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A NEW CLASS OF ANALYTIC FUNCTIONS INVOLVING
CERTAIN FRACTIONAL DERIVATIVE OPERATORS

S. BHATT and R. K. RAINA

Abstract. The present paper systematically investigates a new class of functions
involving certain fractional derivative operators. Characterization and distortion
theorems, and other interesting properties of this class of functions are studied.
Further, the modified Hadamard product of several functions belonging to this class
are also investigated.

1. Introduction, Definitions and Preliminaries

The theory of fractional calculus has recently found interesting applications in
the theory of analytic functions. The classical definition of Riemann-Liouville in
fractional calculus operators [5] and their various other generalizations ([14]; see
also [13]) have fruitfully been applied in obtaining, for example, the character-
ization properties, coe [cieht estimates, distortion inequalities, and convolution
structures for various subclasses of analytic functions ([7], [8], [9], [10], [11], [12],
[15] and [16]) and the works in the research monographs [3], [6], [17] and [18].
The purpose of the present paper is to systematically study a new class of an-
alytic functions involving a certain fractional derivative operator (defined below
by (1.2)).

In Section 1 we give the necessary details and definitions of the class of analytic
functions and fractional derivative operators. Section 2 describes the character-
ization property for the functions belonging to the class Sy . qn(a, 3, m) defined
below, and Section 3 gives the distortion theorems. Its further properties (in-
cluding those related to Hadamard product of several functions) are discussed in
Sections 4 and 5, respectively. The significant relationships and relevance with
other results are also invariably mentioned.
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Denote by A the class of functions f(z) defined by

1
(1.1 fz)=z—- anz" (an =0; n [N),

n=2

which are analytic in the unit disk U = {z : |z| < 1}.
We introduce the class Sy, n(a, B, m) of analytic functions f(z) belonging to
A and satisfying the condition:

(1.2) a Ao"f(@) = L E< B (z L)
MEVE(2) + (1 — 201) ’

for

(13) 0=sA<1, p<l, 0=s0<1, 0<B =<1 m [N andn=>max{A p}—1,
where the function A?;#;”f(z) is defined by

(1.4) APENE(Z) = LA, 0, m)zm D) £(2),

0,z,%
suchthat 0= A <1, p<1,n>max{A pu}—1and m N, and

FMA—p+mr(l+n—A+m)

(1.5) LS M) = e Fa v =+ m)

where the operator DS"Z“Q is a modified fractional derivative operator of
Saigo [14] ([10]), and is defined as follows:

Definition. ForO0=<=a<1; 3,n [Rland m [N,

4 Ame-a =2

(1.6) Dermf@) = 5 Tl-a) o
-

z

@™ =t

tmEl 1
xF B—a,l—n;l—a;l—z—m de™) .

The function f(z) is analytic in a simply-connected region of the z-plane con-
taining the origin, with the order
@7 f(z) =0(z[®), z - 0,
where

(1.8) e>max{0,m(B—n)}—m.
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The multiplicity of (z™ — t™)™% in (1.6) is removed by requiring log(z™ — t™)
to be real when (z™ —t™) > 0, and is assumed to be well defined in the unit
disk.

The operator defined by (1.6) include the well-known Riemann-Liouville and
Erdélyi-Kober operators of fractional calculus. Indeed, we have

(L.9) Doi'f(z) = DI (2),

where D is the familiar Riemann-Liouville fractional derivative operator [5].
Also,

(1.10) DG 12f(2) = Eg s "f(2) + (a — n)Eg,*"f(2),
in terms of the Erdélyi-Kober operator [14] (see also [13]).

2. Characterization Property

Before stating and proving our main assertions, we need the following result to
be used in the sequel:

Lemmal ([10]). f0<=a <1, m [N; B,n R, and k > max{0,m({B—n)}—
m, then

. =
Fri+=2rl1+n—-0p0+ =
2.1) Dgfnzk= 3 T g P e

ri-p+X ri+n-—a+k

We investigate the characterization property for the function f(z) A to be-
long to Sy n(a, B, m), thereby, obtaining the coe Lcieht bounds. We prove the
following:

Theorem 1. Let f(z) be defined by (1.1). Then, f(z) Sk, n(a, B, m) if and
only if

1
(2.2) ®n(A, 10, M)(1 + Ban = 2B(1 — a),

n=2

where

(23) ch()\i p'v nvm) = L()\, p'v nvm)M()\i p'v nvmyn)a
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with L(A, i, n, m) defined by (1.5), and

rl+n—p+nm)rf(1+nm)

(2.4) M@, g,n,m,n) = rA+n—A+nm)f(1—p+nm)’

under the conditions given by (1.3). The result (2.2) is sharp.

