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ON THE CHARACTERIZATION OF PRIMAL PARTIAL
ALGEBRAS BY STRONG REGULAR HYPERIDENTITIES

K. DENECKE

1. Introduction

An identity w = w'is called a hyperidentity in a total algebra A = (A; (f)i )
i W = w™holds identically in A for every choice of term functions of A to rep-
resent the operation symbols of the corresponding arities appearing in w and wt
Hyperidentities of the algebra A correspond to the identities of the clone of term
functions T (A) of A. A clone is a superposition closed set of finitary operations
on a fixed set A containing all projections. Maximal clones of total operations
are very important for primality (completeness) and are fully known ([Ros; 65],
[Ros; 70]). In [De-Po; 88] primality criteria were given by using hyperidentities
satisfied in the maximal clones. Clones of partial operations also play an important
role in the theory of partial algebras and in computer science (cf. e.g. [Bur; 86]).

Recently maximal partial clones were completely described by combinatorial
properties ([Had-Ros]).

In this paper we introduce the concept of a strong regular hyperidentity for
partial algebras. Then this concept will be used to get primality criteria for partial
algebras. We give some strong regular hyperidentities satisfied by maximal partial
clones. Further, two-element primal partial algebras are characterized by strong
regular hyperidentities.

2. Preliminaries

Let A be a finite non-empty set. For every positive integer n, an n-ary partial
operation on Ais a map f: Df - A where D¢ [AI'. Denote by P,f\n) the set of
all n-ary partial operations on A and put Pa := PA”). Let Oa [CPA be the set
of all total operations defined on A. n=1
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Fornm=1,f Ig”) and g1,...,0n f{‘”, we define the superposition of
and g1, ...,0n, denoted by f(g1,...,0n) EEJ&'"), by setting

L U |
Df(gl, ,gn) = {(ala CRC 1am) m . (al, “ae ,am) I:I Dgi

i=1
[(@i(az,...,am),-..,9n(@1,...,am)) [DO¢};

and

f(91,-...9n)@1,...,am) :=Ff(@1(a1,...,@8m),---,0n(@z,-.. ,am))

for all (a1,...,am) [(D¢,,... gn)-
Let Ja :={e]' : 1 <i<n <} be the set of all total projections.

Definition 2.1. A partial clone C on A is a superposition closed subset of P
containing Ja. If a partial clone C contains an n-ary operation ¥ with D¢ & A"
then it is called proper partial. A clone C is called total if C [ Oh.

Equivalently, partial clones can be regarded as subalgebras of the algebra
(Pa; G4, 1,4, €%) of the type (2,1,1,1,0) where the operations [§,T,A are de-
fined in the following manner:

Fornm=1f AM™, g CAM™, t=m+n—1, D, = {(ay,...,ar) CA:
(a1,...,am) Oy (a1, ... ,a8m), am+1,... ,a) CO¢} h =T Cglis defined by

h(ai,...,a) =f(@@1,...,8m),8m+1,-- . ,at)

for all (az,...,a¢) [(Op.
§(f) P, 1(F) P, A(F) CPL" ™ are defined by

Dery ={(a1,...,an) : (@2,...,an,a1) (D¢},
¢(M)@,...,an) =Ff(az,...,an,a1),

Drery ={(a1,...,an) : (a2,81,... ,an) [Df},
T(f)(a, ..., an) =f(az,as, ... ,an),

Dacry ={(@1,... ,an-1) : (a1,a1,@2,... ,an—1) D¢},
A(f)(as,...,an—1) =f(ar,a1,a2,... ,an-1) if n>1,

and A(F)(x) = &(F)(X) = T1(F)(x) = F(x) for n = 1. €? is the binary projection
on the first component.

The set of all partial clones on A, ordered by inclusion, forms an algebraic lattice
L in which arbitrary infimum is the set-theoretical intersection. For F [PA the
partial clone [H[generated by F is the least partial clone containing F.
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Definition 2.2. A set (f/); o—pf partial operations is complete (or the partial
algebra A = (A; (FA)i o) is primal) if [(F)i b3 Pa.

