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WEAK CONGRUENCE SEMIDISTRIBUTIVITY
LAWS AND THEIR CONJUGATES

G. CZEDLI
Dedicated to the memory of Viktor Aleksandrovich Gorbunov

Abstract. Lattice Horn sentences including Geyer’s SD(n, 2) and their conjugates
C(n,2) are considered. SD(2,2) is the meet semidistributivity law SD = Both
SD(n,2) and C(n,2) become strictly weaker when n grows. For varieties V the
satisfaction of SD(n, 2) in {Con(A) : A [V} is characterized by a Mal’cev condition.
Using this Mal’cev condition it is shown that C(n, 2) Fcon SD(n, 2), which means
that, for every variety V, whenever C(n, 2) holds in {Con(A) : A [M} then so
does SD(n, 2). In particular, C(2,2) Fcon SD(2,2), which is a stronger statement
than SD —Fcon SD —the only previously known [Econ result between lattice Horn
sentences “not below congruence modularity”. Some other |=con Statements are also
presented.

. Introduction and the Main Results

This paper is primarily concerned with Mal’cev conditions and the consequence
relation =con between lattice Horn sentences in congruence (quasi)varieties.
Given a variety V of algebras, the class of congruence lattices of members of V
will be denoted by
Con(V) = {Con(A) : A [\1}.

By a (universal lattice) Horn sentence we mean a first order sentence

(| IZI
1) (Xd, ... Xt—1) (P1=01 & ... & p =) =CpF
where p1,...,Pk,01,--- ,0k, P and q are lattice terms of the variables Xg, ... , X¢t—1.
Notice that using “<” instead of “=" in (1) would give the same notion modulo

lattice theory. Lattice identities are special Horn sentences with k = 0 (or with p; =
Xo and g; = Xo for all i). For convenience, lattice operations will be denoted by +
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—1
(join) and - (meet); and & will denote conjunctions. The join semidistributivity
law
SD5 X+y=X+z=[XFy=x+yz

and the meet semidistributivity law
SD— Xy = xz =[xyl= x(y +z)

are the most known Horn sentences that are not equivalent to lattice identities.

For a lattice H resp. class H of lattices and a Horn sentence A let H = A denote
the fact that A holds in H resp. in all members of H. The same symbol is used for
the standard consequence relation between Horn sentences A and p: A | 4 means
that for every lattice L if L = A then L = . If Con(V) | A implies Con(V) |
for every variety V then the notation

A |:con H

is used. The statement A =con W is said to be nontrivial if A B p. This fact, i.e.
the conjunction of A Feon 1 and A B W, will be denoted by A =D . Starting
with Nation [22], there are many results of the form A EX, u, cf., e.g., Day [6],
[7], Day and Freese [8], Freese, Herrmann and [11], Jonsson [17], [18], Mederly
[21], and [2], with various lattice identities. (As a related deep result, Freese [10]
is also worth mentionig here.) These results are “below congruence modularity”
in the sense that modularity Fcon . The only known A =2 u type result not
below congruence modularity is

) SD Fcon SD 1

from Hobby and McKenzie [14, p. 112]. One of our goals is to strengthen (2)
and, by generalizing (2), to present infinitely many A =0t results not below
modularity.

Given a lattice identity A, the class of varieties {V : Con(V) | A} is a weak
Mal’cev class by Wille [26] and Pixley [24]. In other words, (the satisfaction
of) A (in congruence varieties) can be characterized by a weak Mal’cev condition.
In many cases, all being covered by Chapter XIII in Freese and McKenzie [12],
{V : Con(V) E A} is known to be a Mal’cev class. E.g., the distributivity resp.
modularity are characterized by the famous Mal’cev conditions given by Jonsson
[16] resp. Day [5].

Now let A be a Horn sentence. Then {V : Con(V) = A} is known to be a weak
Mal’cev class only in certain cases described in [3]; these cases include SD —and
SD —— Using commutator theory, Lipparini [20] and Kearnes and Szendrei [19]
have recently proved that {V : Con(V) = SD this a Mal’cev class. For a direct
approach (and also for an important application of the corresponding Mal’cev
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condition) cf. Willard [25], and cf. also Hobby and McKenzie [14] for the locally
finite case. Using ideas from [1], [3] and [25] we present Mal’cev conditions for
infinitely many Horn sentences. These Mal’cev conditions provide the key to our
A ED U type achievements.