Proof. Suppose that (2.2) holds true, and let |z| = 1. Then, on using (1.4),
(1.5) and (2.1), we have

aﬁ;,&;ﬂf(z) — 1% Baﬁ‘;#{”f(z) +(1— 2a)§

= @ 1?,1()'\ 0N, m)anz”_lé— Bé(l —a)— 1¢:n()l\ 0N, m)anzn_lg

=2 =2
1
= q)n()\v P—-rlam)(l"'B)an _2[3(1_0) =0,

n=2

by hypothesis, where ®,(A, 1, n, m) is given by (2.3).

Therefore it follows that f(z) CSh . n(a, B, m).

Conversely, let T(z) defined by (1.1) be such that f(z) LS} ,n(a, 3, m). Then,
in view of (1.2), we have

a AYEF(Z) -1 E(B ¢ o)
MENE(2) + (1 — 200)

q)n()\: I"l1 rl! m)anzn_lg

n=2

=5 — Bo (z CLI).
E(l—a)— ¢(>\,u,n,m)anzn—1§< ’
n=2

Since |Re(z)| < |z|, for all z, we get

| L (.
|;| - q)n()\v I"li r|, m)anz
(2.5) Re H—— @ B.

2(1—a) — (A m)a,z"—1
( G) - n( vl"lirli )an

n

Now choosing the values of z on the real axis, simplifying and letting z — 1
through the real values, we get

1 ) —
(26) Pn(A, p,n.man =2B(1—a) = ®n(A K0, man,

n=2 n=2

which yields (2.2).
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We also note that the assertion (2.2) is sharp and the extremal function is given
by

BL-0)
(1 + B)q)n()\v I"li r|, m) .

(2.7) fz)=z—
L1
Remark 1. If u=A=m =1, then in view of (1.4), (1.5) and (1.9), we have
(2.8) Az1"F@) = (2),
and also the class
(2.9) S1,1.n(a, B, 1) =P (&, B),

where P K&, B) is the class of functions studied by Gupta and Jain [2].
Remark 2. If p= A, then in view of (1.4), (1.5) and (1.9), we have

(2.10) AP (z) = T2 — N2 D2 (2),
and the class

(211) S)\,)\,n(av Bi 1) = P)\%v B)i

where P,S(ty, B) is the class studied by Srivastava and Owa [15]. By virtue of (2.10)
and (2.11), Theorem 1 corresponds to the result [15, p. 177, Theorem 1].

The following consequences of Theorem 1 are worth noting:

Corollary 1. Let the function f(z) defined by (1.1) belong to the class
Sa,un(a, B, m). Then

2(1—a
@12 S T 022
where @, (A, 4, n, M) is given by (2.3).
Remark 3. From (2.12), we express
a, < 2B(L—0) _ .F(1+n—)\+mn)r(1—p+mn),
1+ B)Pn(A 1,0, M) F(1+n—y+mn)r(l+mn)
where

B —a)rA+mir+n—p+m) <1
@R —p+mr@+n—A+m) -
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which is observed to be true for0 =0 <1,0<f<1,0=sA=spu<1ln R+
and m [N.

Using the asymptotics for the ratio of gamma functions [14, p. 17] for finite
large n, we note that

rA+n—A+mn)r(1—pu+mn)

FA+n—prmmyr@rmny TSN 0sA<D.

The assertion (2.12) of Corollary 1 therefore satisfies
2B(1—q)
2.13 an = =n,
13 "= T RO M)

for0=sa<1,0<B=1,0=sA<su<l1n R+ and m CN.
Thus, if T denotes the class of functions f(z) of the form

[nl= 2,

1
(2.14) f(z)=z+ Cpz" (z Cy,

n=2

that are analytic and univalent in U, then there do exist functions f(z) [1
Sapn(@Bmwithd0=a<1,0<pB=10sA=spu<l1n R+ and m N,
not necessarily in the class T, for which the celebrated Bieberbach conjecture (now
de Brange’s theorem)

(2.15) IChl<=n (n=2),
holds true ([1]).

3. Distortion Theorems

Theorem 2. Let the function f(z) defined by (1.1) be in the class
Saun(a, B, m). Then,

_ 2B(1—q)
(3.1) IF@I = 21~ s o oy 7P
and
(3.2) F@) <zl + DA =D 2

(1 +B)P2(A, 1,0, m)
for z [CUI, where ®,(A, 1, n, m) is given by (2.3) holds under the conditions given
by (1.3).

