − 2γ−1Lγ

)
aj +

1

12
β|β|−1γ−2Lγ |β|bj,

∂̇jρ =
1

9
γ−4

(
Lγ γ − 2γ−1Lγ

)
aj +

1

12
β|β|−1γ−2Lγ |β|bj,

∂jρ1 =
1

12
β|β|−1γ−2Lγ |β|aj +

1

8
ββ−1

(
L|β∥|β| + |β|−1L|β|

)
bj,

∂̇jρ1 =
1

6
β|β|−1γ−2Lγ |β|aj +

1

8
|β|−1

(
L|β∥|β| + |β|−1L|β|

)
bj,

where

Lγ γ =
∂2L

∂γ2
, Lγ |β| =

∂2L

∂γ∂|β|
=

∂2L

∂|β|∂γ
= L|β| γ, L|β| |β| =

∂2L

∂|β|2
.

Thus, we have

Theorem 2. The derivatives of the principal invariants of a complex Lagrange
space Ln with (γ, β)-metric are given by

(17) ∂jρ =
1

2
ρ−2aj + ββ−1ρ−1bj, ∂̇jρ = ρ−2aj + ρ−1bj,

and

(18) ∂jρ1 = ββ−1 (ρ−1aj + ρ0bj) , ∂̇jρ1 = 2ββ−1ρ−1aj + ρ0bj

with

ρ−2 =
1

9
γ−4

(
Lγ γ − 2γ−1Lγ

)
,

ρ−1 =
1

12
β|β|−1γ−2Lγ |β|,

ρ0 =
1

8

(
L|β∥|β| + |β|−1L|β|

)
.

(19)

The energy of the complex Lagrangian L(z, η) is defined as

(20) EL = ηi∂̇iL− L.

Using (6) in (20), we have

(21) EL = ηi(Lγ ∂̇iγ + L|β| ∂̇i|β|)− L.

Since γ and |β| are positively homogeneous of degree one in ηi, in view of
Euler’s theorem on homogeneous functions, we conclude

(22) ηi∂̇iγ =
γ

3
, ηi∂̇i|β| =

|β|
2
.
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Using (22) in (21), we get

(23) EL =
γ

3
Lγ +

|β|
2
L|β| − L.

This leads to

Theorem 3. The energy of the Lagrangian L(z, η) in a complex Lagrange
space with (γ, β)-metric is given by (23).

Next, we calculate the fundamental metric tensor gij(z, η) of a complex
Lagrange space with (γ, β)-metric. In view of (6), (1) implies

gij =
1

2

[ (
Lγγ ∂̇iγ + Lγ|β| ∂̇i|β|

)
∂̇jγ + Lγ ∂̇i ∂̇j γ

+
(
L|β|γ ∂̇iγ + L|β||β| ∂̇i|β|

)
∂̇j|β| + L|β| ∂̇i ∂̇j|β|

]
.

(24)

Now using (15) and (19) in (24), we have

(25) gij(z, η) = 4ρaij + 2ρ−2aiaj + 2ρ−1β
−1(2βajbi + βaibj) + 2ρ0bibj.

A simple calculation shows that

(26) (2βajbi + βaibj) =
3γ2|β|
2L

ηiηj −
3γ2|β|

2
bibj −

4|β|
3γ2

aiaj,

where ηi = ∂̇iL and ηj = ∂̇jL. In view of (26), (25) reduces to

(27) gij(z, η) = 4ρaij + q−2aiaj + q−1ηiηj + q0bibj

with

q−2 = 2

(
ρ−2 −

4|β|ρ−1

3βγ2

)
, q−1 =

3γ2|β|
βL

ρ−1, q0 = 2ρ0 −
3γ2|β|

β
ρ−1.

Further (27) can be written as

(28) gij(z, η) = 4ρaij + cicj,

where

ci = r−1ai + r0bi

such that

r0r−1 = q−1, (r−1)
2 = q−2, r20 = q0.

Thus, we have

Theorem 4. The expression for the fundamental metric tensor gij of a com-
plex Lagrange space with (γ, β)-metric is given by (28).

Using a proposition given by D. Bao, S. S. Chern, and Z. Shen [2], the inverse

gji of the fundamental tensor gij is given by

(29) gji =
1

4 ρ

(
aji − 1

4 ρ+ c2
cicj
)
,
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where

ci = ajicj, c2 = aji cicj.

This leads to

Theorem 5. The inverse gji of the fundamental tensor gij of a complex La-
grange space with (γ, β)-metric is given by (29).

4. Euler-Lagrange equations

In view of (6), (2) reduces to

Ei(L) ≡ LγEi(γ) + L|β|Ei(|β|)−
(
Lγ γ

dγ

dt
+ Lγ |β|

d|β|
dt

)
∂γ

∂ηi

−
(
L|β| γ

dγ

dt
+ L|β| |β|

d|β|
dt

)
∂|β|
∂ηi

= 0.

