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APOLLONIUS’ CONTACT PROBLEM IN N-SPACE
IN VIEW OF ENUMERATIVE GEOMETRY

[K. DRECHSLER] and U. STERZ

1. Introduction

Let Z?‘l, i =1,...,n+1 be (as a quadric) non-degenerated hyperspheres
of R", n = 2, in “general position”. Apollonius’ contact problem asks to the
hyperspheres of R™ which contact each of the hyperspheres Z?"l. There are
finitely many ones. The number is 2"*1 as one can read, for instance, from [9].

In our present paper we want to establish them (and those related to the cus-
tomary variants of the Apollonius problem) — quasi as a footnote to the theory
— with help of Schubert’s calculus of the enumerative geometry — in the sense of
a solution of Hilbert’s 15t problem [8]. For this purpose we have to consider the
spheres over an algebraically closed field (C) and to parameterize and to compact-
ify their set. We shall do this, in a first step, via the equations by the complex
projective space P"*? of the coe [Ciehts.

The set of hyperspheres contacting a hypersphere Zi”_l then corresponds to a
hypersurface B; of order 2 in P"*1. The set of hyperspheres contacting all of the
given spheres Zi”_l corresponds to the intersection of n+1 such quadrics. In “gen-
eral position” written as an intersection product this yields B"** :=B;...Bp+1 =
2"*+1 points (spheres) because of Bézout’s theorem. At first, in Chapter 3 we shall
prove that this argument is correct.

The set of hyperspheres contacting a hyperplane Ti”_1 [CTI' also corresponds
to a hyperquadric L; CPT'*1. The set of hyperspheres which contain a given point
corresponds to a hyperplane P; P!, Using Bézout’s theorem we would get
BrLIpN*+1=r—a = 2r+d Thisis correctif0<g<n+land0<r<n+1—q. The
case ¢ = n+1is that in which we consider the number of hyperspheres contacting
n + 1 hyperplanes. But this number has to be 2" regarding Schoute’s result [9].
Therefore, Bézout’s theorem can not be applied to this case.

We compactified the set of hyperspheres by “degenerations”: hyperplanes and
cones — which are at least yet hypersurfaces of C" — , but also by the point m [
P"*1 which corresponds to the hyperplane at infinity of C". We see that 1 I B}
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and m Y H;, but m [I;. Of course, Schoute did not count the hyperplane at
infinity under the solutions. But m is not an exceptional point of P"*1. If we use
Bézout’s theorem to count the solutions it may be counted with an — ad hoc —
unknown multiplicity.

We ask for an other compactification of the open set of regular spheres so that
we know by which formula we have to replace the Bézout formula. Blowing-ups
seem to be adequate. We start with a blowing-up in .

The point 1 is an exceptional one in the sense that it is invariant (stable) under
the group G of the complex similarities. This is a canonical group in context with
spheres. By the way, we use G to define correctly what we mean by the word
“general”.

After we shall have done a second blowing-up the image of L; under it does not
contain any G-invariant subset. It makes sense to ask for a correct formula on this
compactification. We represent it in the cohomology ring.

It is an comfortable fact that all this remains true if we replace for some i
the hyperspheres Zi”_l or the hyperspaces Ti”_1 which have to be contacted by
d-spheres =¢ resp. d-spaces T¢ of smaller dimension d < n— 1. In the case of
hypersurfaces of order 2 this is not true. There one needs for each d a particular
blowing-up [7], [10].

Projectively spoken (n—1)-spheres are (n—1)-quadrics which contain the (n—2)-
quadric Q : x2 + --- + x% = 0 in the plane at infinity of C". The Apollonius
problem could be a special case of a problem about “complete quadrics” [10], [2].
But under the solutions of the problem about quadrics are those which fulfill the
contact conditions partially or at all in Q. They are not solutions of the original
problem. One had to determine them and there multiplicities. In the case n =2
it is done in [5], [6].

An other generalization of the classical Apollonius problem to plane curves one
can found in [4].

