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GENERAL ALGEBRAIC GEOMETRY
AND FORMAL CONCEPT ANALYSIS

T. BECKER

0. INTRODUCTION

This paper describes the interaction between classical Algebraic Geometry,
General Algebra, and Formal Concept Analysis. The mathematical foundations
of Formal Concept Analysis can be found in ([GWY9]). Its goal is to elabo-
rate the general core of the basic results of Algebraic Geometry using this in-
teraction. We start from a general polynomial context of the form K, 4 :=
(A" F,(X,A) x F,(X,A),1). Here A is a general algebra, F,,(X,A) is the
free algebra in m variables in the variety! Var A generated by A, and we have
al (p,q): < p(@) = q(@) for @ € A™ and p,q € F,(X,A). Extents of this
formal context will be called A-algebraic sets. We find that the intents of K are
certain congruence relations on £, (X, A), which we will call radical congruences
(cf. Section 1). We conclude that the lattice of A-algebraic sets in A™ and the lat-
tice of radical congruences on F, (X, A) are dually isomorphic. When we choose a
general algebra such that F, (X, A) is the ring of polynomials K[z, ... ,x,] over
an algebraically closed field, we obtain the classical correspondence between alge-
braic varieties in K™ and reduced ideals in K[x1,... ,2,]. In Algebraic Geometry
we have a functorial correspondence between algebraic varieties and coordinate
algebras K[V] := K[zy,... ,x,]/V*. (Here V' is the ideal of polynomials that
vanish on V). For A-algebraic sets V, we define a coordinate algebra I'(V)
by T'(V) := F, (X, A)/®, where ® := V= is the congruence relation corresponding
to V. Since A-algebraic sets can be understood as homomorphisms from F,,(X)/®
to A and since coordinate algebras can be understood as finitely generated subalge-
bras of a power of A, we get a dual equivalence between the category of A-algebraic
sets with polynomial morphisms — yet to be defined — and the category of of finitely
generated subalgebras of a power of A with homomorphisms. This result is due
to H. Bauer ([BaZ3]). In the classical case we get the dual equivalence mentioned
afore. We will use the general results to deduce the classical results of Algebraic
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Geometry. Along with basic results from Formal Concept Analysis we determine
which classical results follow from the general treatment and which results require
Commutative Algebra. The importance of A-algebraic sets is due to the role within
mathematical theories and their role in applications. They can be used in the mod-
elling of databases, since answers to queries can be interpreted as A-algebraic sets
([P196a]). A-algebraic sets are treated, for instance, in ([PLI96a]), ([PI96D]),
and ([PI98c]). B. Plotkin ([PT96a]) does not resrict himself to the case Var(A),
he considers arbitrary varieties V (in the sense of General Algebra). He asks when
two algebras G1,G2 € © are X-equivalent, i.e. when for all finite free algebras
F,(X) in V the contexts (G}, F,,(X) x F,(X), 1) and (G35, F,(X) x F,(X), 1)
yield the same concept lattice. If they are X-equivalent for all finite sets X, they
are called geometrically equivalent. For instance, all free non-commutative groups
are mutually equivalent.

1. THE BASIC SITUATION

Let K be a field. In classical Algebraic Geometry so-called algebraic varieties
V C K™ are investigated. They can be described in the form V =V (f1,..., fs) :=
{a € K"| fi(a) =0, i = 1,...s} where the f; € K[x1,...,2,] are polynomials
in n variables. The corresponding ideal I(V) := {f € K[z1,...,z,]| YVa € V :
f(a) = 0} plays a decisive role in the analysis of algebraic varieties. When K is
algebraically closed then the ideals defined by the vanishing on algebraic varieties
are exactly the reduced ideals in K[z1,... ,z,], i.e., those ideals I for which f™ € T
implies f € I. This situation has been formulated and elaborated in the language
of Formal Concept Analysis in the first part of this dissertation. There the context
K := (K,K[z1,... ,2,],1) with a L f: <= f(a) = 0 has been studied. We
observe that its formal concepts are exactly the pairs of the form (V, V=) where
V C K™ is an algebraic variety and where V+ = I(V) is the corresponding ideal.
In particular, we conclude that the lattice of all algebraic varieties contained in
K™ and the lattice of all reduced ideals in K{[z1,...,z,] are dually isomorphic,
when K is algebraically closed (cf. Section 3).