Let A = (A; (f2)i ) be a partial algebra of a given type T, i.e. a pair consisting
of the set A and an indexed set of partial operations defined on A. The set (F*)i
of partial operations corresponds to a set (f;)i r—pf operation symbols of the type T.
To every partial algebra A = (A; (f/)i ) we can assign the partial clone generated
by (F)i i-denoted by T (A). T (A) is called clone of the algebra A.

One of the striking di [erences between the total and the partial case is the fact
that T (A) does not agree with the set of all partial functions induced by terms
constructed from the operation symbols (f;)i —and variables.

Let W¢(X) be the set of all terms constructed from variables X = {Xo,...}
and operation symbols of the type T.

Every n-ary term w induces an n-ary term function w” of the partial algebra

A such that wA(xq, ... ,Xn) is defined exactly by the following rules:
(i) 1f w = x; then w” is everywhere defined and w2 (xy, ... ,Xn) = eP(Xq, ...,
Xn) =X forall Xg,... ,Xp CA, N=1,
(i) 1fw=Ff(wi,...,wWm) where f is an m-ary operation symbol and wf, ... ,
w2, are the n-ary term functions induced by wy, ... ,wm and WA(xq, ... ,
Xp) are defined and W (xg,...,xn) =bi (1 <i<m)and fA(by,...,bm)
is defined then w2 (X, ..., Xn) = FAb1,... ,bm).

Remark that in general in the partial case the set of all functions induced by
terms is a proper subset of the clone of the partial algebra.
Some partial clones can be defined by relations.

Definition 2.3. Let h and n be positive integers, let p be an h-ary relation
on A (i.e. p [CA") and let f be an n-ary partial operation. We say that f
preserves p if from (a11,...,a1n) CA)... ,(@n1,...,ann) Cpland (a1,...,an1) C1
D¢,...,(a1n,...,ann) [DOf it follows (f(a11,... ,ann),... ,f(ain, ... ,ann)) Cpl

Let POL p denote the set of all f [CHa preserving p. (Clearly POL p is a
partial clone).

Example. Let 0 CAland let

—
POL{0}:= {f PV :(0,...,0) (D¢ F@,...,0)=0},
1

n=

then POL {0} is a proper partial clone on A. (Remark that in the total case we
write Pol p.)

Definition 2.4. A maximal partial clone is a coatom (dual atom) of the lattice
L of all partial clones on A.

The knowledge of all maximal partial clones is basic for finding a general com-
pleteness criterion. For |A| = 2 all maximal partial clones are determined by
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Freivald ([Frei; 66]) and for |A] = 3 by Romov ([Rom; 80]) and Lau ([Lau; 77]).
For an arbitrary |A| = 2 Haddad and Rosenberg ([Had-Ros; 87], [Had-Ros])
determined all maximal partial clones.

Let f,g IZEX"). Then g is called a subfunction of f, symbolically g < f if
Dy [Dk and if f|p, = g. A partial clone C [P} is strong if it is closed under
taking subfunctions. Clearly, the set POL p is a strong partial clone for a h-ary
relation p. Let M be a maximal partial clone on A. Then there are the following
cases:

(1) If M is not strong then M = Oa [d" |n CNI'}, where o" is the nowhere
defined n-ary operation (the n-ary partial function with empty domain,
N™s the set of all positive integers).

(2) If M is strong then M = POL p where p is a relation from one of the
classes described in [Had-Ros; 87] or in [Had-Ros].

For A = {0, 1} there are exactly the following maximal partial clones.

Theorem 2.5 ([Frei; 66]). Ly =: L2 is co-atomic and has exactly 8 co-
atoms:

(1) M =04 " |n [N

(2) POL{0}

(3) POL{1}

(4) POL{(0,1)}

(5) POL{(0,0), (0,1), (1,1)}

(6) POL{(0,1), (1,0)}

(7) POL Ry with Ry = {(X,x,y,y) : x,y 4D, 1}} X, y,y,X) : x,y [
{0,1}},

(8) POL R, with R, = Ry X, y, %x,y) : X,y [{0,1}}.