2. The P"*! as a Variety of (n — 1)-spheres

The set of all hyperspheres (of a real euklidian space R", n = 2) is embedded
by the equations

[€)) pox B+ 2¢ M pras =0, x [T, ¢ T,

in a complex projective space P™** with coordinates

@ P“= (Po, P1, -+ -, Pn, Pn+1) = (Po, ¢ Pn1)-

The set of hyperspheres is invariant under the group G of the complex similarities
3) g: x5 X+ a,

x [CI", U an orthogonal matrix over C, 0 & [ILCl a [CCI.
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With respect to (1) it acts on P"*1 by

4 (9 (Po,c5Pn+1)) B (po, " poa S Pnsy — 2t al poata)

Definition 2.1. We say that P"*! together with the action (4) of G is the
variety of (n — 1)-spheres.

This variety contains degenerated (n — 1)-spheres and that in the following
G-invariant algebraic subsets: the (non-degenerated) n-quadric Q with the ideal
q = (c"eL popn+1), the tangent hyperplane H to Q with h = (po), the (n — 1)-
cone ® with the ideal g + h, and the contact point  of H and Q with the ideal
(po,...,pn). The G-orbits in P"*1 are: P"*1\ (Q [CH) (the non-degenerated
complex spheres of C™), Q \ ® (the cones containing the non-degenerated hyper-
quadric Q with the equation x "x'= 0 in the hyperplane at infinity of C"), H\ ®
(the hyperplanes of C", which do not contact Q), ® \ = (the hyperplanes, which
contact Q), and 1 (the hyperplane at infinity).

3. Apollonius Conditions
Let 59, d=0,...,n—1, be the complex d-sphere with the ideal
2+ +X3,., +1,Xd42, ..., Xn).

The minimal subvariety of P"*1 which contains all (n—1)-spheres of C" contacting
>9 is the quadric By with the ideal

(5) ba = (4(p% + -+ + Pfe1) + (Po — Pn+1)?).
Further, let T, d =1,...,n — 1, be the linear d-space with the ideal
(Xd+1, -+, %Xn).

The minimal subvariety of P"*1 which contains all (n—1)-spheres of C" contacting
T is the quadric Ly with the ideal

(6) lg = (P2 + - - - + P3 — PoPr+1)-

Finally, let P the linear space in P"*1 of all (n — 1)-spheres containing the origin
of C".

Definition 3.1. Letg [Gl B = gBd is the contact condition to the d-sphere
sd = g59. L = gLq is the contact condition to the linear d-space T4 = gTd.
P = gP is the condition to contain x = g0. These conditions are the Apollonius
conditions.
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Lemma 3.2. There exist 91,...,0r+s+q, F +S+ g <n+1, in G so that the
intersection

ngdl NN grBdr n gr+1p N--N gr+sp N gr+s+1Ldr+s+1 N- N gr+S+qLdr+s+q
is (n—r —s—q+ 1)-dimensional.

Proof. Obviously, the only G-invariant subset contained in a Apollonius con-
dition A is the point m. Therefore, for each algebraic subset U of P"*! with
dimc U >0 an element g [Glexist so that dimc(U n gA) = dimc U — 1. Namely,

if U [gA for all g [GIthen a G-invariant subset S exists with U [S1LCAI[3]. An
iterative argument completes the proof. 1

In the case r +s+q =n+ 1 we get the

Theorem 3.3. Letr and s in N with r +s > 0. Then there exist g1,...,0n+1
in G so that the intersection

01Ba; N+ N 9rBd, N Gr+1P n - N Or+sP N Or+s+1ldrices N - N On+1ldna,

consists of a finite number of points of the G-orbit P"*1\ (Q [H). Including
multiplicities this number is 2"*+17S,

Proof. Obviously, neither the conditions Bd nor the condition P contain the
point m and therefore a G-invariant subset at all. Therefore, for each algebraic
subset U of P"* an element g [CGlexists so that

U CgBy resp. U [gR.

See [3]%.

We start an iteration of intersections with U = Q [CH and end it with a g;By,
or a ng obtaining the empty set. So the points are not in Q [CH. Therefore, we
can compute their number in the cohomology ring H™P"*1. It is generated by
the class of hyperplanes represented by any P. Because each B and each L is of
order two we have B 2P and L 2R in H™P"*1. It follows

) BFLIPS C2TP"™! for r+s+q=n+1
in H™P"*1, This proves the last part of the Theorem. 1

Let Y be a hyperplane of P"*1, Y 8 H, n [Yl. ThenY [HI [CPlin H'P"*1,

Each contact condition L contains the G-invariant point . The hyperplane of
infinity of C" su [ced each L. If we would determine the number of elements in
the intersection of n + 1 such conditions via H™P"** this hyperplane of infinity
will be counted with an certain multiplicity. The number 2"*1 is not the number
of the proper solutions of this Apollonius problem?. Therefore, we shall blow up
P"*1 in the point i to the variety M"*1,

1pn+1 js G-complete with respect to By and P [3].
2The point p G-properly satisfies L if p CIbut a g CGlexists so that gp Z11[1].
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4. The First Blowing-Up

Definition 4.1. Let M"*1 be the closure of the graph of the map which at-
taches to each non-degenerated (n — 1)-sphere its midpoint —pioc.

