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ALMOST BALCOBALANCING NUMBERS II

AHMET TEKCAN AND MERYEM YILDIZ

ABSTRACT. In [24], we defined almost balcobalancing numbers, almost Lucas-balcoba-
lancing numbers and almost balcobalancers of first and second type and determined the
general terms of them in terms of balancing and Lucas-balancing numbers. In this work,
we derive some new algebraic relations on them.

1. INTRODUCTION

A positive integer n is called a balancing number ([I]) if the Diophantine equation
(1) 1424+---+(n—-1)=n+1)+n+2)+---+(n+71)

holds for some positive integer r which is called balancer corresponding to n. If n is a
balancing number with balancer r, then from

_ 2n—1++v8n?+1
— 5 :

Though the definition of balancing numbers suggests that no balancing number should be
less than 2. But based on (2)), the authors of [I] noted that 8(0)2+1 = 1 and 8(1)2+1 = 32
are perfect squares. So they accepted 0 and 1 to be balancing numbers.

(2) r

Panda and Ray ([10]) defined that a positive integer n is called a cobalancing number
if the Diophantine equation

(3) 1+2+---+n=n+1)+n+2)+---+(n+71)

holds for some positive integer r which is called cobalancer corresponding to n. If n is a
cobalancing number with cobalancer r, then from

_ 2n—1++V8n?+8n+1

4) ' :
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From (), the authors of [I0] noted that 8(0)? + 8(0) + 1 = 1 is a perfect square. So they
accepted 0 to be a cobalancing number, just like Behera and Panda accepted 0 and 1 to
be balancing numbers.

Let B, denote the balancing number and let b, denote the cobalancing number. Then
from , B, is a balancing number if and only if 8 B2 + 1 is a perfect square and from
, b, is a cobalancing number if and only if 802 + 8b,, + 1 is a perfect square. Thus

C,=+8B2+1 and ¢, = /82 +8b, +1

are integers which are called Lucas-balancing number and Lucas-cobalancing number,
respectively (see also 8] [9] [14]).

Balancing numbers and their generalizations have been investigated by several authors
from many aspects. In [6], Liptai proved that there is no Fibonacci balancing number
except 1 and in [7] he proved that there is no Lucas-balancing number. In [I7], Szalay
considered the same problem and obtained some nice results by a different method. In [4],
Kovacs, Liptai, Olajos extended the concept of balancing numbers to the (a, b)-balancing
numbers defined as follows: Let a > 0 and b > 0 be coprime integers. If

(a+b)+--+(an—1)4b) =(a(n+1)+b)+ -+ (a(n+r)+b)

for some positive integers n and r, then an+b is an (a, b)-balancing number. The sequence
of (a,b)-balancing numbers is denoted by B for m > 1. In [5], Liptai, Luca, Pintér
and Szalay generalized the notion of balancing numbers to numbers defined as follows:
Let y, k,l € ZT with y > 4. A positive integer z with x < y — 2 is called a (k,)-power
numerical center for y if

1k+-~-—|—(:(:—1)k:(x+1)l+"‘+(y—1)l.

They studied the number of solutions of the equation above and proved several effective
and ineffective finiteness results for (k,l)-power numerical centers. For positive integers
k,x, let Ily(x) = z(x + 1)...(x + k — 1). Then it was proved in [4] that the equation
By, = i (z) for fixed integer k& > 2 has only infinitely many solutions and for k € {2, 3,4}
all solutions were determined. In [26] Tengely, considered the case k = 5 and proved that
this Diophantine equation has no solution for m > 0 and x € Z. In [12], Panda, Komatsu
and Davala considered the reciprocal sums of sequences involving balancing and Lucas-
balancing numbers. In [I5], Ray considered the sums of balancing and Lucas-balancing
numbers by matrix methods. In [2], Dash, Ota, Dash considered the t-balancing numbers
for an integer t > 1. They called that a positive integer n is a t-balancing number if the
Diophantine equation

1424 4n—1=n+1+)+n+2+t)+--+(n+r+1)

holds for some positive integer r which is called ¢-balancer. A positive integer n is called
a t-cobalancing number if the Diophantine equation

1424 +n=n+1+t)+(n+2+t)+ -+ (n+r+t)
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holds for some positive integer  which is called t-cobalancer. In [21], Tekcan and Aydin
determined the general terms of t-balancing and Lucas ¢-balancing numbers, and in [20],
Tekcan and Erdem determined the general terms of ¢-cobalancing and Lucas t-cobalancing
numbers in terms of balancing and Lucas-balancing numbers. In [I1], Panda and Panda
defined that a positive integer n is called an almost balancing number if the Diophantine
equation