A subset F of P, := P 13 is complete i [CH is not contained in one of the maximal
partial clones listed in (1)—(8).

3. Strong Regular Hyperidentities of Partial Algebras

Let A = (A; (f)irm) be a partial algebra of a given type T and let w, w"be
terms of this type. Assume that in w and in w™the same variables occur.

Definition 3.1. w = w"is called a strong regular identity of A if the partial
functions w” and w™ induced by w and w™agree (and if w and wcontain the same
variables). That means: w = w"lis a strong identity of A if the right hand side is
defined whenever the left hand side is defined and if both sides agree (A E w = wY).

S

Definiton 3.2. The strong regular identity w = wHof A is called a strong
regular hyperidentity of the partial algebra A if for every substitution of n-ary
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functions from T (A) for n-ary operation symbols of w, w™the result is a strong

regular identity of A: A E w=wlorT(A) E w=wV
s hyp s hyp

4. One-point Extension

At first we will investigate hyperidentities built up from unary operation sym-
bols only (unary hyperidentities). In the total case such hyperidentities are studied
in [De-Po; 88]. To use these results we need a method to come from the partial
to the total case.

Let f IZEIX") and oo MCA. Then we define a total function (the one-point-
extension of f) f*: B" - B with B = A [{do} by

ai,...,an), if(ay,...,an) [DOf

fT(@a,...,an) =
@ ) oo, otherwise.
f* is a function defined on B with the property f*(co,... ,00) = oo, ie. f* [1
POL {co} [Ok.

Every strong (regular) hyperidentity of a partial algebra A which contains only
unary operation symbols corresponds to an identity of the monoid of all unary
operations of the clone of the partial algebra A ; i.e. of T®(A) = (TMW(A); ©;ida)
where = is the composition of unary functions and ida is the identity function
defined on A (clearly, identities and hyperidentities built up from unary operation
symbols only are regular).

Remark that the mapping +: P — Og defined by f 3 f* is no clone
embedding since for a 8 oo we have e?(a, o) = oo B ef’B(a, ) = a. Let A=
(A; (FA)im be a partial algebra and let T (A) be the set of all unary operations
of the clone of the algebra A. Consider (TM(A)* = {f*|f CTID(A)}; i.e. the
set of all one-point-extensions of unary operations of the clone of the algebra A.

Proposition 4.1. (TM(A))* is closed with respect to the composition of total
functions.

Proof. Let ;" C(T®A)* and ;7 CT D), ie. f; CTIVA) and f, [
TM(A). Since T(A) is a clone we get f1oF, CTKD(A) and (F1oF,)" CODA)™.
(f1 = F2)™ is defined by

(o f)@), ifa [Dr.r, _ Fi(f(@) ifa (Dr.r,

T10F) (a) = =
( 1 2) ( ) oo, otherwise oo, otherwise.

Clearly, a [D,.f, i[a [Df, and f2(a) [DOf,. a [DOf, means f,(a) =, (a).
Consequently, I:rl
1(F (@), ifa Dy, and f2(a) (D,
(f1oF2)"(a) = ? .
o) otherwise

_YSdr @), it @ oy,
o, otherwise.
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Further, if £, (@) [ Dy, then f1(f;) (@) = f (f, () and (f1 = F)* (@) = (f] »
)(a) = oo if f; (a) MD,. It follows that (fy = F)* = f; - ;7 COD(A))*. [

Proposition 4.2. (TMWA)™ = (TW(A)*:-,ida) is isomorphic to
TO(A) = (TW(A); ,ida).

Proof. Because of (f e g)* = f* = g* we have only to show that the mapping
+: TDA) - (TDA)* defined by f O f* is one-to-one. By the definition of
(TM(A))™* the mapping + is surjective.

Let f*=g*,ie. f*(@)=g*(a) forall a = A {do}. If a [y n D¢ then
f(a) =f"(a) =g*(a) = g(a). a Oy and a [ D¢ is impossible since otherwise
g(@ =g*(a) B oo, but f*(a) = co. Similarly a [D¢, a My is impossible. If
a [[D¢ and g MOy then f*(a) = g*(a) = oo and g and f are not defined. This
means that f = g. 1

This isomorphism shows that to every unary hyperidentity satisfied in A there
corresponds a unary hyperidentity satisfied in A*.