Lemma 4.2. The projection X: M™1 . Pn+1 js a blowing-up with the cen-
ter m.

Proof. Let Y" a projective n-space with coordinates y = (Yo,Y1,--.,Yn) -
(Yo, z D -We embed M"*1 in P"*1x YN, Then M"*! is described by the ideal

) m = (YiPj — YiPi).j) Zo.1....n}2

in the doubly graded ring C[p; V] 1

We denote the inverse image X~ 1D of an algebraic set D in P"*1 by D. Then
q=g+m+ (z L yopn+1) is the ideal of Q, h = m + (po, Yo) is the ideal of H,
and ly = lg + M+ (y1p1 + - + YaPa — YoPn+1) is the ideal of Lg.

We denote the complete inverse image of m by E. The ideal of it ise =
(Po,P1,---,pn)- If one wants to interprete a point (m,y) of E as a (degenerated)
sphere then it is the hyperplane at infinity of C™ with any point of the projective
closure of C" as midpoint. 3 3

The action of the group G is lifted to Y™ and M™*1, G acts on Y™ resp. E
because of (8) and (4) by

© (9, (Y0,2)) B (Yo, Uiz — yoa).

=HnE=

_ Lemma 4.3. The closures of G-orbits of M"+1 are E, 6 H, o,
QnEand¥WY=dnE=0n-zZ.

Proof. The subsets E, Q, H, and ® are G-invariant because they are inverse
images of G-invariant subsets. The rest of the closures of G-orbits on M"™** must
be in E. We see by (9) that E \ = is a G-orbit.

For the points of = holds yo = 0. (That means that the midpoint lies in the
hyperplane at infinity of C".) G acts on = by

(10) (9,2) B M.

The subset W is described by zz= 0. It is an exercise to show that the orbits
under the action

(11) O(C,n) x C"\ {0} — C"\ {0}

of the orthogonal group correspond to the values of z tz1 Therefore Z\Wand W
are the G-orbits of =. So we know the closures of the orbits on M"+1, 1
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Remark 4.4. Each of it contains at least one point of =

_ This can be seen in the following manner. Because m [® [CH we have
Zn®nE=®nEE [and therefore =n ® 8 [] 3

The G-invariant subset = is contained in all contact conditions L. The inter-
section of n + 1 such conditions is not zero-dimensional. Therefore, in the next
chapter we shall blow up M"*1 along = to a variety I\ﬁ“*l._

Nevertheless, we shall compute the cohomology ring H "NM1"*2 for we need it in
the next chapter.

Lemma 4.5. The cohomology ring can be generated by two elements repre-
sented by P and E with the relations

(12) PE [
and
(13) En+1 ml)n5n+l.

Furthermore, it holds
(14) Y [H[CPI-E and L [2R —E.
Proof. We have
(15) XP=P, XH=H+E, X¥=Y+E and XE=L+E

because Pl resp. because 1 lies simply on Y, H and L.

Therefore, (14) is true. (12) follows also from the fact that m I Pl.

If m: M™1 - YN is the projection and Y Pis a linear divisor in Y then
n™¥ U Y1 Because of Y ™1 [C0dn HEY™ we get

(16) Y+l m

in HESMIM*L, From this with help of (12) we get (13).
Thus the relations (12) and (13) reduce the (n + 1)-th graduation to a one-
dimensional module. Using general arguments this su [ced to complete the proof
of the Lemma 4.5. To be quite sure one can check the other graduations. Because
of the exact cohomology sequences it has to be dimHM™1 =2 if0<i<n+1.[1

5. The Second Blowing-Up

Definition 5.1. Let §: M™1 _, M"™* the blowing-up of M™*1 along =.
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We describe = by the forms

@an So.n+1 = YoPn+1, Sij = Yipj, (i,j) C0,...,n}°.