(5) [n+1)+(n+2)+--+(n+r))—-[1+2+--+(n-1] =1

holds for some positive integer r which is called the almost balancer. From , they have
two cases: If [(n+1)+(n+2)+---+(n+7)]—[1+24---+(n—1)] = 1, then n is called
an almost balancing number of first type and r is called an almost balancer of first type
and if [(n+1)+(n+2)+--+(n+r)]—[1+2+---4+ (n—1)] = —1, then n is called
an almost balancing number of second type and r is called an almost balancer of second
type. In [13], Panda defined that a positive integer n is called an almost cobalancing
number if the Diophantine equation

(6) (n+1)+n+2)+---+(n+r))—-(1+24+---+n)|=1

holds for some positive integer r which is called an almost cobalancer. From @, he has
two cases: If [(n+1)+(n+2)+---+(n+7)]—(14+2+---+n) =1, then n is called an
almost cobalancing number of first type and r is called an almost cobalancer of first type
and if [(n+1)+(n+2)+---+(n+7r)]|—(1+24---+n) = —1, then n is called an almost
cobalancing number of second type and r is called an almost cobalancer of second type.
In [25], Tekcan and Erdem determined the general terms of all almost balancing numbers
and almost cobalancing numbers in terms of balancing and Lucas-balancing numbers. In
[18], Tekcan considered the sums and spectral norms of all almost balancing numbers and
in [19], Tekcan derived some results on almost balancing numbers, triangular numbers
and square triangular numbers. In [22] and [23], we defined balcobalancing numbers,
Lucas-balcobalancing numbers and balcobalancers and determined the general terms of
them.

In [24], we defined that a positive integer n is called an almost balcobalancing number
if the Diophantine equation

1+2+---+n—-1)+14+2+---+(n—1)+n]

(7) —2AAn+1)+n+2) 4+ (n+r)] =1

holds for some positive integer r which is called almost balcobalancer. From , we have
two cases: If [142+4- - -+(n—1)+142+- - -+(n—1)+n]=2[(n+1)+(n+2)+- - -+ (n+r)] = 1,
then n is called an almost balcobalancing number of first type, r is called an almost
balcobalancer of first type and in this case

—2n—1+4++v8n?+4n—3
(8) i n + 2n+n ‘

Ifl4+24+---+(n—-1)+1+24+---+(n—-1)+n]-2[(n+1)+(n+2)+ - -+ (n+r) = -1,
then n is called an almost balcobalancing number of second type, r is called an almost
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balcobalancer of second type and in this case

—2n—14++/8n2+14 5
9) I +2"+”+.

Let BY* denote the almost balcobalancing number of first type and let B2** denote
the almost balcobalancing number of second type. Then from , Bbe* is an almost
balcobalancing number of first type if and only if 8( BX*)? + 4Bb** — 3 is a perfect square.
So

(10) Oy = /8(Bh)? + 4Bje* — 3

is an integer which is called almost Lucas-balcobalancing number of first type, and from
@, Bbe** is an almost balcobalancing number of second type if and only if 8(B%**)2 +
4Bb* 45 is a perfect square. So

(11) Ch* = \/8(Bhe**)? 4+ 4Bbe** + 5

is an integer which is called almost Lucas-balcobalancing number of second type. We
denote the almost balcobalancer of first type by R’* and denote the almost balcobalancer
of second type by R***. We proved in [24, Theorem 2.2] that the general terms of almost
balcobalancing numbers, almost Lucas-balcobalancing numbers and almost balcobalancers
of first type are

_4827171 + 3027171 —1

(12) BSZ"_l = 4
4B,,,_ 3C5,_1—1
Bgfj _ 2n—1 + ; 2n—1

C3 | = 6By_1 — Can
CSS;* = 6DB9,-1 + Cop—1
16Bsy_1 — 5Cp_1 — 1
4
8Boy,1 — Cop1 — 1
4

for n > 1, and proved in [24, Theorem 2.4] that the general terms of almost balcobalancing
numbers, almost Lucas-balcobalancing numbers and almost balcobalancers of second type
are

bex
R2n—1 -

bex
R2n -

12B5,1 +3Co,—1 — 1

13 Bbc** _

(13) : :
Cfff** = 68,1 + 3C%,—1
Rbc** _ 302”*1 —1

4
for n > 1.
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2. BINET FORMULAS AND RECURRENCE RELATIONS.

Theorem 1. Binet formulas for almost balcobalancing numbers, almost Lucas-balcobalancing
numbers and almost balcobalancers of first type are

(3= VD" + (34 VDI 2

Bgfz*—1 = S
Bhex — (3+ \/5)044”72 + (33— ﬂ)ﬁ‘l"*Q —9
2n 3
vac* _ (3 — \/_) dn—2 (3 + \/§)B4n72
2n—1 2\/5
Cbc* _ (3 + \/§)Oé4n_2 — (3 — \/5)6471—2
2n 2\/5
Rgc* o (_5 + 4\/5)@471_2 — (5 + 4\&)6471—2 —9
n—1 3
Rbc* _ (_1 + 2\/§)Oé4n_2 — (1 + 2\/§)ﬁ4n—2 _9
2n T 3

forn > 1, and of second type are

(34 3v2)a* 2 + (3 —32)34 2 -2

Bhess
" 8

o _ (343V2)a™2 — (3 3v2)p12
n - 2\/5

pere _ B0t 4 p2) 2

8
forn >1, wherea:1+\/§andﬁ:1—\/§.