Forn=2putn ={0,1,...,n— 1} and let Po(n) denote {S : S [nland
S| = 2}. For B H [CP}(n) we define the generalized meet semidistributivity
law SD(n, H) as follows:

CT1I1T 1
apo =0af1 = ... =afp—1 =[] Bi < Po.
1 (| 11
Equivalently, SD(n,H) is
CIT1 1
0Bo=0P1=...=0afn—1 =LaBb =a Bi.
| CHIi ]

When H = {S [PL(n) : |S| = 2}, SD(n, H) will be denoted by SD(n, 2). Notice
that

1
SD(n,2) : aBo=0f; =...=apn—y =0l (Bi +Bj) =PBo

O<i<j<n

has been studied by Geyer [13], and SD(2, 2) is exactly SD

Now with SD(n, H) we associate its conjugate Horn sentence C(n, H) as follows.
Let a and B, (i CIOCH) be the variables of C(n,H). Denoting {I [H :j [T}
by Hj, C(n,H) is

ks C— 1 — 1
(a=s BiN& @Gui=a+ Bji) =C1
I CH i i [ j MY}
a= Bo,1 + a( By +a( B2y +a(...+a Bn-1,1)...).
1 [Hy I [H] 1 [H} I THh—1

The conjugate of SD(n, 2) is denoted by C(n, 2); it is the following Horn sentence:

ot 1
(o < Bij +Bji) & Bij =a+pB;) =1
i<j igj
O,II_J. 1 O,II_J. 1 O,II_J. 1 0,r|=1:|
as= Boj + a( Byj + a( Boj +a(...a Bn—1,j)---)-
jEo jE1 jE2 jEn—1

For example, C(2, 2), the conjugate of SD s (clearly equivalent to):
3) C(,2): X+y=x+z=y+z=LXFy=Xx+Yyz.

Our main results are as follows; the proofs will be given in the next chapter.
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Theorem 1. For every n =2 and 8B H [CP}(n), {V :V is a variety and
Con(V) E SD(n,H)} is a Mal’cev class.

A concrete Mal’cev condition will be given in Theorem 9.
Theorem 2. For every n=2 and (B H [Pi(n), C(n,H) Fcon SD(N, H).

Theorem 3. Foreveryn=2and C& H [Pi(n), (SD(n, H) and modularity)
Econ distributivity.

To justify the notation used in Theorem 3 let us mention that the conjunction of
two Horn sentences is equivalent to a single Horn sentence modulo lattice theory.
While (SD —and modularity) [= distributivity, the five element nonmodular lattice
M3 witnesses that (SD(n, 2) and modularity) B distributivity for n > 2. Hence
Fcon in Theorem 3 is nontrivial in many cases. The same is true for Theorem 2,
as it is pointed out by the following

Corollary 4. For every n=2, C(n,2) It SD(n,2).

Notice that C(2,2) is a weaker Horn sentence than SD — Indeed, SD =
C(2,2) is trivial, and C(2,2) E SD s witnessed by

Figure 1.

Hence Corollary 4 for n = 2 is a stronger result than (2), and it is worth separate
formulating.

Corollary 5. C(2,2) EX, SD

Now we formulate a statement on the relations among the Horn sentences
C(n,H) and SD(n,H).

Proposition 6. Letk>2, m=2,n=2, (B H [Pi(n)and (& K CPi(m).
Then

(@) SD(k,?2) is strictly weakening in k, i.e., SD(k —1,2) | SD(k,2) but
SD(k,2) E SD(k—1,2);
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(b) C(k,2) is strictly weakening in k, i.e., C(k—1,2) F C(k,2) but C(k,2) E
Ck—1,2);

(c) SD(2,2) ESD(n,H);

(d) SD(m,K) E C(n,H);

(e) C(m,2) B SD(n,H) and, moreover, SD g SD(n, H).

Since Proposition 6 does not answer all questions, the remarks concluding the
paper will add some further information. Part (d) of Proposition 6 can be strength-
ened to

Theorem 7. For any m,n=2, (B K [P}(m) and (& H [P3(n) we have
SD(m, K) Econ C(n, H).

The Mal’cev conditions we are going to present in the following chapter are
far from being simple. However, they are useful to prove Theorems 2 and 3.
Interestingly enough, for all known A DXt u statement {V : Con(V) | p} is
known to be a Mal’cev class (even if A Fcon 1 Was proved or can be proved
without Mal’cev conditions). The proof of Theorem 7 is also based on our Mal’cev
condition, and resorting to Theorem 7 is, at present, the only way to prove (d)
of Proposition 6. On the other hand, we could not solve the naturally arising
problem if SD(n, 2) Fcon SD(N — 1, 2) is true or not.

Il. Proofs and Technical Statements

Like in some previous papers, e.g. in [1] and [3], our Mal’cev conditions will
be given by certain graphs. This is not just an economic way to establish the
appropriate Mal’cev conditions, it is also a possible way to work with them. For
any lattice term p(do, ... ,an—1) and integer k = 2 we define a graph Gy (p) asso-
ciated with p. The edges of Gk (p) will be coloured by the variables ag, ..., 0nh—1,
and two distinguished vertices, the so-called left and right endpoints, will have
special roles. In figures, the endpoints will always be placed on the left-hand side
and on the right-hand side, respectively. By E(Gk(p)) we denote the edge set of

Figure 2.
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Gk(p)- An a-coloured edge connecting the vertices x and y will often be denoted
by (%, a,y). Before defining Gk (p) we introduce two kinds of operations for graphs.
We obtain the parallel connection of graphs G; and G, by taking disjoint copies
of G1 and G, and identifying their left (right, resp.) endpoints, cf. Figure 2.