5. Unary Hyperidentities Satisfied in Maximal Partial Clones

We mention some definitions and results of [De-Po; 88] concerning unary
hyperidentities of total algebras.

Definition 5.1. LetA={1,...,n}, n>1, and let f be a total unary function
defined on A. ™ is defined as the m-fold composition of f with f° := id. Put
K(n) = lem{1,...,n}. We set Imf := {f(a) : a [CA} (image of F). Let A(F)
denote the least non-negative integer m such that Imf™ = Imf™*! and put
o(f) = ordn (F|Im fAD) where f|ImfA® is a permutation and ordn(g) is the
order of a permutation.

Proposition 5.2. Let |A|=nand f E(]g). Then
(i) o(f)[x(n),
(i) OsA(f)<|Imfland A(f) =n—1,
(iii) A(f) =0 = F is a permutation,
(iv) A(f) =n—1 = there exists an element d Al such that

A = {d, f(d), F*(d),... , f"7(d), f"(d) = F"1(d)},

(v) 1f m®=m and p|pCthen £™ = £M*P implies M = fm"*+p"]
(vi) £™ =F""'< m, mt= A(f) and m = mPmod o(f),
(Vii) f)\(f) — f)\(f)+0(f) — f)\(f)+K(n)_

Further in [De-Po; 88] the following was proved.
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Lemma 5.3.
() Oa E ¢"71(x) = ¢" 1M (x).
hyp
Oa F "2 (x) = N2 (x).
yp
Oa B 0" 1(x) = ¢" <00 (x), if k(n) E k(n—1), i.e. if n is a prime
h

powe}/.p
(i) Pol B F ¢"1(x) = ¢""1*<("D(x) ([E B [A),
hyp

(iii) Pol ps E ¢"2(x) = ¢"~2+<(N(x) with ps = {(a,s(a)) : a A and s is
hyp
a permutation on A}.

Remark that if M is a total maximal clone containing not all unary functions
then

M E ") = ¢TI0 or M 9N =2 (),
hyp hyp

Using Lemma 5.3 and Proposition 5.2 we get:

Theorem 5.4.
() Pa E ") =¢"* M(x), Pa B ¢"(x) = " D (x), (if k(n) B
s hyp s hyp
k(n — 1), i.e. if n is a prime power), PA E ¢"71(x) = ¢p" 1K (x),

s hyp
(i) If ¥ is a proper partial function, i.e. B Df [A, then f"(X) =

fn+K(n—1)(X)’
(iii) For the non-strong maximal partial clone we get Oa [{3" |n [N} E

s hyp

M (x) = QNI (x),
(iv) Let M be a strong maximal partial clone and let M¢ be the subclone of
all total operations of M. If My | ¢"1(x) = ¢"1+K(=D(x) then

s hyp
M E ¢"(x) = ¢ (x).
s hyp

Proof.
(@) P)* is included in Pol{oco} [Qg. Therefore, by Lemma 5.3(ii)
we have (PS))+ E ¢"(x) = ¢" M (x) and Proposition 4.2 shows
s hyp

P o"(x) = ¢ (M (x) and therefore Pa £ ¢"(X) = "KM (x).
s hyp s hyp

P (x) = ¢"K("=D(x) is not satisfied for certain permutations, therefore

Pa B ¢"(x) = ¢"*<("D(x). By Proposition 5.2(iv) A(F*) = n i[]
s hyp
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there exists an element d B such that B = {d,f*(d),...,f"*'(d) =
(FHN(d)}. Then (FH)"(x) = (F)"*<M(x) and f"(x) = F"+<(M(x) and
Pa B ") = ¢"TM(x).
s hyp

(i) If D¢ A then there is an element i [{W,...,n} with £ (i) = oo,
therefore o(f *) < k(n—1) and (F*)"(x) = (F*)"**("~D(x) and f"(x) =
fn+|<(n—1)(x)_

(iii) follows from Lemma 5.3 (i).