Proof. Since B, = O‘QZ\_[EM and C, Qn;ﬂ ™ by [14], we deduce from that

_4BQTL—1 + 302n—1 —1

Bgfz*—l = 4
a4n—27 4n—2 a4n—2 4n—2
(et gattgn ) g
B 4
4
B (3 _ \/i)a4n72 + (3+ \/§>B4n72 -9
- 8

The others can be proved similarly. O
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Recall that balancing numbers satisfy recurrence relation
Bn = Ganl - Bn72
for n > 2. Similarly we can give the following result.

Theorem 2. Almost balcobalancing numbers, almost Lucas-balcobalancing numbers and
almost balcobalancers of first type satisfy the recurrence relations

By = By + 34B)%, — 34B)"y — By + B
Cher = CP*| 4 3400, — 34CP*, — CP*, + Cb,
Ry = R)™, + 34R)™, — 34R)™ — Ry, + R)™
forn > 6, and of second type satisfy the recurrence relations
B = 35X — 35U + BX;
Cher = 3500 — 35C0*; + Ches
Rbe* = 35 Rb*** — 35RM™S + RM**%
forn > 4.

Proof. Let n be even, say n = 2k for some positive integer k. Then from , we get
BY* |+ 34BY* ,—34BY" . — By + By

—4Boy_1 + 3Co,—1 — 1 4Bsj_3 + 3C5,_3 — 1
— 2k142k1 )+ 34( 2k342k3

—4B_3 + 3Co,_3 — 1 4Boy,_5 + 3Co—5 — 1

)

_ 34 _
( : )~ ’ )
—4Bgy,_ 5+ 3Cy_5— 1
+ : )
_ —4Bs 1 +272By,_3 — 8By, 5 + 3Co% 1 — 1

4
Here we notice that —4Bgg_1 + 272Bsy._3 — 8 Boy_5 = 4Bo;,_1. So we get
BY* |+ 34BY* ,—34Bb* , — Bbr 4+ Bbr .

—4Boy_ 1 +3Co,_1 — 1 4By 3 + 3C5,—3 — 1
~( : )+ a4 ¥ 30 - 1)

—4Bsy,_3 + 3Co,—3 — 1 4Bok—5 + 3C%—5 — 1

—34 _
( - )~ - )
—4Boy, 5+ 3Cy,_5—1

+ . )
 —4By 1 +272By; 5 — 8Ba_5 + 30y 1 — 1
N 4

4 Boy_ 3Co._1 —1

_ ok—1 T 0091 _ BSZ*.

4
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Thus
BZc* —_ Bbc>k1 + 34Bbc* o 34Bbc* Bbc>|<4 4 Bbc*
The others can be proved similarly. O

3. BALANCING NUMBERS AND ALMOST BALCOBALANCING NUMBERS

In this subsection, we give the general terms of all balancing numbers in terms of almost
balcobalancing number of first and of second type.

Theorem 3. The general terms of all balancing numbers are

bek bex
BQn - BQn—l

B2n71 = 9
Bb%* . Bbz*
Bo, = %
) Rbc* Rg;:; |-
2n—1 — 9
b — Rg%:-l Rbc* -3
2n 6
Obc* va;*
Canl %
Cb%* Cbc*
Cl,, = HlT

_ nbex bex bex bex
Con— 1_BQn_BQn1 R +R2n1

bek bek bex bc*
BQn—i—l B2n - R2n+1 + R

Cop = 3
form > 1, or
Bgc** o RIT)LC**
Banl = #
B B’ZC** 4 CZC** _ R?Lc**
2n —
3
; BZC** _ Cgc** + 5R7I’)LC**
2n—1 —
3
Czc** -3
b = =
2n—1 —
3
2n —

3
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Con—1 = 3
2326** 4 Cgc** o 2RZC**
Con = 3

forn >1.

2n_52n

Proof. Since B,, = 0‘47, we get

a4n—2 _ 5477,—2
42
"2 (2v2) — B (2v/2)

16
a4n72(3+\/__3+\/§)+54n72(3_\/__3_\/5)
16
(3+v2)a*" 2+ (3-v2)B" 22 (3-v2)at" 24+ (3+Vv2)B4 22
8 8

BZn—l =

_ By - By,
B 2
by Theorem [I] The others can be proved similarly. U

4. ALMOST BALCOBALANCING NUMBERS AND BALCOBALANCING NUMBERS.

In this section, we give the general terms of all almost balcobalancing numbers of first
and of second type in terms of balcobalancing numbers and conversely we give the general
terms of all balcobalancing numbers in terms of almost balcobalancing numbers of first
and of second type.