A natural generalization of the classical problem is to consider “algebraic sets”
which are determined by terms from arbitrary free algebras. Since polynomials
can be understood as terms in the free algebra F,,(X, A) over an algebra A which
contains the constant operations, we will cover the classical case as well. To
formulate the problem we consider pairs (p,q) of terms from a free algebra in n
variables over a given general algebra A. In this case, algebraic sets V' C A" can
be written in the form V = {a € A" | Vi € I : p;(a) = ¢;(a)}. The question
arises how the sets of the form V* := {(p,q)| Ya € V: p(a) = q(a)} can be
described. A complete answer is given in ([Ba83]). mathematical theories and
their role in applications. They can be used in the modelling of databases, since
answers to queries can be interpreted as A-algebraic sets ([PII]). A-algebraic sets
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are treated, for instance, in ([BLI]), ([P12]), ([PI3]) and ([BeY7]). B. Plotkin

([PTI]) does not resrict himself to the case Var(A), he considers arbitrary varieties
O (in the sense of general algebra). He asks when two algebras G1,G2 € © are
X-equivalent, i.e. when do they generate the same congruence relation T+ C
W(X) x W(X) for all sets T C W(X) x W(X) and all finite free finite sets X,
they are called geometrically equivalent. For instance, all free non-commutative
groups are mutually equivalent.

The formulation of the generalized situation in the language of Formal Con-
cept Analysis forms the basis of this paper. The classical case has been treated
in [Be99]. Many ideas carry over. We start now with the basic formalizations.

Let A be a fixed general algebra and let Var(A) be the variety generated by A.
Let X := {x1,... ,2,} be a finite set of variables and let F(X) := F,,(X, A) be
the free algebra over X in Var(A). We consider the formal context K :=K,, 4 :=
(A", F(X) x F(X), L) with the relation @ L (p,q): <= p(d@) = ¢(@). This is
a substitute for the relation a L f: <= f(a) = 0 for classical polynomials.
Analogous to the classical case, the extents of K are called A-algebraic sets. Thus
an A-algebraic set is of the form D+ C A", D+ :={@ € A" |V (p,q) € D: p(@) =
q(@)} for some D C F(X) x F(X).

We wish to determine the intents of K. Therefore, we have to check all sets of the
form C+ where C C A™. For C C A", the set C+ = {(p,q) € F(X) x F(X)|V¢ €
C:p(@) = q(@} C F(X) x F(X) is a congruence relation: clearly, C* is an
equivalence relation. If f is a t-ary operation on F(X) and if (p1,q1),-.. (pt,qt) €
C* we compute f(pi,...,p)(@) = f(pi(D),... (@) = f(@1(®),... ,¢:(]) =
flqi,...,q) (@ for all €€ C and so (f(p1,-..,pe), flqr,--- ,q)) € CH. (We use
the same notation for an operation on A and for the corresponding operation on

F(X, A)).

In order to determine which congruence relations occur as intents of K, we
follow an unpublished preprint by Heiko Bauer ([Ba83]), “About Hilbert’s and
Riickert’s Nullstellensatz”.

Definition 1.1. Let ® be a congruence relation on F(X). The smallest con-
gruence relation v/® on F(X) containing ® such that F(X)/v/® can be embedded
into a power of A is called the radical of ®. (We will see in the next section that
V@ always exists).

Theorem 1.2. &+ = /@ holds for all congruence relations ® on F(X).

The proof is given in the next section.

Example 1.3. Consider the group Z4 := {0,1,2,3} with the operations +,
—, 0. Then we have F' := F({z}, A) = {0, z, 2z, 3z} and the context (Z4, F x F, 1)
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has the following form:

i (0,0) | (0,2) | (0,22) | (0,3x) | (x,0) | (z,z) |(x,22) | (x,3z)
0 X X X X X X X X

1 X X

2 X X X X

3 X X

L | (22,0) | (2z,2) |(22,2x)|(22,3x)| (32,0) | (3z,z) |(3z,2x)|(3z, 3x)
0 X X X X X X X X

1 X X

2 X X X X

3 X X

Let V := F x F be the all-congruence and let A := {(z,z) |2z € F} be the
diagonal congruence. It is easily seen that {0}++ = {0}, {1}*+ = Z,, {2} =
{0,2} and {3}*+ = Z,. Hence, the formal concepts of (Zy, F x F, 1) are

({0}7 V)a ({Oa 2}a AU {(Oa 2.%), (QCE,O), (xa 31‘), (3xa SU)}), and (Z47 A)

Note that the extents are exactly the subgroups of Z, and that all intents are
congruence relations. In this case, also every congruence relation is an intent. In
general, this is not true.