By taking disjoint graphs Hy, ... , Hx (k = 2) such that H; £-Gl for i odd and
H; £-6} for i even, and identifying the right endpoint of H; and the left endpoint
of Hj+1 fori = 1,2...,k —1 we obtain the serial connection of length k of G;
and G;. (The left endpoint of H; and the right one of Hi are the endpoints of the
serial connection, cf. Figure 3.)

Figure 3.

P

Figure 4.

Now, if p is a variable then, for any k = 2, let Gk(p) be the graph depicted
in Figure 4, which consists of a single edge coloured by p. Let Gg(p1 + p2) resp.
Gk (p1p2) be the serial connection of length k resp. the parallel connection of graphs
Gk(p1) and Gg(p2). Now we have defined Gk (p) for ‘aﬂc‘e tﬁ p with binary
operations. However, p is often given by means of and  as well. Then we
always assume a fixed binary representation of p. Although each fixed binary
form makes the rest of the paper work and the corresponding G2(p) does not
depend too much on this form, we note tP_a,t Gk(p) (k %’3) heavily depends on
theleinary represerﬁtion chosen. E.g., Gz (Bo+B1)+B2 has eight vertices while
G3 B1+ (B2 + Bo) has only six.

For an algebra A, a lattice term p = p(0p,...,0n-1), congruences Qo, ...,
Gnh—1 [Con(A), ag,a; A and k = 2 we say that ag and a; can be connected
by Gk(p) in the algebra A if there is a map ¢ (referred to as the connecting
map) from the vertex set of Gg(p) into A such that ag and a; are the images of
the left a@ right en@oints, respectively, and for every edge (X, aj,y) CE(Gk(p))
we have ¢(x),p(y) L[al. If it is necessary, we can emphasize that the colour q;
is represented by the congruence &;. The following statement from [3] was proved
by an easy induction.

Lemma 8. With the above notations, (ag,a;) [p{@o,...,8n—1) i@ and a;
can be connected by Gk(p) in A for some k = 2 i[There is a kg = 2 such that ag
and a; can be connected by Gk(p) in A for all k = k.
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Now with any pair of (finite coloured) graphs G~and G™we associate a strong
Mal’cev condition U(GP< G in the following way, cf. [3]. Let ao,...,0n—1 be
the colours occurring on edges of GPand G™ and let X = {Xo,X1,... ,Xt—1} and
F = {fo,f1,...} be the vertex sets of GPand G™ respectively, with Xo, X1, fo, f1
being the endpoints. For0 = j <st—1land 0 <i < n-—1 let aj(j) be the
smallest s such that there is an aj-coloured path in G™connecting Xj and Xs.
(By convention, the empty path connecting x; with itself is aj-coloured.) Now
U(G < G is defined to be the following (strong Mal’cev) condition:

“There exist t-ary terms f(Xo,...,%Xt—1) (f [CB) which satisfy (1) the

endpoint identities fo(Xp,...,Xt—1) = Xo and fi1(Xo,...,X—1) = X,
and (2) for every edge (f,ai,9) [E(GT the corresponding identity
T (Xoi 0y Xai (1) -+ X (t=1)) = I(Xex; (0) Xoi (1)« + - » Koy (t=1))-

The identity associated with the edge (f, aj,g) above will often be denoted by
I(f,qi, Q).

Now let n = 2 be fixed, and define lattice terms Bi(k) = Bi(k)(a, Bos...,Bn=1),
0 <i<n, 0 =<Kk, via induction as follows. Let Bi(o) = Bi, and let Bia”) =Bi+
GBi(i)l- Here the subscript i + 1 is understood modulo n, and the same convention
applies for subscripts of 3 in the sequel. Theorem 1 is an easy consequence of the
following theorem.

Theorem 9. Let n=2 and (& H [PJ(n). Then, for an arbitrary variety V,
the following three conditions are equivalent.
(i) Con(V) E SD(n,H).
(i) The Mal’cev condition

) [ CTT1T 1 © 1
“there is a k = 2 such that U, := U G,(a Bi) = Gk(By ") ”
1 Hi (11

holds in V.

(iii) (%o, X1) Eﬂﬂgﬁlﬁm ﬁn_l) for some k where X is the vertex set of
Gy = G2(0 ey i Bi)s Xo and x; are the endpoints, & resp. 3; de-
note the congruence generated by {(x,y) X2 : (x,a,y) [CH(G,)} resp.
{(x,y) [X?: (x,Bi,y) CE(G>)} in the free algebra Fy(X).