Theorem 4. The general terms of almost balcobalancing numbers, almost Lucas—balcobal-
ancing numbers and almost balcobalancers of first type are

—Bb 4+ 5B | +3C% | + 2R +1

ngfl = 9
Rhee _ B + 7B | +3C%, — 2Rt 41
2n T
2

Cyry =3By — BY | =200 | —6R) —
Che* = 3BY + 7B | +2C% | — 6R;‘f +1
4BY — 6Bl | — 5Ck | — 8RV — 3
2
2B — Ot | — 4RV —1
2

bex .
Ranl -

Rbc* —
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forn > 2, and of second type are

3Bk + 9Bk | +3Ch , —6RM + 1
2
Cr™ =3By +15B,° +6C°, — 6R)* +3
6B | +3C%  +1
2

Bbc** _

bexx
R,”C —
fO? n > 2.

a4n+1+ﬁ4n+1 1

Proof. Recall that B = : }U Cbe =
Theorem 3.6]. So we get from that

—4B5, 1+ 3C,_1 — 1
4

0(471’_2754”_2

42 )

a4n+1 _64n+1

be 4n+4n 1
22 ananc—%—zbyﬂZL

bex
B2n71 -

a4n—2+64n—2

+3(

{ (a4n+1+54n+1 An—3 B4n—3

adn—3, gin—3 adn—3_
8 _l>+5( ;5 _%)+3( 2v2 )
4n 4dn
e I
2
=B+ 5Bl 430k, 4+ 2R + L
2

The others can be proved similarly. Il

Conversely, we give the general terms of all balcobalancing numbers in terms of almost
balcobalancing numbers of first and of second type as follows.

Theorem 5. The general terms of all balcobalancing numbers are
B, =By + Oy
CZC = Rg%*Jrz - Rgf;rl

Rbc — Cgflj’l B Cgfl* -6
" 24
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forn>1, or
e Ol GR 3
" 6
" 3
Rbc _ 2820** + 30’20** _ 2R5)7,c** _ 3
" 12
forn > 1.
Proof. Applying [22, Theorem 3.6], we get
Bbc _ a4n+1 _’_6471,—&—1 _l
" 8 4
a7 4+5V2) + AT -5v2) 1
B 8 4
A" B V24446V + 2B +V2+4-6v2) 1
B 8 4
(3 o \/§>a4n—2 4 (3 + \/§>B4n—2 —9 (3 T \/§>Q4n—2 - (3 o \/5)5471—2
= +
8 2v/2
— Bl + Cly
by Theorem [T} The others can be proved similarly. O

5. RELATIONSHIP WITH PELL AND PELL-LucAS NUMBERS.

Recall that general terms of all balancing numbers can be given in terms of Pell numbers

Pn Pn—_]-
Bn:%? bnzlev Cn = Pop + Popy and ¢, = Pop 1 + Poyo.

Similarly we can give general terms of almost balcobalancing numbers, almost Lucas-bal-
cobalancing numbers and almost balcobalancers of first and of second type in terms of
Pell numbers as follows.

Theorem 6. The general terms of almost balcobalancing numbers, almost Lucas-balcoba-
lancing numbers and almost balcobalancers of first type are

o P4n—2 + 3P4n—3 —1

5Py,—9 +3P,_5—1
Bgff _ 9tan—2 + - 4n—3

Cg;*,l - 2P4n—2 - P4n—3
Cg;* = 4Py, + P4n73
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3P4n 2 5-P4n—3 -1

Rbc*
n—1 — 4
% 3P47172 - P4n73 -1
i = M

forn > 1, and of second type are

9Py, o+ 3Py, 3 — 1
4

CP** = 6Pyy_9 + 3Pyp_3

3Py_o 4+ 3Py — 1
4

bexs
B =

bekx
R =

form > 1.

Proof. From Theorem |1} we deduce that

a3 - v2)+ 234+ v2) -2
8
a2 (=243V2) + 2 (243v2) 1
8v/2 4
a4n—2(1+3a ) 5471 2( 1 \?}[} )

bex
B2n—1 -

4
O6477,72_B4n72 a4n73_184n73
v 13 < 22 ) — 1
4

RS-

o P4n72 + 3P4n73
B 4

2 f The others can be proved similarly. O

1

since P, =

Conversely, we can give the general terms of Pell numbers in terms of almost balcobal-
ancing numbers, almost Lucas-balcobalancing numbers and almost balcobalancers of first
and of second type as follows.