(iv) Let My be the set of all proper partial operations then M, [{d, |n [
NF E ¢"(x) = ¢"<(=D(x). Altogether we have M | ¢"(X) =

s hyp s hyp

¢n+|<(n—1)(x)_

Remark. If for the set of all total functions of a partial clone we have My
s hyp
P"2(x) = ¢k (x), then altogether we have M | ¢"(x) = ¢p" KM (x)
s hyp
and M cannot be “ separated ” from Pa by unary hyperidentities with one oper-

ation symbol.

6. A Characterization of Two-Element Primal
Partial Algebras by Strong Regular Hyperidentities

For the maximal partial subclones (1)-(5) of Theorem 2.5 of P, we get the
following strong regular hyperidentities (using Theorem 5.4)

M =0, {8":n [N} E ¢(x)=¢*(x)

s hyp

POL{0} F ¢*(x)=¢(x)

s hyp

POL{1} F ¢*(}) =¢*(x)

s hyp

POL{(01)} F ¢*(0) =0¢°(x)

s hyp

POL {(00), (01), 1)} E ¢*(x) = ¢*(x).

s hyp

By Theorem 5.4(i)) P, B ¢%(X) = ¢3(x) and P, B ¢(X) = ¢$3(x), i.e. M,
s h s h
POL {0}, POL {1}, POL?ZOl)}, POL {(00), (01), (11)}y§an be “separated” from

P, using these hyperidentities. The maximal clones POL R; and POL R; contain
all unary partial functions defined on {0, 1}. Consequently, these clones cannot be
separated from P, by unary hyperidentities. But we show
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Lemma 6.1. Let € be the following regular hyperidentity: € : Hi(x,y) =
H,(x,y) with

Hiy = F(F(S1, F(S1, S1)), F(S1,51)),

H, = F(F(S2,S2), F(F(S2,S2),S2)),

S1 =F(F(T1,T1),F(F(T1,T1), T1)),

S2 = F(F(T2,T2), F (T2, T2)),

T1 = FF&Y), FFEY.x).Fy.y)),

T2 =F(FXYy), F(F(F{,X),F,y)),F(x,y))

and F is a binary operation symbol.

Then POL{(0,1),(1,00} E € POLR, E ¢ POLR, E ¢, but
s hyp s hyp s hyp
P> E: €.

s hyp

Proof. We prove the following facts:
factl: Every binary partial function on {0,1} which is not everywhere defined
satisfies €,
fact2: Every binary total function from POL {(0, 1), (1,0)}, POL Ry, and POL R»
satisfies €,
fact3: There is a binary function from P, which does not satisfy €.

Proof of fact 1:

Consider two cases: case 1: x = a, y = b, a,b [{0,1}, a 8 b and case 2:
x =y =a {0, 1}.

Case 1: Let f be a binary partial function on {0, 1} which is not everywhere
defined. If  is not defined on one of the pairs (a,b), (b,a), (b,b) then T, and T,
are not defined and H; and H, are not defined. If ¥ is defined on (a,b), (b, a),
(b, b), then f is not defined on (a,a). For T; and T, we have:

T, = f(f(a,b), F(F(b, a), f(b,b))) and
T, = f(f(ab), F(F(F(b, a), F(b, b)), F(a,b))).

Assume that f(a,b) = a. If f(f(b,a), f(b,b)) = a then T; and T, are not defined
and therefore H; and H, are not defined. If f(f(b,a),f(b,b)) = b, then T = a
and T, = f(a, f(b,a)). If f(b,a) = a then T, is not defined. If f(b,a) = b then
To, =a. If T{ = a then S; and H; are not defined. If T, = a or T, is not defined
then S, and H» are not defined.