Proof. (i) =[(il): Let A = Fy(X). With the notation B = (@, o, ... ,
ﬁn_l), al ident induction gives [?i(o) Eﬁﬁl) Eﬁﬁz) [ for 0 <i<n. Hence
B = =7 M Con(A). Suppose (a,b) [@n 3. Then (a,b) Caln B for
some k, which gives (a,b) [@ln &7 [an ) for all i, i.e.,

an B an B 1 can B, ran g,
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~ L1 ~
Hence all the & n B are equal, and (i) gives @ | g Iﬂ?i(‘”) < B, Using
Lemma 8 we conclude

I 1 1 I 1 1
(X0, X1) [dl Bi Cal O REE.
1 [Hli (11 1 [Hli (11

Hence (Xo,x1) CBE = B@, PBo, ... ,Bn-1) for some k, i.e., (iii) holds.

(iii) =(): Suppose (iii). By Lemma 8, Xo and x; can be connected by
Gi(BS?) in Fy(X) for some t = 2. Since B < ™™ in all lattices, it is not hard
to see that both k and t can be enlarged, and therefore t = k can be assumed?.
Now the routine technique of deriving strong Mal’cev conditions, cf. e.g. Wille
[26], Pixley [24] and [3], yields that Uy holds in V.

(ii) = Suppose k = 2, Uy holds in V, A [, G Bory. - . Bn—1 [QON(A)
and GBg = ... = GPn—1. Let (ag,a1) belong to & | oy ; Bi; We have to show
that (ag,az) Eﬁb %e , there is an s = 2 such that ag and a; can be
connected by Gs(a | oz i Bi) In A. Hence there are finitely manyl_ilelments
Ci,0 = 4ap, C1,1, ..., Ci,m, = & for each I [H such that (c; j,Cy j+1) I:Imﬁi for
0<sj<m.

Now G (a I%IB] Iﬂh) is depicted in Figure 5 where 1,J... CH, | =
{ii<ix<iz<...}andJ ={j1 <]J2 <]z <...}. Theinner (i.e., not endpoint)
vertices of this graph are denoted by y, 1, yi2,... (I [CH); the corresponding
variables in the Mal’cev condition Uy are called inner variables.

Figure 5.

Now we define some subgraphs, referred to as permitted subgraphs, of
Gk(Bék))- The only permitted subgraph of height k is Gk(Bék)) itself. By defi-
nition, Gk(B(()k)) is a serial connection of length k of Gk(aﬁik_l)) and the single
edge graph Gk (Bo); the copies of Gk(aﬁik_l)) in the serial connection are the per-
mitted subgraphs of height k — 1. Each copy of Gk(Bik_l)), i.e. each permitted

TEssentially by the same reason, Uy | U1, i.e., “(IK)J(Uk)” is a Mal’cev condition, indeed.
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subgraph of height k — 1 without its a-edge connecting its endpoints, is a serial
connection of length k of Gk(B1) and Gk(aﬁék_z)); the copies of Gk(aﬁék_z)) are
the permitted subgraphs of height k —2. And so on, for 0 < j <k, the permit-
ted subgraphs of height j are isomorphic to Gk(GBS_)j), and each of them is a
subgraph of a permitted subgraph of height j + 1. (Of course, according to our
general agreement, the subscript k — j is understood modulo n.) In particular,
the permitted subgraphs of height 0 are isomorphic to Gk(a[sf(o)) = G, (afk). For
k = 4 the situation is outlined in Figure 6. The expression “permitted subgraph”
will mean a permitted subgraph of Gk(Bék)) of height j forsome 0= j < k.

Ga(BS?) :

v_____

Ga(B{?)
height = 3 height = 2
where G4(B§2)):
a
a o

|
|
|
|
|
|
»

Ga(Bf”)
-«
height = 1 height =0

Figure 6.

The term symbols in the strong Mal’cev condition Uy are vertices in Gk(Bék)), o)
they are endp%of permitted subgraphs; this fact will be u%dlinih sequel.
Letm=2+ | g{|l|—1), the number of vertices in Go(a | icdgi).
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Claim 10. Let f and g be the endpoints of a permitted subgraph and let
= (ag,a1,dz, ... ,dm—1) [{ho} < {as} x AM2

be arbitrary. Then f ()& g(@)]

Since (f, a, g) is an edge of the permitted subgraph in question, using the iden-
tity 1(f, a, g) associated with this edge we obtain

f(W)Ia f(ao, a0, dz, ... ,dm—1) = 9(a0,a0,d2,... ,dm—1) & g(@)]

proving Claim 10.

Claim 11. Let f and g be the endpoints of a permltted subgraph. If there exists

a Ao} < {a:} < {ao, a1 }™ 2 with F(IIGRo . . . Brn—1 g(Ethen F(DIPRo . .. Br1
g(¥)Iholds for all VT {&o} < {a1} x {ap, a1} 2.