Theorem 7. The general term of Pell numbers is
(Bl By
P2n = 3

(| Bi, — Bb* n>1 odd
(R - Ry
P2n—1 = 3

n > 2 even

n > 2 even
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or
2 32 2 n > 2 even
PQn -
2(Bt — R
2 2 n>1 odd
\ 3
( C{)lc**
2 > 2
3 n > 2 even
P2n—1 -
2By — 2C% + 10RY + 3
2 23 2 n>1 odd.
\

Proof. Let n be even, say n = 2k for some positive integer k. Then

a4k _ 54k
Py, = ——F+~+—
4k o
_ 6v3(at — g
- 24
_ ™3 -v2)a® = (3+v2)a ] + B3+ v2)5 — (3-v2)77
B 24
(3*\/5)044k+2+(3+\/§)64k+2*2 . (3+\/§)a4k_2+(37\/§)ﬁ4k_272
_ 8 8
B 3
_ B, - B
3
Bbex, —Bbex o
by Theorem . So P, = —#+5—"—. The others can be proved similarly. O

Similarly the general terms of all balancing numbers can be given in terms of Pell-Lucas
numbers
n n— n n—1 4 n n—
:Qz + Qo l,bn:Q2 Q2n-1 ,C’n:Q2 andcn:Q2 1

B,
8 8 2 2

As in Theorem [6 we can give general terms of almost balcobalancing numbers, almost
Lucas-balcobalancing numbers and almost balcobalancers of first and of second type in
terms of Pell-Lucas numbers as follows.
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Theorem 8. The general terms of almost balcobalancing numbers, almost Lucas-balcoba-
lancing numbers and almost balcobalancers of first type are

_ 2Qun—2— Qun-3—2

Bl = 2
4 n— n—3 2
BS;* _ Qin—2 +8Q4 3
C* Q4n72 + 3@47173
Ogn—l = 4
5Qun—2 + 3Q4n—
CSZ* — Q4 2 1‘ Q4 3
Rbc* _ _Q4n—2 + 4Q4n_3 -2
2n—1 — R
RZ‘;* _ Quan—2 + 8@4 3

form > 1, and of second type are
_ 6Qun—2 + 3Qun—3 — 2

Bbc**
" 8
Chers _ 9Qun—2 + 3Qun—3
" 4
3Q4n—2 -2
Rbc** —
" 8
forn >1.
Proof. Tt can be proved in the same way that Theorem [ was proved. U

Conversely, we can give the general terms of Pell-Lucas numbers in terms of almost
balcobalancing numbers, almost Lucas-balcobalancing numbers and almost balcobalancers
of first and of second type as follows.

Theorem 9. The general term of Pell-Lucas numbers is
( 2Bk - B+ R - )
Qan = 3

 2(B, — B + Rbry — Rb*) n > 1 odd
(2Bl - B - R+ R
Qo1 = 3

( 2(Bber, — Bt — Rber, + RP*) n > 1 odd

n > 2 even

n > 2 even
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or
( 4Bgc** + GCZC** _ 4Rbgc**
2 2 2 n > 2 even
3
QZn =
8B — ACh + 16 R + 6
2 2 n>1 odd
\ 3
2 32 2 n > 2 even
Q2n—1 -
4C0r — 24 R — 6
2 2 n>1 odd.
\ 3
Proof. Tt can be proved as in the same way that Theorem [7] was proved. U

Thus we construct one-to-one correspondence between all almost balcobalancing num-
bers and Pell and Pell-Lucas numbers.

6. RELATIONSHIP WITH TRIANGULAR AND SQUARE TRIANGULAR NUMBERS.

Recall that triangular numbers denoted by 7,, are the numbers of the form

_n(n+1)
= 5
It is known that there is a correspondence between balancing numbers and triangular

numbers. Indeed from , we note that n is a balancing number if and only if n? is a
triangular number since

1,

(n+r)n+r+1)
5 =n°.

So
IB,+R, = B727,'
For triangular and balcobalancing numbers, we proved in [22, Theorem 5.12] that
be

B
(14) Tyesrre = (By)* + Tn

As in (14)), we can give the following result.