Now we assume that f(a,b) = b. If f(f(b,a),f(b,b)) = b then T, = F(b,b)
and T, = f(b, f(b,b)). If f(b,b) = b then T, = T, = S; = S; = b and thus
Hy = H, =bh. If f(b,b) =a then Ty =a, T, = f(b,a). Then S; and H; are not
defined. If f(b,a) = a then S, and H; are not defined and if T, = f(b,a) = b then
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S, = f(F(b,b), F(b,b)) = f(a,a) is not defined and therefore H, is not defined.
Let us assume that f(f(b,a),f(b,b)) = a. It follows that T, = f(b,a) and
T, = f(b, f(a,b)) = f(b,b). Now we discuss all possibilities for f(b,a) and f(b, b).
f(b,a) = f(b,b) = a is impossible since otherwise f(f(b,a),f(b,b)) = f(a,a)
would not be defined. f(b,a) = a, f(b,b) = b is also impossible since otherwise
f(f(b,a),f(b,b)) = f(a,b) = a in contradiction to the presumption f(a,b) = b.
f(b,a) = b, f(b,b) = a leads to a contradiction because of f(f(b,a), f(b,h)) =
f(b,a) =a=0hb. The last case is that f(b,a) = b, f(b,b) = b. Then we have

Ty =F(b, f(b,b)) =h,
Ty, = (b, F(F(b,b), b)) = (b, F(b,b)) =b.

Further we get S; =S, =b and Hy = Hy = b. If f(f(b,a), f(b,b)) is not defined
then Ty, T2, S1, Sz, Hi, Hz are not defined.

Case 2: If x =y = a then

T, =f(f(a,a), f(f(a, a), f(a, a))),
T, = f(f(a,a), f(f(f(a, a), f(a,a)), f(a, a))).

If £ is not defined on (a, @) then T4, T2, S1, Sz and Hi, H» are not defined. Assume
f(a, a) is defined.

If f(a,a) =athen T, =f(a,a) =a, T, =f(a,f(f(a,a),a)) =a, S1 =Sy =aand
H]_ = H2 = a.

If f(a,a) =b then T, = (b, f(b,b)) and T, = F(b, F(F(b,b), b)).

Assume that f(b, b) is not defined. Then Ty, S;, Hi and Ty, Sy, H» are not defined.
If f(b,b) = b then T, = b, T, = b, S =85, = b and H; = H, = b. If
f(b,b) = a then T, = f(b, f(f(a,a),f(a,a))) = f(b,f(b,b)) = f(b,a) and T, =
f(f(a, a), f(f(f(a,a),f(a,a)),f(a a)) = f(, F(f(b,b),b)) = f(b, f(a,b)).

If (b, a) is defined then f(a,b) is not defined and therefore T,, S, and H, are not
defined.

Assume that f(b,a) =b. Then T, =b, S; = f(f(b,b), F(f(b,b),b)) = f(a, f(a,b))
and S; is not defined. Consequently, H; is not defined.

Now assume that f(b,a) = a. Then T; = a and S; = f(f(a,a), f(f(a,a),a)) =
f(b, f(b,a)) = f(b,a) = a and H; = f(f(a, f(a,a)), f(a,a)) = f(f(a,b),b)) is not
defined.

If £(b,a) is not defined then T;, S;, Hy are not defined. If then f(a,b) is not
defined then T, Sy, Hy are not defined. If f(a,b) = a then T, = f(b,a) is not
defined and thus H, is not defined. If f(a,b) = b then T, = f(b,b) = a. S, =
f(f(a,a),f(a,a)) = f(b,b) =a and H, = f(f(a,a), f(f(a,a),a)) = f(b, f(b,a)) is
not defined.

Proof of fact 2: €2, e3, Ne?, Ne2 are all total binary functions of POL {(0, 1), (1,0)}
(N denotes the negation), i.e. O, n POL{(0, 1), (1,0)} = {e?,e3,Ne?,Ne3}. €?,
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e3, Ne?, Ne3, c3, ¢ belong to POL R; and also to POL R;. These functions are
all binary functions not depending essentially on both variables.