It su [ced to show that if 2 < i < m and the i-th component of = (ao, a1, Uz,

, Um—1) is Uj = ap then (IR0 . .. Bz g(Bholds for V= (ap, az, Ua, ...,
Ui—1, a1, Uj+1, ..., Un—1). Fix an I [CH and consider the m-tuples W& = (ao,
a1, Uz, ..., Ui-1, Crj, Ui+1, -+, Um—1), j = 0,1,...,my. Then w® = @and
WAT) = Vo it su [ced to show via induction that for all j < m,

(4) FOP) afo .. . Bt g(EI).

When j =0, (4) stateISA_Nl?at we have assumed. Now suppose (4) for some j < m;.
Since (€ ,j, C1,j+1) I Poathere is an CIwith (¢ j, €1 j+1) E[III‘and we have
(W) Bgf(mﬂ)) and g(i) Brg(drD). Using (4) for j and transitivity
we infer f(uwdrD) Brg(drD). By Claim 10, F(MA+D) & g(udrD). Since
aBo =...= O(Bm 1, we conclude (4) for j + 1. We have shown that ag can be
changed to a; at the ith component; the transition from a; to ag follows similarly.
This proves Claim 11.

Claim 12. Let f and g be the endpoints of a permltted subgraph S. Then for
all I {Ag} < {a1} < {ao, a1} 2 we have F(I)18Bo . .. Brn—1 g()J

We prove this claim via induction on the height of S. Suppose S is of height 0,
i.e., S = Gg(aBk). We define I = (ug,...,Umn—1) E{}ol}:r {all}__Ll{a@‘Lm_éas
follows. Let ug = ao, and for all edge (X0, Bk, y1,1) [H Ga(0 |y i1 Bi) - Cf
Figure 5, let the component of G dorresponding to y, ;1 be ag. Let the rest of the
compone@e @ﬁd asaj. Since2 < |l| forall I [CH, for each Bk-coloured edge
of Ga(@ =y i Eﬂ% ) the components of iLdorresponding to the endpoints of this
edge are equal. Hence the identity I(f, Bk, g) applies and we obtain ()= g(l)l
This gives f(m;laso Bn 1 g()Ifor one I, whence it holds for all iCin virtue of
Claim 11.
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HED, . DD :
f= ho h1 h2 h3 h4 h h6 g= hk

Figure 7.

Now let S be of height k—j, 0 < j <k. Then S is a serial connection of length
k of graphs Gi(B;) and S™= G (o5’ ). Lethg = f, hy, ..., he =g be the
endpoints of copies of Gx(B;) and S"in this serial connection, cf. Figure 7.

As previously, we can choose a LT {&o} > {a; } > {ao, a1 }™ 2 such that, applying
the identity associated with (he, Bj, he+1) [CH(S), we obtain he(IDd= h¢+1 (@)Ifor
t even, 0 =t < k. Since each copy of SHin Figure (7) is a permitted subgraph
of height k — j — 1, the induction hypgthesis yiglds Iﬁﬂ)ﬁl&ﬁo e 5&,_1 N1 (I for
0 <t <k, todd. By transitivity, f(IJg(l)d = ho(hx()I C@Po...PRn—1.
This holds for one carefully chosen @, Whence for all LT {ho} < {a1} < {ag, a;}M 2
in virtue of Claim 11. Claim 12 has been shown.

Now let us apply Claim 12 Ii_elr the wholﬁlgrapAh Gkg%k)) wiEh endpoints g
and f1; we obtain (ag,a;) = fo(If(I)d CA@Bo...RPm—1 [BH for arbitrary
T {Ao} < {a1} < {ag, a1}™ 2. This proves (i) = [_(land Theorem 9. 1

Proof of Theorem 2. Iﬁ liillariety with Con(V) FE C(n,H), and let us
consider the graph Ga(0 | .y i =Pi) Cf. Figure 5. The vertex set of this graph
is denoted by X. For i CI1[H, the path Xo, Y1.1, Y12, ..., X1 coOntains a unique
Bi-coloured edge; let ﬁi,l be the smallest congruence of the free algebra Fy (X)
that collapses the endpoints of this edge. The congruence generated by (Xo, X1)
is denoted by @. Clearly, @ and the ﬁi,l (i O 1 CA) satisfy the premise of
C(n,H). Since C(n, H) holds in Con(Fy (X)),

(5) (X0, x1) [Al< o+ &1+ &B2 + ... + 8Bn-1)...)