2. PROOF OF THE THEOREM

In this section we will not only prove Theorem 1.2, we will show a stronger
result. A functorial correspondence between the category of A-algebraic sets —
yvet to be defined — and the category of finitely generated subalgebras of a power
of A is established. This is a generalization of the classical situation where we
have a functorial correpondence between algebraic varieties and reduced finite
K-algebras. Theorem 1.2 will follow from this general result. The proof of 1.2
and of the categorial correspondence given in this paragraph is an elaboration of
the afore mentioned paper by H. Bauer ([Ba83]). Although some introductory
knowledge from General Algebra, as it is presented in ([We78]), is presupposed,
we try to give detailed proofs which address also to non-specialists. Notions from
the theory of categories such as functors, morphisms, and natural transformations
are defined in ([Br73]). A result analogous to the result we give, within a more
general setting, can be found in ([PT96a]).
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Definition 2.1. Let V' C A™ and W C A™ be A-algebraic sets. A map
g: V. — W is a morphism of A-algebraic sets, if there are n-ary terms p1,...,pm
€ F,(X, A) such that g(@) = (p1(Q),...,pm(d)) holds for all @ € V. Although the
p; € Fp(X, A) are terms and not polynomials, we call morphisms of A-algebraic
sets polynomial morphisms, because it is the terminology used in Algebraic
Geometry.

Let I4(V) be the category of all A-algebraic sets with polynomial morphisms
and let SyP(A) denote the category of all finitely generated subalgebras of a
power of A with homomorphisms. We establish the first step towards a functorial
correspondence between the two categories.

Definition 2.2. Let V be an A-algebraic set. The coordinate algebra I'(V)
of V is defined by I'(V) := F(X)/V+.

We wish to show that every coordinate algebra can be interpreted as a finitely
generated subalgebra of a power of A. This will yield the possibility to use I'(—)
to define a functor from K4 (V) to SyP(A). Therefore, let HOM(V, A) be the set
of all polynomial morphisms from V to A, endowed with pointwise operations.
HOM(V, A) is an algebra of the same type as A.

Proposition 2.3. Let V' be an A-algebraic set. Then I'(V) = HOM(V, A)
holds.

Proof. Let [p] € T'(V) be the congruence class of a given p € F(X). Let
a be the map that sends [p] to the restriction map p: V. — A which is de-
fined by p(a@) := p(a@) for all @ € V. This map is well-defined and injective
because we have p = ¢ «= Va € V : p(@) = q(@) <= (p,q) € VI —
[p] = lq]. Further_more,_ « is surjective by the definition of morphisms from V'
to A. Finally, it is a homomorphism since HOM(V, A) is endowed with point-
wise operations: If f; is a t-ary operation on I'(V) := F(X)/V+ then f; is
defined on HOM(V, A) as follows:? if g1,--- 59t € HOM(V, A) and if b € A",

-, -

then fi(gla”- 7gt)(b) = fl(gl(b)7 ,gt(b))' We show that for [pl]v_"" 7[pt} €
I'(V) we have a(fi([p1],..- L[pt])) = fi((a([pl]l,... ,a([ptl))). For b € V we

-,

have fi(@([pr))s -, allpd)) () = filpr, - p)B) = filpr(),- . pi(B). On the

-, —. -,

other hand a(fl([pl]v 7[pt]))(b) = Ot([fi(ph-.- 7pt)])(b) = fi(ph"' 7pt)(b) =

-, -,

filp1, - p)(B) = fi(pr(D), ... ,pe(b)) for all b € V, and the proof is finished. [

Corollary 2.4. For each A-algebraic set V', the coordinate algebra T'(V) can
be embedded into a power of A.

The next lemma is needed in order to define a functor from Sy P(A) to Ka(V).
For B € S;P(A) let Hom(B, A) be the set of all homomorphisms from B to A.

2If f is a fundamental operation on A, we write “f” for the corresponding operations on A™
and Fy(X)/® as well.
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Lemma 2.5. Let ® be a congruence relation on F(X) and let X:={x1,...,2,}.
Then the map o: Hom(F(X)/®,A) — &L C A" defined by a(g) := x,, where
ry = (gr])s - > gllzal)), i o bijection.

Proof. Let g € Hom(F(X)/®,A). Then a(g) = z, € &1 because we have

p(eg) = plo(ml)- - g(zn) = g@([orl- o l2a) = glalferls. . s [wa]) =
gz, - »g([2n])) = aly) for all (p,q) € .