Proof. If £(z) Sk un(a, 3, m), then by virtue of Theorem 1, we have

i 1 P 1
(3.3) O A N, MA+P)  an<s  DPn(A u,n,mMan(l+p)

n=2 n=2

< 2B(1—q).
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This yields
1 _
(3.4) an < 2B(1 =~ a) .
n=2 (1 + B)CDZ(}\! K, N, m)
Now
1 2B(1—a)
3.5 f@|=z| -z an=|z|— z|?.
( ) | ()l | | | | - n | | (1+B)‘D2()\,|J,r|,m)| |
Also,
1 2B(1 — o)
3.6 f@)|<|z|+|z]? an<|z|+ z|?,
( ) | ()l | | | | - n | | (1+B)¢20\,H,I’|,m)| |
which proves the assertions (3.1) and (3.2). 1

Theorem 3. Let the function f(z) defined by (1.1) be in the class
Saun(a, B, m). Then,

. 1
Auﬂ 2| ZB(l_a)

(3.7) % f(Z)é LOv . m) 1- 1+p) Izl

and —1
Aun 2~ ZB(l_a)

(38) % f(z)@ Coownm — 7 awp A

for z (W if p <mand z CUI—{0} if p > m, where L(A, i, n, m) is given by (1.5),
under the condition given by (1.3).

Proof. Using (1.1), (1.5) and (2.1), we observe that

ﬁ()\unm) ZmDA“”f(z)E:Q— dn(A, 1, N, M)anz” ﬁ

 d—
=z|-  ®a(A 0, manz|”

n=2

) 1
= |Z| - IZI CDH(}\! p-v ﬂ' m)an

n=2
2B(1—o0)
= |z| — |z)? ,
21— 12
because T S, ,,n(a, B, m) by hypothesis. Thus, the assertion (3.7) is proved.
The assertion (3.8) can be proved in a similar manner. 1

Remark 4. When p = A and n = 1, then Theorems 2 and 3 give the corre-
sponding distortion properties obtained by Srivastava and Owa [15, p. 179, The-
orem 2].

The following consequences of Theorems 2 and 3 are worth mentioning here:
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Corollary 2. Under the hypothesis of Theorem 2, f(z) is included in a disk
with its centre at the origin and radius r given by

_ 2B(1— )
(3.9) r=1+ A+ B)P2(A, ,n,m)

Corollary 3. Under the hypothesis of Theorem 3, Dg"z“'if(z) is included in a
disk with its centre at the origin and radius R given by

1 1
1 L 2BA-a)

(3.10) R= Lo Ln.m) 1+ B

4. Further Properties of S , n(a, B, m)

We next study some interesting properties of the class Sy ., n(a, B, m).

Theorem 4. lLet 0= A <1, pu<1,0=<s0<10<B=<s10=<a<1,
0<B< 1, m [N and n > max{\, u} — 1. Then

(4.1) Sapn(a, B, m) = SA,u.n(GD,BD,m),
if and only if
“2) Bl—a) _ B¢L-aY

(1+B) (@+pY

Proof. First assume that f(z) [S) . n(a, 3, m) and let the condition (4.2) hold
true. By using assertion (2.2) of Theorem 1, we have then
1 28(1—a) _ 2p¢1—aY

(43) q)n()\v I"li r|, m)an = (1 + B) - (1 + Bq [}

n=2

which readily shows that f(z) CSh .n(a5BYm) (again by virtue of Theorem 1).
Reversing the above steps, we can establish the other part of the equivalence
of (4.1).

Conversely, the assertion (4.1) can easily be used to imply the condition (4.2)
and this completes the proof of Theorem 4. 1

Remark 5. For0 =A< 1, u<1,0=a0a<10<B=1 mI[N and
n > max{A, u} — 1 it follows from (4.1) that

I?I—B + 2ap

(4.4) Saun (@B, M) = Sxun 1+ 8

111m
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Theorem 5. Let0=sA<1l,p<l,0=s01=<0,<1,0<PB =<1 m [N and
n = max{A,pu} — 1. Then

(4.5) Sapn(@1, B, m) LSHun(02, B, m).

Proof. The result follows easily from Theorem 1. 1
Theorem 6. Let0=A<1,u<1,0=s0<1,0<sB1=B,=<1, m [N and
n = max{A,p} — 1. Then

(4.6) Sapn(a, B, m) CSA n(a, B2, M).