~ 1 -
where Bi == | 5 Bin (0=<i<n, Hi ={I [H:i [I}). Notice that the right-
hand side of (5) is just B(()”_l)(ﬁ, ﬁo, . ,ﬁn_l), and @, ﬁo, ﬁn_l are exactly
the congruences occurring in (iii) of Theorem 9. Hence Con(V) | SD(n,H) by
Theorem 9. The proof is complete. 1

Proof of Theorem 3. Suppose, to obtain a contradiction, that V is a congruence
modular but noﬁﬁgruence distributive variety such that Con(V) | SD(n, H).
Let k = mnl! — 1 = |IX| — 1 where X is the vertex set of G, =
Go(® e irrBi)s cf. Figure 5. Since [I| =2 for | [(H, k =2. If k =2 then
SD(n, H) is equivalent to SD —modulo lattice theory, and the theorem follows
from (SD —and modularity) [ distributivity. Thus we can assume that k = 3.
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Now, recalling Huhn’s lattice identity

_ | s Sl | -
disty : X yi = X Vi ,
i=0 j=0 igj

it is known that distx [=con distributivity, cf. Nation [22]. Therefore Con(V) E
distyk, so we can take an algebra A [Vl with Con(A) E distx. We conclude from
Huhn [15, Thm. 1.1(C)] that there is a prime field K such that L(P Gk(K)), the
subspace lattice of the k-dimensional projective geometry over K, is a sublattice
of Con(A). Let M be the vector space over K freely generated by X. Then
L(P Gk(K)) is isomorphic to L(M), the subspace lattice of M, so we conclude
that SD(n, H) holds in L(M).

Now the desired contradiction proving Theorem 3 is supplied by the following
statement.

Claim 13. SD(n, H) fails in the subspace lattice L(M) defined above.
Indeed, for 0 < i < n, let ﬁi [COO(M) be the subspace spanned by {u—v :
(u,Bi,v) CH(G2)}, and let @ := K(X1 — Xg), the (cyclic) subspace spanned by

{u—v:(u,av) CH(G2)} = {Xo— X1}. Since for each edge (u, Bi, V) either u or
v is an endpoint of no otrA\er Bi-coloured edge, andA{u,v} B {Xo,x1}, it is easy to

conclude thatlx_i_l— %EI Hence Gﬁo =...= 6Bn—1 = 0. By the construction,
X1 —Xo CA |y icBi but Xg —Xo LBh. So SD(n, H) fails in L(M). This
proves Claim 13 and Theorem 3. 1

Proof of Proposition 6. (a) SD(k — 1,2) | SD(k,2) is evident. It is easy to
see that SD(k, 2) holds for any k + 1 elements in a lattice that do not form an
antichain. Let My denote the k + 2 element lattice with a k element antichain,
then SD(k, 2) holds but SD(k —1, 2) fails in Mk. Hence SD(k,2) g SD(k—1,2).

(b) C(k—1,2) E C(k,2) is easy, so we do not detail it. For t > 1 let L be the
lattice depicted in Figure 8.

1
Ct

/‘

b

Figure 8.
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The substitution o = by, Bij = bi+1 (Ii8j,0=i<k—1,0=<j <k—1) shows
that C(k — 1, 2) fails in Lx. Now we show that C(k,2) holds in L. Suppose the
contrary and fix a, B;; Lk (i <Kk, ﬂ i 8 J) satisfying the premise of C(k, 2)
such that, with the notation B; 1= ;5; Bij,

(6) a8 Bo+aBL+aBz+...+aBk=1)...).

Then a & B;;, for otherwise a < 3; would contradict (6). Hence B;; £ 0, for
otherwise a < (i + Bji = Bji, which we have already excluded.

Case 1: a=1. Then Bj; =awouldleadto 1l =a =a+Bji =CRH=1=q,
a contradiction. Hence {Bi; : i 8 j} Bs,... ,bk,C1,...,c}. For a given i,
the Bij; must belong to the same {bgciy, Cociy}, for otherwise B; = 1 = a. Since
Bij+Bji=a=1¢:{0,..., k=1} - ﬂ"'lﬁlis injective, and therefore
surjective. Hence the right-hand side of (6) is igj Bij=bi+...+b =1, a
contradiction.

Case 2: ais a coatom, say a = c;. If we had B;; &, b1} for some pair (i, j),
ig8j,thena g Bji = G"‘Bij =dganda < Bij +Bji would yield {Bija Bji} ={a, b1},
say (Bij, Bji) = (a,b1), and B; = a and Bj = b; would easily contradict (6). Hence
{Bij i 8]j} Hh,... bk Co, ...}, whence the previous ¢ cannot be injective,
a contradiction.

Case 3: a = a. Then {Bjj : i B j} dby,... b3}, ¢ is a bijection, and
o + Bij = o + bgy = Coiy 2 by = Bji is a contradiction.

Case 4: a is another atom, say a = b;. Then {B;; : i 8 j} &, by, ..., by,
C2, ..., Ck}. If Bjj B aforalligj then ¢ cannot be a bijection. Hence B;; = a
for some i & j, and by = a < Bij + Bji = a+ Bji implies a < f5i, a contradiction.
We have seen that Lk = C(k,2). Hence C(k,2) E C(k — 1, 2), proving (b).