Let ¥ be a binary function defined on {0,1}. If f [ROL R; then from
(X1, Y1, Y1, X1) [RY, (X2, X2,Y2,Y2) Ry for x3 By1, X2 8y, we obtain (f(xy, x2),
f(y1, x2), F(y1,y2), F(X1,y2)) R, ie. F(X1,X%2) = F(y1,x2) and f(ys1,y2) =
f(X1,y2) or F(X1,%2) = F(Xg,y2) and f(y1,Xx2) = F(y1,y2). It follows £ [1
{e?,e2,c3,c2,Ne?,Ne2}.  Consequently O, n POL@PR; = {e? e3¢ c?,
Ne?, Ne3}. It is easy to check that x +y, N(x +y) CPOL R,.

If £ is a binary function and f [CROL R, then from (X1,X1,Y1,Y1) [ Ry,
(X2,Y2,Y2,X2) [Hz, (X1,Y1,X1,Y1) [Ra, (X2,Y2,¥2,X2) [R> we get (F(xz,Xx2),

T(x1,y2), T(y1,y2), F(y1,%x2)) [Re and (X1, X2), F(y1,y2), F(X1,y2), Fy1,%2)) [
R>, i.e.

F(x1,x2) = F(x1,y2) and f(yi,y2) = f(y1,x2) or
f(X1,x2) = F(y1,x2) and F(xg,y2) = f(y1,y2) or
F(x1,x2) =Ff(y1,y2) and fF(x1,y2) = F(y1,X2).

Similarly,

T(x1,x2) = F(y1,y2) and F(x1,y2) = f(y1,x2) or
F(x1,x2) =Ff(y1,y2) and F(yi,y2) = f(X1,y2) or
F(x1,x2) = F(x1,y2) and T(y1,y2) = F(y1,X2).

It follows f [—{e?,e3,c3,c2,Ne?,Ne3,x + y,N(x + y)} and therefore O, n
POL @R, = {e3,€3,c3,c2,Ne?, Ne3,x+y, N (x+y)}. It is easy to check that all
these functions fulfil €.

Using fact 1 and fact 2 we have

POL{(01),(10)} E e, POLR: E &, POLR,; E =
s hyp s hyp s hyp

Now we come to fact 3.

Proof of fact 3: Consider the total function g(x,y) = Nx [Nly. For x =y =1 we
have

T, =F(F(1, 1), f(F(1,1),f(1,1))) =f(0,f(0,0)) =F(0,1) =0,

S, = (f(0,0), f(f(0,0),0)) = f(1,f(1,0)) =f(1,0) =0,

H; = f(F(0, f(0,0)), f(0,0)) = f(f(0,1),1) =0,

T, =f(f(1,1), f(f(f(1,1),(1,1)),f(1,1))) =T, Tf(f(0,0),0)) =T(0,f(1,0))
=f(0,0) =1,
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S, = f(f(L,1), f(1,1)) =f(0,00=1 and
Ho = F(F(L, 1), F(F(1, 1), 1)) = (0, F(0, 1)) = F(0,0) = 1,

i.e. Hy 8 H,. This shows P, E €. 1
hyp

Now we can prove the following primality criterion:

Theorem 6.2. A two-element partial algebra A = ({0, 1}; (fi{o’l})i ) is primal
if and only if A satisfies none of the following strong regular hyperidentities:

() 6() = $3(x),
(i) ¥°00) = $3(x),
(iii) €: Hi(x,y) = Ha(x,y) with Hi, H» defined as in Lemma 6.1.

Proof. A = ({0,1}; (F*)i)y is primal i ¢F ™)) is complete, i.e.
[F )i b= P,. A subset of P, is complete i[it is not contained in any
maximal subclone of Ps.

Every clone contained in M = O, D" : n [CNI"Y satisfies ¢p(x) = ¢3(x). Ev-
ery clone contained in POL {0}, POL {1}, POL {(01)}, POL {(00), (01), (11)} sat-
isfies ¢p2(x) = $3(x) and every clone contained in POL {(00), (01), (11)}, POL Ry,
POL R, satisfies €, i.e. if A is not primal then at least one of the three hyperi-
dentities is satisfied. If A is primal then (fi{o’l})i ris not contained in one of the
maximal subclones of P, and thus none of the hyperidentities is satisfied. 1

Remark that it is easier to check a hyperidentity than to find it. The hyperi-
dentity € was given by Welke ([Wel; 91]) using a computer program.
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