(30)

Also

(31) Ei(γ
3) = 3γ2Ei(γ)− 3

∂γ

∂ηi
dγ2

dt

and

(32) Ei(|β|2) = 2|β|Ei(|β|)− 2
∂|β|
∂ηi

d|β|
dt

.

Substituting values of Ei(γ) and Ei(|β|) from (31) and (32) in (30), we obtain

Ei(L) ≡ 2ρEi(γ
3) +

2

β
ρ1Ei(|β|2) + 6ρ

∂γ

∂ηi
dγ2

dt
+

4

β
ρ1

∂|β|
∂ηi

d|β|
dt

− ∂γ

∂ηi

(
Lγ γ

dγ

dt
+ Lγ |β|

d|β|
dt

)
− ∂|β|

∂ηi

(
L|β| γ

dγ

dt
+ L|β| |β|

d|β|
dt

)
.

(33)

This leads to

Theorem 6. The Euler-Lagrange equations of a complex Lagrange space with
(γ, β)-metric are given by (33).

For the natural parametrization of the curve c : t ∈ [0, 1] 7→ zi(t) ∈ M with
respect to the cubic-root metric γ, γ

(
z, dz

dt

)
= 1.

Thus, we have

Theorem 7. In the natural parametrization, the Euler-Lagrange equations of
a complex Lagrange space with (γ, β)-metric are

Ei(L) ≡ 2ρEi(γ
3) +

2

β
ρ1Ei(|β|2) +

4

β
ρ1

∂|β|
∂ηi

d|β|
dt

− Lγ |β|
∂γ

∂ηi
d|β|
dt

− L|β| |β|
∂|β|
∂ηi

d|β|
dt

= 0.
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If |β| is constant along the integral curve of the Euler-Lagrange equations
with natural parametrization, then the Euler-Lagrange equations of the com-
plex Lagrange space with (γ, β)-metric are given by

(34) Ei(L) ≡ 2ρEi(γ
3) +

2

β
ρ1Ei(|β|2) = 0.

This leads to the following theorem.

Theorem 8. If |β| is constant along the integral curve of the Euler-Lagrange
equations with natural parametrization, then the Euler-Lagrange equations of
the complex Lagrange space with (γ, β)-metric are given by (34).

5. Complex canonical semispray

The coefficients of the complex canonical semispray of a complex Lagrange
space with (γ, β)-metric is given by (3) together with (6).

Differentiating (7) and (8) partially with respect to zh, we have

(35) ∂hγ = Ahγ
−2, ∂h|β| =

β

2|β|
Bh +

β

2|β|
Ch,

where

Ah =
1

3
(∂haijk)η

iηjηk, Bh = (∂hbi)η
i, Ch = (∂hbj)η

j.

Substituting (35), (15) and (16) in ∂kL = Lγ∂kγ + L|β|∂k|β|, we get

(36) ∂kL = 6ρAk + 2ρ1

(
Bk +

β

β
Ck

)
.

Differentiating (36) partially with respect to ηh, we have

∂̇h∂kL =

(
6ρ−2Ak +

4β

β
ρ−1Bk + 4ρ−1Ck

)
ah

+

(
6ρ−1Ak + 2ρ0Bk + 2ρ0

β

β
Ck − 2ρ1

β

β
2Ck

)
bh

+

(
6ρAkh + 2ρ1Bkh + 2ρ1

β

β
Ckh

)
,

(37)

where

(38) Akh = ∂̇hAk, Bkh = ∂̇hBk, Ckh = ∂̇hCk.
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Contracting (37) with ηk, we obtain

(∂̇h∂kL)η
k =

(
6ρ−2A0 +

4β

β
ρ−1B0 + 4ρ−1C0

)
ah

+

(
6ρ−1A0 + 2ρ0B0 + 2ρ0

β

β
C0 − 2ρ1

β

β
2C0

)
bh

+

(
6ρA0h + 2ρ1B0h + 2ρ1

β

β
C0h

)
,

(39)

where

A0 = Ak(z, η)η
k, B0 = Bk(z, η)η

k,

C0 = Ck(z, η)η
k, A0h = Akh(z, η)η

k,(40)

B0h = Bkh(z, η)η
k, C0h = Ckh(z, η)η

k.

Putting (39) in (3), we have

Gi = ghi
[(

3ρ−2A0 +
2β

β
ρ−1B0 + 2ρ−1C0

)
ah

+

(
3ρ−1A0 + ρ0B0 + ρ0

β

β
C0 − ρ1

β

β
2C0

)
bh

+

(
3ρA0h + ρ1B0h + ρ1

β

β
C0h

)]
.

(41)

This leads to the next theorem.

Theorem 9. The coefficients of the complex canonical semispray of a complex
Lagrange space with (γ, β)-metric are given by (41).