Letf(z) CSh un(a, B1, m). Then by virtue of Theorem 1 we have

1 - —
@) On(h 10, may < W - %

n=2

Now in view of the inequalities

(4.8)
1-— + 200 1— + 20
ST S aen Th o OSesioshsRs)
we find that
1 1-PB2+20B; _ 2B(1—0)
(4.9) T T E

implying by virtue of Theorem 1 that f(z) S\, n(a, B2, m), and so assertion
(4.6) is established.

Corollary 4. let 0 =A<, p<l, 0= =0,<1,0=sB1=PB2=1,
m [N and n > max{A, u} — 1. Then

(4.10) Sapun (02, Br, m) SH (0, B, m) S pn(a1, B2, m).

Theorem 7. Let0 =M =N =p<1,0=<0<1,0<pB=<1 m [N and
n CRL. Then

(4.11) Sxaun(a, B, m) S, ,0(a, B, m).

Proof. Suppose f(z) defined by (1.1) belongs to Sy, ,.n(a, B, m). Applying
Theorem 1, we obtain

1 1
(4.12) Pr(Ap,n, ML +Plan = Pu(A2, 1,0, M)(1+Play < 2B(1 —a),

n=2 n=2
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since
(4.13) 1D (A1, 4,n, M) < dy(A2, 1,0, M) <N,

for0=sAMsA=spu<il,mIl[CN,n=2 andn [RL..
The validity of the inequalities in (4.13) is observed from the following:
In view of the arguments in Remark 3, we note that

FrMA—p+m)r(l+n—»~A+m) <n
ra+mr@d+n—p+m) -

forO<A=p<1, m[Nandn [RL..
Also,

1<

(n=2)

rl+n—p+mn)r(1+mn)
TTr@A+n—=A +mn)l(@—pu+mn)
forO<A=p<1, m[Nandn [RL.
Similar bound hold true for the above gamma quotients (wherein A; is replaced

by A2) under the conditionsthat 0 <A, <=p <1, m [N and n [R,.
The dominant expressions of ®, (A1, 1, N, M) and ®n(Az, 1, N, M) thus satisfy

Con™M<n (n=2)

FrA+n—A+m) _TA+n—A+m) _

1= rMl+n—A +mn)  FrA+n—XA+mn)

(n=2),

providedthat 0= A\ = A, =p <1, m [N and n [(R..
Hence, from (4.12) it follows that f(z) [S) ,,n(a, B, m) (in view of Theorem 1),
which proves (4.11) of Theorem 7. 1

We now recall the following known results:

Lemma 2 ([2]). A function f(z) defined by (1.1) is in the class P &, B) if and
only if

 —
(4.14) n(L+ B)an < 2B(1 — a).

n=2
The result is sharp, the extremal function being

(4.15) fz)=z— B9 q (n CN).

n(1+pB)

Lemma 3 ([15, p. 177, Theorem 1]). A function f(z) defined by (1.1) is in the
class P,(tr, B) if and only if

T ral-)re-»nN

FrMn+1—A)

(4.16) (1 + B)an = 2B(1 — ).

n=2
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Theorem 8. Let0=sA=p<1,0=<s0<1,0=pB=<1 m[N andn [R;:.
Then

(4.17) P b, B) CP{(t, B) LS un(a, B, m),

where P ttx, B) and P,.¢&, B) are the classes defined by (2.9) and (2.11), respec-
tively.

Proof. Let f(z) defined by (1.1) belong to the class P (&, B). Then, by using
Lemma 2 and Lemma 3, we have

) S | D2 = A
(4.18) SO ML+ Ban = | TOEDIC=N g
_ . Tn+1-=AX)
n=2 n=2
1
= n(l+Plan =21+ ),
n=2
since
FrMn+1r2-—2a)
for0sAsp<i m[N, N>Ry, n=2,and0=s0a<1,0<B =1l 1

Now (4.18) in conjunction with Theorem 1 yields the desired result (4.17).