Then we obtain M"*? in a product space P"*1 x YN x S(*+1D° \here S(M+1)*
is a projective space with coordinates s = (Son+1, Sij), (i,j) [Z0,...,n}2. Let M
be its ideal in the multiply graded ring C|p,y, s] and let S the symmetric matrix

(Su )Gi.i) LD.....n}2-
We denote the inverse image X 1D of an algebralc set D in M"*1 by D. Then

g=q+m+ (traceS So,n+1) IS the ideal of Q, h=m+ (Po. Yo, Soj)j rfm.....n+13
|s the ideal of H, € = M + (Px, Sij)k gm.....n}.(i.j) ({o,....n32 IS the ideal of E, and
Tg = lg + i+ ( {21 Sij — So,n+1) is the ideal of Lg.

We denote the complete inverse image of = by X and its ideal by X. The
coordinates Sgo, So1, - - - , Son Vanish on X.

The action of the group G is lifted to Mn*1  Because of (17), (4) and (9) the
action on X is given by

(18) (g, (SO,n+11 S)) B (SO,n+1, usu ?

Lemma 5.2. No contact condition L contains any G-invariant subset
of Mn+13

Proof. We shgll determine the minimal G-invariant subsets and shall show that

they are not in Lq for all d.

Because of Remark 4.4 the closure of each G-orbit of M"n+1 contains a point of
the complete inverse image X of =. Therefore all minimal G-invariant subsets of
M"+L are in X.

The subsets V A W), A LG p 4, (A, W) 8 (0,0), with the ideals

(19) V(A 1) =X+ (ASp n+1 — Htrace S)

are G-invariant because of (18). \7()\~u) are varieties for A 8 0. By the way,
V(1,1 = Q n X and V(l 0) =HnX. V(O 1) is the union of the G-invariant
varieties E n X and W where W is the bundle over ¥ with the ideal

(20) X+ (zz;'trace S).

The intersection of any two sets \7(}\, W) is the G-invariant (n — 2)-dimensional set
Y, with the ideal

(21) X+ (z"2)so n+1, traceS).
Each point of X \ ¥, lies in one and only one V (A, ).

3MN*+1 s G-complete with respect to L [3].
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The varieties V (A, ) for A& 0 and E n X are sections in the bundle X. That
means that to each point of = and to each point A : u of P! exact one point exists
inV (A, ). Because of the action (11) Py and V (CMT)AN Py for A B 0 are G-orbits.

Just so P, = E n W and E \ ¥, are G-orbits.

Because of the action (11), too, each matrix S & O with traceS = 0 can be
transformed by O(C,n) in any matrix SY8& O with traceS”= 0. Therefore,
W\ (Woo CB) is a G-orbit, too.

Thus the minimal G-invariant subvarieties of M"*1 are ¥, with the ideal

(22) X+ (2 "2, Sijdk o, ny.Gj) HO,. )2
and U, with the ideal

(23) X+ (z"z'so,n+1, traceS).

Both do not lie in Ed for all d. 1

Lemma 5.3. There exist g1,...,0n+1 IiN G so that the intersection

nfr—]
giLq;
i=1

is a zero-dimensional set in the G-orbit M"*1\ (Q [H [El CXI).

Proof. Because of Lemma 5.2 we can use the same arguments as in the proofs

of Lemma 3.2 and Theorem 3.3. 1

Theorem 5.4. There exist g1,...,0n+1 in G so that the number of the non-
degenerated (n — 1)-spheres* satisfying the contact conditions giLg,, i = 1,...,
n+1,is2".

Proof. The projection XX isomorphically maps the G-orbit Mn+1y (Q H 1
E EX]) onto the G-orbit P"*1\ (Q [CHI). Therefore, because of Lemma 5.3 we can
compute the number in question using the cohomology of Mn+1,

Lemma 5.5. The cohomology ring H LN+ can be generated by three elements
represented by P, E and X with the relations

(24) PE [T
(25) PX [Tl
(26) E2+2EX [0l
(27) (E +X)"X O]
(28) P+l [3)N(E + X)L,

4These spheres are the proper solutions of this Apollonius problem.
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Proof. We have
(29) KPP =P and ¥ =V

because = is neither in P nor in Y, and

(30) FSE=E+Xand¥H =H+X

because = simply lies on E and on H.
With (14) and (12) it follows

(31) Y [PI-E-X, H [PI-E —2X
and
(32) P(E+X) [

(13) leads to (28). 3 3

We get (25) because Pz [Tlin H'2 (or because P n X = [}Jand from this
and (32) we have (24).