Theorem 10. B** is a almost balcobalancing number of first type if and only if 2B>* RV*+

(Rbe*)? + @ + Rl + L is a triangular number, that is,

bek 1

B
Tpeesppee = 2B Ry + (Ry™)* + =0 + Ry +
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and B%** is a almost balcobalancing number of second type if and only if 2Bbe** Rbe** 4
(Rbex)2 4 # + Rbexr — % is a triangular number, that is,

beskx

B
T st = 2B Ry + (R + —0— + By — o

Proof. From , we get n? — 2nr — r? —r — 1 = 0 and hence

1 1
(n+7r)(n+r+ ):2717“4—1"2—1—2—1—7“—1——.
2 2 2
So
bex pbex bex\ 2 B ZC* bex 1
as we claimed. The other case can be proved similarly. U

There are infinitely many triangular numbers that are also square numbers which are
called square triangular numbers and is denoted by S,,. Notice that

g 2 tn(tn +1)
n n 2 Y

where s, and ¢, are the sides of the corresponding square and triangle. We can give the
general terms of 5, s, and ¢, in terms of balancing and cobalancing numbers, namely,
S, = B2% s, = B, and t, = B,, + b,. Their Binet formulas are

Sn _ Oé4n+64n—27
32
2n _ Q2n
(15) Sp = u, and
42
. a2n _|_62n -9
" 4

for n > 1. We can give the general terms of almost balcobalancing numbers of first and
of second type in terms of s, and t,, as follows.
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Theorem 11. The general terms of almost balcobalancing numbers, almost Lucas-balco-
balancing numbers and almost balcobalancers of first type are

—2827171 + 3252”71 +1

332*_1 - 9
BS;* _ 2891 + ;t%—l +1

Che* | = 65951 — 2ty 1 — 1

Ci’,i* = 65951 + 2t9p—1 +1

o 8S2p—1 — dlop—1 — 3
Rgn—l = 2
o 4Sop1 —topq — 1

forn > 1, and of second type are
6525,—1 + 3top—1 + 1

Bbc** —

" 2
Czc** = 65251 + 6t2p—1 + 3
Rbc** _ 375271*1 +1

2
forn > 1.

Proof. From ((12)), we get

—4B5, 1+ 3C,_1 — 1
4

a4n—2_64n—2

42 )

bex
B2n71 -

—4( N { (e i R |

2

4
a3 - v2)+ 234+ v2) -2
8
a2 (=2 + 3v/2) + B1"72(2 + 3v/2) — 2V/2
8v/2
) 4 3(e )
2
—282n71 + 3t2n71 +1
2

by . The others can be proved similarly. O

a4n—2754n—2

_2( YW

Conversely, we can give the general terms of 5,,, s, and ¢, in terms of almost balcobal-
ancing numbers of first and of second type as follows.
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Theorem 12. The general terms of S,, s, and t,, are

( Bbc* _Bbc*
(%)2 n > 2 even
Sp =
Bbc* _Bbc*
(=2 )2 5 > 1 odd
\ 2
( Bbc* - Bbc*
—ntl T > 2 cven
6
Sp =
Bbc* _Bbc*
Zntl Tn o > 1 odd
\ 2
( Bbc* - Bbc* 4 Rbc* o Rbc* -3
ntl L n+l L n > 2 even
. 6
" Bbc* _ Bbc* Rbc* _ Rbc* -1
n+1 n + n+1 n nledd
\ 2
or
( B%C** + CZC** _ Rbﬂc**
(—2 ;) 2 )2 n>2 even
Sn = <
_ = >
\ ( 3 ) n>1 odd
( BZC** + Cgc** o ngz**
2 2 2 n > 2 even
3
Sy =
By — R
2 2 n>1 odd
\ 3
2 2 z n > 2 even
6
t, =
2B — Ol + AR
2 32 2 n>1 odd.
\

Proof. Let n be even, say n = 2k for some positive integer k > 1. Then from

agk +/88k _ 2

Sk = 32
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otk — ﬁ4k )
4+/2 )
6/3(0" - mr

=

48

: a™[(3 —v2)a? — (3+V2)a 2]+ ’
- [{ e

[ (3—v2)ath+24(34/2)g4+2 2 (3+\/§)a4k2+(3\/§)/54k22] 2
8 8

6

bek bex
o (B2k+1 B B2k
6

)%
Bbc* 7Bbc* 9 . .
—nfl n T )* for even n > 2. The other cases can be proved similarly. U

So S, = (

Thus we construct one-to-one correspondence between all almost balcobalancing num-
bers and square triangular numbers.

Finally, we want to construct a correspondence between triangular and square triangular
numbers via almost balcobalancing numbers, that is, we want to find out that for which
almost balcobalancing numbers m, the equation

Tm = Sn
holds. The answer is given below.

Theorem 13. For triangular numbers T, and square triangular numbers S,,, we have

(1) Tspgeepger | = Son

(2) Toger ,—pyer—pter -1 = Son

(3) Topgee | vacysrRigr,,-Rier, = Sone
(4) Toapgee acgs Rtz ity 1 = Son

(5) T2BZ$‘I7CZ$‘I+4RZ€;‘1‘ = Sont1

3
6) T,pb b b =G5
() 2Bnﬁf—30n$f+16Rna’ff+3 2n
3

forn > 1.