5. Results Involving Hadamard Product

In this section we study interesting properties and theorems for the class of func-
tions Sy .,n (0, B, M) involving the modified Hadamard product of several functions.
Let f(z) be defined by (1.1) and let

__1
(5.2) g@2)=z— bnz" (b = 0).
n=2
Then the modified Hadamard product of f(z) and g(z) is defined by
__1
(5.2) flo(z)=z— anbnz".
n=2

The following result reveals an interesting property of the modified Hadamard
product of several functions.
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Theorem 9. Let the functions 1(z), f2(z), ..., fr(z) defined by
1
(5-3) fie)=z— Cniz" (Cni=0),
n=2

be in the class Sy pn(ai, Bi,m); i =1,2,...,r, respectively. Also, let
1 1

(54) CDZ()\! M, n, m) 1+ lll]iigr Bi =2.
Then,
(1 O | ()
(5.5) , O - B (z) Sk ai, Bi,m .
i=1 =1

Proof. By hypothesis, fi(z) [Sh q(ai, Bi,m), 0= 1,2,...,r; therefore, by
Theorem 1, we have

1
(5.6) Pn(A 1N, ML+ Bi)Cn,i = 2Bi(1 — o), O0F1,2,...,r,
n=2
and
_ 1 2Bi(1 — o)
5.7 Cni< : : , OF1,2,...,r.
&) S @ et m)
For (B satisfying0<Bj <1 (i=1,...,r), we observe that
1 L COor— £ 1 1
Dn(A, 1N, m) 1+ Bi Chi= Dn(A, 1, N, m)(L+Br) Ch,i
n=2 i=1 i=1 n=2 i=1
§ -] Lt
= On(A, 1, N, ML+ Br)Chr Cn,i-
n=2 i=1
Using (5.6) for any fixed i = r, and (5.7) for the rest, it follows that
1 L ar—
(5.8) Gn(An,m) 1+ B Cq
n=2 i=1 i=1
1 1

]
[2Br(1—ap)] 277 - {Bi(@ —ai)}

@0 my

1 Lk
| T | 1—|
=2 Bil- o [ %: E@
i=1 i=1 (A, 1, m) 1+ 1@2 Bi
o T —
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because in view of (5.4):

(5.9) 0< T rx1.
(A, 4,n,m) 1+ 1m_in Bi
=I=r

Hence with the aid of Theorem 1, the assertion (5.5) is proved. 1
Foraoi =aand Bi =B,i=1,2,...,r; Theorem 1 yields the following result:

Corollary 5. Let each of the functions f1(2), f2(2), ... , fr(2) defined by (5.3)
be in the same class Sy ,,n(a, B, m). Also, let

(5.10) (A, 1,0, M(L+B) =2.
Then
(5.11) £y [(Fp [+ (f(2) CShyun(o,B7,m).

Theorem 11. Let the functions f;(z) (i = 1,2), defined by (5.3) be in the class
Saun(0, B, m). Then

(5.12) £, CFo(z) CShn(0, B, M),
where
(5.13) 6=o(BAunm=1—_ 2PA~ o)’

(1+PB)P2(A, p,n,m) -
The result is sharp.
Proof. In view of Theorem 1, we need to prove the following:

m: M, n! m)(l + B)Cn,lcnz <1
2B(1—o0) -

where ¢ is function given by (5.13).
By Cauchy-Schwarz inequality it follows from (2.2) of Theorem 1 that

(5.14)

n=2

Fad —1
(515) B)(Dn(}\! uv n' m) , Cnllcn,Z < 1 .
_ 2B(1—a)
n=2
Let us find largest o such that
(5.16) E+IOO 1.1, m) Cn1Cn,2
- 2B(1—o0)
m‘ﬁ)qpn()\v p—- n! m) I:I—
= Cn 1Cn 2,
2B(1—q) o

n=2
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which implies

C1_ o .
(5.17) Cni1Cnpo = I—o with n = 2.

In view of (5.15) it is su Lcieht to find largest W such that

2B(1—0)

(518) A+ RO m ~1-a’
which yields
_ pE-—ap
(519) O=1T EERentpmnmy
That is
2B(1 — a)?
(5.20) o<1- Wel(n),
where
_ 1
(5.21) () = Gy

Noting that 8, (n) is a decreasing function of n (n = 2) for fixed A-, n, m satisfying
0sA=sp<1 m [N andn R since we have for large n:
L1 .
-
B(n+1) I__.(q+1) - g 1 <1
61(n) n—A

for n =2, 0 <A < 1; and under the aforementioned constraints.
Hence

1+n

2B(L—a)’
1+B)

In view of (5.14), (5.18), (5.20) and (5.22), the assertion (5.12) is hence proved. [

(5.22) o<0(a,B,A,nm)=1— 81(2).

Lastly, by considering the functions

(5.23) fi)=z— . PUZO 2 gy

(1 + B)(DZ(}\! K, N, m)

it can be shown that the result is sharp.

Acknowledgements. The authors are thankful to the referee for suggestions.
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