6. Canonical complex nonlinear connection and
Chern–Lagrange connection

In this section, we find out the coefficients of the complex nonlinear con-

nection
c

Nk
j and Chern–Lagrange connection

CL

Nk
j of a complex Lagrange space

with (γ, |β|)-metric. Partial differentiation of ghighj = δij with respect to ηj

yields

(42) ∂̇jg
hi = −ghrCi

rj.
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Partial differentiation of the quantities appearing in (19) and (40) with respect
to ηj, we get

∂̇jρ−2 = µ−3aj + µ−2bj, ∂̇jρ−1 =
1

2
ββ

−1
µ−2aj + µ−1bj,

∂̇jρ0 = µ−1aj + µ0bj, ∂̇jA0 = Aj + A0j,

∂̇jC0 = Cj, ∂̇jA0h = 2A0hj + Ajh,(43)

∂̇jC0h = Cjh, ∂̇jah = 2 ajh,

∂̇jB0 = S(kj){∂kbj}ηk, ∂̇jB0h = Bjh,

where

µ−3 =
1

27
γ−8

(
γ2Lγγγ − 6γLγγ + 10Lγ

)
,

µ−2 =
1

18
γ−4β|β|−1 (Lγγ|β| − 2γ−1Lγ|β|

)
,

µ−1 =
1

24
γ−2|β|−1 (|β|Lγ|β||β| + Lγ|β|

)
,

µ0 =
1

16
β|β|−3 (|β|2L|β||β||β| + |β|L|β||β| − L|β|

)
,

A0hj = Arhjη
r, Arhj = ∂rahj

and S(kj) denotes the interchange of the indices k and j, and addition. Now,
applying (41) in (4), we get

c

N i
j =

1

2

(
∂̇jg

hi
)[(

3ρ−2A0 +
2β

β
ρ−1B0 + 2ρ−1C0

)
ah

+

(
3ρ−1A0 + ρ0B0 + ρ0

β

β
C0 − ρ1

β

β
2C0

)
bh

+

(
3ρA0h + ρ1B0h + ρ1

β

β
C0h

)]
+ ghi∂̇j

[(
3ρ−2A0 +

2β

β
ρ−1B0 + 2ρ−1C0

)
ah

+

(
3ρ−1A0 + ρ0B0 + ρ0

β

β
C0 − ρ1

β

β
2C0

)
bh

+

(
3ρA0h + ρ1B0h + ρ1

β

β
C0h

)]
.

(44)
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Using (17), (18), (38), (40), (42), and (43) in (44) and simplifying, we have

c

N i
j = −Ci

rjG
r + ghi

[
ρ−2

(
3(A0j + Aj)ah + 6A0ajh +

3

2
A0haj

)
+ ρ−1

{(
3A0j + 3Aj − ajβ

−1C0

)
bh + 4(ββ−1B0 + C0)ajh

+ (3ββ−1A0h − 2ββ−2B0ah)bj + 2(ββ−1S(kj) (∂kbj) η
k + Cj)ah

+ ββ−1(B0h + β −1βC0h)aj

}
+ ρ0

{(
S(kj) (∂kbj) η

k + ββ
−1
Cj

)
bh

+ ββ−1(B0h + β −1βC0h)bj

}
+ ρ1

{
β −1C0hbj − β−2(bjC0 − βCj)bh

+ β −1βCjh +Bjh

}
+ 3ρ(2A0hj + Ajh) + 3µ−3ajahA0

+ µ−2

{
(B0 + β −1βC0)ajah + 3A0bjah

}
+ µ−1

{
(B0 + β −1βC0)ajbh

+ 2(ββ−1B0 + C0)bjah + 3A0bjbh

}
+ µ0(B0 + β −1βC0)bjbh

]
.

(45)

Also, using (37) in (5), we obtain

CL

Nk
j = 2gik

[(
3ρ−2Aj +

2β

β
ρ−1Bj + 2ρ−1C0

)
ai

+

(
3ρ−1Aj + ρ0Bj + ρ0

β

β
Cj − ρ1

β

β
2Cj

)
bi

+

(
3ρAji + ρ1Bji + ρ1

β

β
Cji

)]
.

(46)

Thus, we can state the following theorem.

Theorem 10. The coefficients of the complex nonlinear connection and Chern–
Lagrange connection of a complex Lagrange space with (γ, β)-metric are given
by (45) and (46), respectively.

7. Conclusions

In the present paper, we have developed the theory of complex Lagrange
spaces with (γ, β)-metric. It plays a significant role in the expansion of the
earlier works of G. Munteanu [5]-[6]. For some geometric objects, expressions
are obtained which are further useful in the development of the current space.
The results obtained are useful in the study of connections, holomorphic cur-
vature, complex nonlinear connections and torsions in such spaces. In Section
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5 and Section 6, expressions for complex canonical semispray, complex nonlin-
ear connections and Chern–Lagrange connections are obtained, which will be
applicable in geodesic correspondence between two complex Lagrange spaces
with different (γ, β)-metrics on the same underlying complex manifold.
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