(c) Toshow SD(2,2) = SD(n, H), firstly we assume that |H| = 1, say H = {{0,
1, ..., t—1}}. Then the statement follows via induction; indeed, after deriving
a(By+...+B¢—1) = apy = afo from the induction hypothesis, we can apply SD —
for the elements a, Bo and By +...+ B¢—1. From the |H| = 1 case the general case
is evident.

(d) is a consequence of Theorem 7.

In order to show (e), let L be the set of convex polytopes in the (n — 1)-
dimensional Euclidean space En—;. By a polytope we mean the convex hull of
finitely many points. Since polytopes can also be defined as bounded intersections
of finitely many half spaces, cf., e.g., Ziegler [27], L is a lattice with intersection
as meet and convex hull of union as join. First we show that L = SD—Let
P,Q1,Q, [MsuchthatP+Q; =P +Q,. Let R=P+Q;+Q, =P +Q; = P+Qy,
and denote by V the vertex set of R. Then conv(V), the convex hull of V, is R
but conv(R\ {v}) 8 R for all v [VI. We claim that

(™ vV [CPIL@1 n Q2).
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1 [ R 1] 1
Suppose a M\ P [(M nQ2) = V\(P [Q;) CV\(P [Q), then
P+Q; [cdnv(R\{a}) [RI=P+Q;fori=1ori= 2, acontradigtjon. This shows
(7). Armed with (7) we conclude P +Q; = R =conv(V) Lcdnv P [(Q1nQ2) =
conv(P) + conv(Q1 n Qo) = P + Q1Q2. Hence L |= SD —therefore L = C(2,2)
and, by (b), L E C(m,2).

Now let bg, bq,... ,bn—1 [CHs—1 be points in general position, i.e., they do not
belong to a hyperplane. Then S = conv({bo, ..., bh—1}) is a symplex. For i =
0,...,n—1let Bj := conv({bg, ... ,bi—1,bi+1,... ,bh=1}), a facet of the symplex.
Choose an inner point a of the symplex, i.e., a CSI\{Bo [B] . [Bh—1}. Set
a = {a}. Since afi = {a} n Bi = L_the polytopes a, Bo, ... ,PBn—1 easily witness
that SD(n, H) fails in L. This yields (¢). Proposition 6 is proved. 1

Proof of Theorem 7. Let V be the variety of (meet) semilattices. By Pa-
pert [23] Con(V) | SD(2,2), so Con(V) | SD(m,K) by Proposition 6(c).
We in‘ien;d,ltci_s;hg that Con(V) B C(n,H); suppose the contrary. The graph
Go(0 | en i Bi) will be denoted by G,. With the notations of the proof of
Theorem 2 we have

(8) (%0, x1) CRE"2@, Bo, ..., Brno1).

For semilattice terms go and g; over the vertex set X = {Xg, Xq, ...} of G, and for
a permitted subgraph S (cf. the proof of Theorem 9) of Gk(Bé”_l)) with vertex
set Fs and endpoints fos and f1s we define the following condition:

“there exist semilattice terms h(Xp,Xs,...), h [CHs, which satisfy the
identities fos(Xo, X1,y ) = go(Xo, X1y .), fls(Xo, X1,y ) = g]_(Xo, X1, .- )
and for each (hy,y, hy) CH(S) the identity 1(hy, vy, h2).”
This condition will be denoted by U6, < S; fos = go, f1s = g1). For example,
UG, < S; fos = xo, F1s = X1) is the same as "U(G, < S) holds in V”.

From (8) we obtain (x1,%o) CB§" (@, Bo. ... ,Bn—1), Whence, similarly to the
proof of (iii) =[(i1) in Theorem 9, we conclude that there is a k = 2 such that

(9) U %2 = Gk(Bén_l));fos = X1,f13 = Xo) holds.

(Interchanging X and x; serves technical purposes.) We will use the fact that each
semilattice term is, modulo semilattice theory, the meet of all variables occurring
: II::/iultiplying (i.e., meeting) all terms by x;, we infer from (9) that

(10) U 62 < Gi(BS"™); fo = x1, f = Xox1)  holds.

We intend to show that for all permitted subgraphs S of Gk(Bé”_l))

(11) U %2 <S;fos =x1,F15 = XoX]_) holds.
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This will be done via a downward induction on the height of S. If S is of height
n — 1 then (11) coincides with (10).