Proof. (1) Notice that 3B — BYe* | = (3+2\/§)a4n72+f¥3_2\/§)ﬂ4n72_2. Since (3+2v/2)? = o*
and (3 — 2v/2)? = B4, we get from that
(3B — Ban ) 3By — By + 1)

T b b —
3B2$L*_BQ$L*71 2

|:(3+2\/§)a4n—2+(3_2\/§)64n—2_2:| |:(3+2\/§)a4n—2+(3_2\/§)ﬁ4n—2_2 + 1:|

4 4

2
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[(3+2v2)a*"2 + (3 — 2v/2) 842" — 4

32
B (3 + 2\/5)2048”74 + (3 _ 2\/5)25%—4 —9
B 32
B a®m + 38 — 2
32
= Sop.
The others can be proved similarly. O

7. SUMS OF ALMOST BALCOBALANCING NUMBERS.

Recall that the sum of the first n-terms of all balancing numbers can be given in terms
of same balancing numbers, that is,

n

S5, - 5B, — B,_1 — 1 ib'_ 5bp — bp—1+2 —2n

, 4 ; 4

i=1 i=1

" 5Cn - Cn,1 -2 - 5Cn — Cp—1 — 2
OZ' — 5 7 — .

Similarly we can give the following result.

Theorem 14. The sum of the first n-terms of Bt C** and R** is

n

S B - 33Bh + 33Bhe, — Bty — B, —8n + 16

p 32
i s 33C0e* 43300 — Cher, — O, — 24
— L 32

n

S R 33REe* 1 33RU*, — Rbe*, — RYC*, — 8n + 4
i=1 b 32

for n >4, and of B2, C*** and Rb** is

n

L 32

i=1
n

Lo 32

i=1

o e _ B 0
— 32
forn > 2.
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Proof. It can be proved easily from and Theorem .

We also note that

n >

n > 1 odd.

Similarly we can give the following theorem.

n > 2 even
n > 1 odd

n > 2 even

1 odd

n > 2 even
n > 1 odd

43

Theorem 15. For all almost balcobalancing numbers of first and of second type, we get

>y =5

=1

> v = 5

=1

- % cx 1
S-me =

=1

and

Proof. 1t can be proved similarly.

33Cker — 3300, — Cber, + Cber,
=330y + 33077 + Cpy — Chy

33Rber — 33Rber | — Rber, 4 Rber 44
—33RV* 4 33Rb + RV, — RY*, 412 n > 5 odd

35Bbe+ — Bhers 4 4
—35Bbes 4 Bherr _ 4

350k — O 18
—35Cher* 4 Cherr — 18

35Rberr — Rberx 4 4
—35RI;LC** + Rbc_** —4

n—1

33Bber — 33Bb*, — BV*, + Bb*, — 4 n >4 even
—33BY* + 33Bber, + Bber, — Bb*, + 4 n>5 odd

n > 4 even
n > 5 odd

n > 4 even

n > 2 even
n >3 odd

n > 2 even
n >3 odd

n > 2 even
n > 3 odd.
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8. SuMs OF PELL AND BALANCING NUMBERS.

Panda and Ray proved in [9, Theorem 3.4 that the sum of first 2n — 1 Pell numbers is
equal to the sum of n** balancing number and its balancer, that is,

2n—1

(16) Y Pi=B,+b,.

i=1

Later Gozeri, Ozko¢ and Tekcan proved in [3, Theorem 2.5] that the sum of Pell-Lucas
numbers from 0 to 2n — 1 is equal to the the sum of n'* Lucas-balancing and the n'®
Lucas-cobalancing number, that is,

2n—1

Z Qz = Cn + cp.
i=0
Since R, = b,, becomes

2n—1

(17) > Pi=DB,+R,

i=1
As in , we can give the following result.

Theorem 16. For the sum of Pell numbers, we have

> Py=DBYr, + RY

forn >1.
Proof. Notice that P, = a;_/'gn So we get
2n—1 2n—1 2 2
o' = f
Py =
2o
0447"7&2 5477,_52
o a2-1 /82—1
2v/2
04(0147172—1) 6(ﬂ4n72_1)
2 — 2

2V2
a1 _ 64n71 o 2\/§
42
(O{ _ 1)a4n71 _ (1 _ 5)541171 —4
8
(042 _ a>a4n72 + (52 _ 5)54n72 —4
8
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_ (2+\/§)a4n72+ 2+\/§>54an —4

—~

8
_ (3-v2)a"? 4 (34 V2)p 2 -2
N 8
N (_1 + 2\/§)Q4n—2 o (1 + 2\/5)6471—2 —9
8
= Bgfztl + Rg(rzz*
as we wanted. O

Apart from Theorem we can give the following theorem which can be proved simi-
larly.

Theorem 17. For the sum of Pell numbers, we have

E _ pbex bex
P2i—1 - R2n+2 - B2n+1

and also
2n—1
Py, 1+ Z Py = BZC** + RZC**
=1
2n—1
P4n72 + Z P22'71 — Bﬁc** . ch**
=1
forn >1.