Moreover,

(33) EA [0l

because E and H transversally intersect in =
From (33), (31) and (24) it follows (26).
Itis

(34) YnX [0l

because Y2 [0in H=. Therefore, with (31), (25) and (24) we get (27).
In the (n + 1)-th graduation, at first, we have

(35) |5’i|§’n—i+l I:O:_Iﬁiizn_i*-l I:O:Iand (_2)i€ﬁ—i+lii I:é‘|+1

fori =1,...,n because of (31), (24) and (26).
With (27) the third relation in (35) leads to
 — 1 5
(36) "X [ (=1)'*ionTi - En+t,
i=1

The coe Lcieht of EN*! in (36) is 0 if n even and it is 1 if n is odd. Thus

(37) X1 Coif n even and E™* 21X if n odd.



46 K. DRECHSLER and U. STERZ

The relation (28) under (35) translates to

1 o

~ Al . ~
(38) (_Z)npn+1 @(_1)1+12n+1—1 -ri-]+1 @+1+2nxn+l_

i=1 -1
The coe Lcieht of EN*1 in (38) islif niseven and itis 0 if n is odd. So we have
(39) X1 =p"*! if n odd
and with (37)
(40) €n+1 mz)n§n+1
for all n.

Thus the relations (24), (25), (26), (27) and (28) reduce the (n+1)-th graduation
to a one-dimensional module. Using general arguments this su [ced to complete the
proof of the Lemma 5.5. To be quite sure one can check the other graduations.
is isomorphic to a projective (n—1)-space and, therefore, it has to be dimH iX =2
if0<i<nand dimHMMt=3if0<i<n+1.

Proof of Theorem 5.4 continued. We want to compute L"*1 in HSNI"*L, It is
fE=L+X

]

because = simply lies on L.
Via (14), (29) and (30) we get
L (2B —E —2X.
This together with (25), (24) and (35) leads to

1
n+1

~ ~ r 1
Ln+1 m+lpn+1+(_1)n+l (_1)I
i=0 i
The sum in parenthesis is (—=1)". Therefore, by (37), (40) and (39) we get the

result

E’n+1 + (_2)n+1>’Zn+l.

L+l 2npn+t, —1

The blowing-up onto M™* can be interpreted — as in the case of complete
quadrics — in terms of the sets of the tangent d-spaces to the (n — 1)-spheres and
that for each dimension d. To describe complete quadrics one needs a separate
blowing-up for each d which can be given by the coe [ciehts of the equation in the
Grassmann coordinates. In the case of spheres this coe Lciehts are quadratic in px
for all d and can be represented linear in sjj.

Any point of the fiber over a point (1, y) of = can be interpreted to be the set
of d-spaces which contact an (n — 2)-quadric lying in the plane at infinity. The
one-dimensional fiber corresponds to the pencil of such (n — 2)-quadrics which is
generated by Q and by the doubly counted polar at y to Q. The sections of the
fiber by E, H resp. Q correspond in the pencil to the quadric Q, to the polar at
y to Q resp. to the tangent cone to Q with the apex y. If (m,y) [(Wsoy
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Example. Letn=3and letd; =2, i =1,...,4. If the four planes Ti2 are in

general position (that means under enough action of G) then they are the support
planes of a tetrahedron. In general, the 8 solutions are non-degenerated 2-spheres:

— the inscribed sphere which contacts all faces of the tetrahedron inside,

— the 4 spheres each of which contacts one face outside and the other 3
planes inside and

— the 3 spheres each of which contacts two planes outside and the two others
inside whereby for each pairing the position of the planes decides which
of the pairs can be contact inside an which can be contact outside.

If the tetrahedron is not general some ore all of the last 3 solutions can be de-
generate into the plane at infinity. In the case of a regular tetrahedron all those
degenrate. The midpoints y of these degenerations lie in the plane at infinity.
They are given by the lines which join the midpoints of opposite edges of the
tetrahedron. The polars at the y to Q : x2 + x2 + x3 = 0 are the diagonals in the
quadrilateral formed by the traces of the faces of the tetrahedron in the plane at

infinity.
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