Now suppose that S is of height n—1—t >0, ie,, S = Gk(Bt(”_l_t)), and
UNG, = S;fos = X1, Tis = Xox1) holds. We want to show the same for T =
Gk(Bt(:IZ_t)). Let go = fos, 91, U2, ..., gk = Fis be the endpoints needed to
form S from Gk(B¢) and T via serial connection, cf. Figure 9, and suppose that all

S:

fos g, Bt Bt fis
go = X1 91 92 03 a Os % 7 gk =xoxa

Figure 9.

terms are chosen in V such that they witness U {6, < S; fos = X1, f1s = Xp). Let
At = {u X : (u,Bt, x1) CBH(G2)}. Our argument uses the general convention
that the colours on the arcs of G, (cf. Figure 5) occur from left to right order. This
means that if (X01 Bi11 y|,1)1 (y|,11 Bi21 Yi ,2)1 (y|,21 Bi31 Yi ,3)7 B (yl ,[31, Bir_qxl) are
adjacent consecutive edges from the left to the right then iy <i, <i3... <iLet
Ei denote the smallest equivalence on X that includes {(u,v) X2 : (u,Bi,v) [
E(G2)}. It follows from the above-mentioned convention that

(12) foru [A& and j >t, |[ul;| =1,

i.e., the Ej -class of u is a singleton.

Suppose first that one of the gi (0 < i < k) contains some u [CA;. Let d be
the smallest integer such that g4 contains u, and let m be the largest integer such
that g4, 9d+1, -- -, Om all contain u. Since any two vertices of T are connected by
a path containing the colours Be+1, Bt+2, ..., Bn—1 only, we conclude from (12)
that if one of the endpoints of (a copy of) T contains u then all vertices (inner and
endpoint vertices) of T contain u. Therefore d is odd and m is even, for otherwise
gd—1 and gq or gm and gm+1 would be the endpoints of a copy of T.

Now we can change u to x; in all terms (vertices) between g4 and gm (including
dd, 9m, and the inner vertices of the corresponding copies of T). We claim that the
new terms obtained this way still witness that U (G, < S; fos = X1, F15 = XoX1)
holds. Since (12) and |[u]d| = 1, u “was not used” within T, whence for every
copy of T between gq and gm the identities associated with the edges of T hold.
Since (u, 1) [P, the identities 1(gi, Bt, gi+1) remain valid for d < i <m, i even,
and also for i =d —1 and i = m. Hence the new terms do the job.

We have seen how to reduce the occurrences of elements of A¢. After doing this
reduction in a finite number of steps we can get rid of all elements of A¢. Hence
we can assume that

(13) no u Ak occurs in our terms.
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From now on let m be the smallest number such that xo occurs in gm. We claim
that

(14) gj=xyfor0<j<m.

This is true for go = fos. If gj—1 = X3, j <m and j — 1 is even then (13) and
1(gj—1,Bt, 9j) yield gj = x1. If gj—1 = X1, j <mand j—1is odd then the identity
1(gj—1, 0, gj) associated with (gj—1,a,g;) [CH(T) and the lack of xq in g; give
gj = X1. This induction shows (14).

If m—1is even then I (gm-1,Bt, gm) cannot hold, for gm—1 = X1, (X0, X1) EE}
but xo occurs in gm. Consequently, m — 1 is odd and (gm—1,q,9dm) [CE(S).
Since gm—1 = X1 and Xg occurs in gm, the identity 1(gm—1, A, gm) can hold only if
Om = Xg Or gm = XoXz1. Hence either

(15) UNG, < T; for = xq, Far = X0)
or
(16) UNG, < T; for = xq, Fi1 = XoX1)

holds. Notice that (15) implies (16), for all terms h occurring in (15) can be
replaced by hx;. This completes the induction proving (11).

Applying (11) to the subgraphs of height 0, it follows that U G, < Gy (afn—1);
fo = X1, 1 = XpX31) holds, which contradicts (Xg, X1) EEL_l. This proves Theo-
rem 7. 1

We conclude the paper with some remarks on Proposition 6. The five element
nonmodular lattice Ns witnesses that SD & C(3,{{0,1,2}}) and so C(2,2) E
C(3,{{0,1,2}}). This explains why Proposition 6 does not include a “conjugate”
counterpart of (c).

We do not know if (e) holds with C(m, K) instead of C(2,2) but the present
proof of (e) is not appropriate to decide this. Indeed, if K is the center and
Bo,...,B4 are consecutive vertices of a (planar) regular pentagon then a =
conv({Bo, B1,K}), Bo = conv({B1,Bz}), B1 = conv({Bo, B3, B4}) and B, =
conv({B>, B3, B4}) witness that C(3,{{0, 1, 2}}) fails in L.

Acknowledgment. The author expresses his thanks to Janos Kincses for a
helpful discussion on convex geometry.

Added on June 19, 1998. As an a [rmhtive answer to the problem raised at
the end of the first section, an anonymous referee has proved that SD(n, H) Fcon
SD fereveryn=2and (& H [CP1(n). The proofis based on Kearnes and Szen-
drei [19], Lipparini [20], and Theorem 3. Now Theorem 1 becomes a consequence
of Proposition 6(c) and Willard [25], and the referee’s method together with [3]
gives a shorter proof of Theorem 2. However, the present approach to Theorems 1
and 2 can still be justified. Not only by its role in finding the results but also in
the proofs of Theorem 7 and (the purely lattice theoretic) Proposition 6(d).
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