For the sums of Pell-Lucas number, we can give the following theorem.

Theorem 18. For the sum of Pell-Lucas numbers, we have
4n+1

Z Q; = Co s + o

Z Qi =2RYr ) — 2R — 2
=1

or
4dn+1

b b
e B R
-

ZQ' _12RY — 4By — 4
' 3

forn >1.
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In [I6, Lemma 1], Santana and Diaz Barrero proved that the sum of first nonzero 4n+1
terms of Pell numbers is a perfect square, that is,

("))

1=0

4An+1

Sn-
i=1

In fact this sum equals to ¢? 41, that is,

An+1

2
§ :Pi_cn—i-l'
i=1

Similarly we can give the following result.

Theorem 19. The sum of Pell numbers from 1 to 8n + 1 is a perfect square and

8n+1

> D= (BT, 4057 + 1)
i=1

or
8n+1 Cokk ok
Z p - (ZCZH —12Ry 3)2
=1 l 3

forn >1.

Proof. Since P, = a;\_/gn, we get

8n+1 8n+1

ai _ ﬁz
P, =
2= 20
adnt2_q 138n+2713
a—1 - B—1

22
a8n+2 + 6871-&-2 —9

4
CY4n+1 + 5411—&—1

_ 2
= (———)
043044n_2 + 636471—2

- (TP
_ ((7 +5v2)aim 2 4 (7 - 5\/5)54n—2> i

2

(3—v2)a*" 24 (34++/2)B4" 22 2
o G e
2
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4 <3—x/§)a4"*2+(3+x/§)64"*2—2> ?
8
= i (3+v/2)atn—2—(3— \[)B4n—2> 11
2v2
— (433;* . + 4cbc* )2.
The other case can be proved similarly. O

As in Theorem [I9] we can give the following

theorem which can be proved similarly.

Theorem 20. For the sums of Pell, Pell-Lucas, balancing and Lucas-cobalancing num-

bers, we have

8n+3

2Bbc* 2Bbc* + 1

1+ZPZZ( 2n+2+3 2n+1 )2

=1
4n+2 Cx C*

3n+2 Og’n-‘rl
Z QQZ 1= 3 )
S | 2B 2R 41

2 3
2n+1 Ck Ck
Z BQ' | = (C§n+2 + C§n+1>
— 12

4An+2

i=1 2
or
8n+3 beskx
4R —i— 1.,
4n+2 Cokk Cxk
_ AB — ARYH
Z Qa1 = ( )
, 3
i=1
4Zn
Q2i+1 - e
1=0 ’ (4B?I’)L+1 B 8R2+1 B )2
2 3
S Ot — ARy — 1,
Z BQi*l - ( 6 )
=1
4n+-2 bexkx
4R +1
1+ ;= T4l T 72
; ¢ =(—"5—)

forn > 1.
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9. CONCLUDING REMARK.

In [24], we said that a positive integer n is called an almost balcobalancing number if
the Diophantine equation

’ 1+2+--4+n-1)+14+2+--+(n—-1)+n

=2[n+1)+n+2)+---+ (n+71)]
holds for some positive integer r which is called almost balcobalancer and deduced all
results by considering this Diophantine equation. One can also consider the Diophantine
equation

(19) ’ 2n+ 1)+ n+2)+---+ (n+7)-

1+24+--+(n-1)+14+24+---+(n—1)+n]
instead of . Then there is no problem. If we consider the Diophantine equation in

, then (only) all almost balcobalancing numbers of first type can be of second type,
that is,

-

Byt — B)™*,C)* — C)™* and R)™ — RI™,

and all almost balcobalancing numbers of second type can be of first type, that is,
BZC** N Bzc*,czc** N OZC* and RZC** SN RIT)LC*

For instance, if we consider the Diophantine equation in , then the general terms of
almost balcobalancing numbers, almost Lucas-balcobalancing numbers and almost bal-
cobalancers of first type are

1289, 1+ 3C%,1 — 1

Bbc* —

" 4
O™ = 6By 1 + 3C9, 1
Rbc* _ 302n71 -1

4
by , and of second type are

_4B2n—1 + 30271,—1 —1

Bg;))jl - 4
4B,,,_ 3Cy,—1 —1
Bg;** _ on—1+ - 2n—1

O = 6By,_1 — Oy
CSZ** = 6821 + Cop_1
16B5,-1 — 5C9,-1 — 1
Rgz*jl _ 2n—1 on—1
4
o 8321171 - Canl -1
N 4

by (12). So all results obtained in [24] and also in this paper are correct. One can take
Bbe* ¢ Bbex Cberr ¢y O and RV +» RV* if necessary.

besxx
R2n
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