We define an inverse mapping 3: ®+ — Hom(F(X)/®, A) by 3(a@) := gz where
gz : F(X)/® — A is given by gz([p]) := p(@). B is well-defined because gz will
be well-defined for all @ € ®: if p®q we have p(@) = q(a@) and gz([p]) = ga([q])-

a o (3 is the identity on ®1: let @ := (ay, ... ,a,). We have a(B(@)) = a(gz) =
tge = (Gallz1])s . galzn])) = (@1(@)- - 1 2n(@) = (01,-.. yan) = @ Boa
is the identity on Hom(F'(X)/®, A) since B(a(h)) = B(h([z1]),... , h([zn
g(h([Tl]),].j. Aza)) WIh 9z, () ([P]) = p(A(z1]), ..., h([zn])) = A(p([z1],

L lzn]). O

=
S~—
Il

Remark 2.6. a) The lemma shows that a point @ := (ay, ... ,a,) € ®+ C A"
can be thought of as a homomorphism from F(X)/® to A. It is the unique
homomorphism which sends [z;] to a;. Vice versa, a homomorphism ¢ from
F(X)/® to A can be identified with the point @ := (3([z1]),...,d([z,])) € ®L.
This fact is exploited by B. Plotkin ([PI96a]) who starts his consideration right
from the beginning with the context (Hom(F(X)/®,A), F(X) x F(X), L) where
oL (w,ws): <= (w1,w2) € Kern o.

b) Tt can be shown that if Hom(F(X)/®, A) is a general algebra of the same
type as A, for instance when A is an abelian group, the mapping above is an
isomorphism. In particular, 1+ C A" is a subalgebra.

We wish to use Hom( , A) as a functor from SyP(A) to Ka(V). Therefore let
B be an object from S;P(A). We observe that B = F,(X)/® for some n € N
and some congruence relation ® on F(X). Hence we can consider Hom(B, A) as
an A-algebraic set by means of the isomorphism Hom(B, A) = Hom(F(X)/®, A)
and the bijection between Hom(F(X)/®, A) and ®+.

Theorem 2.7. Hom( , A) is a contra-variant functor from Sy P(A) to Ka(V)
where, for a homomorphism g: B — C, the morphism Hom(g, A): Hom(C, A)
— Hom(B, A) is given by h+— hog.

Proof. Let g: B — C be a morphism. Since B,C € S;P(A), we have B
F,(X)/® for some n € N and some congruence relation ® on F,(X) and C
F(X)/¥ for some m € N and some congruence relation ¥ on F,,(X). We
have bijections from Hom(B, A) to ®* and from Hom(C, A) to U+ (cf. 2.5). We
wish to interpret Hom(g, A) as a polynomial morphism. Consider the induced
homomorphism g: F,(X)/® — F,,(X)/¥. We choose n m-ary polynomials p;
such that g(x;) = [p;] for i = 1,...n. We claim that the following diagram

IR 1R

commutes.
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\I/J‘ (P1,---Pn) (I)l

e [+

Hom(C,A) ——— Hom(B, A)
Hom(g,A)

(Here fp and f¢ are the maps belonging to B = F,,(X)/® and C = F,,(X)/¥
defined in 2.5).

We must show that Hom(g, A) o Bc = B o (p1,... ,pn). Choose @ € U+. We
have

(Hom(g, A) o Bc)(d@) = ga o g
and
(BB o (p1s -+, Pu))(@) = G(p(@).... .pu(@)-

In order to show that gz o g = g(p,(a).... pn(a)) it is sufficient to show the equal-

ity for a fixed z; € X = {x1,...,2,} because we are dealing with homomor-
phisms. Now (gz © 9)([z;]) = ga(9([x;])) = ga([p;]) = p;(@) and in the same
WaY G(p, (@),... pn(a@) ([75]) = 25(p1(@),... ,pn(@)) = p;j(@). Hence Hom(g, A) =
(p1,...,pn) is indeed a morphism between the algebraic sets U+ and ®+.
Finally, it is clear from the definition of Hom( , A) for homomorphisms that we
have a contra-variant functor: If f: B — C and g: C — D and go f: B— D
are morphisms then Hom(g o f, A): Hom(D, A) — Hom(B, A) is given by h —
ho (go f) which is equal to Hom(f, A) o Hom(g, A): Hom(D, A) — Hom(B, A)
since Hom(g, A)(h) = h o g and Hom(f, A)(hog) = (hog)o f. O

Theorem 2.8. I'(—) is a contra-variant functor from KCo (V') to Sy P(A) where
forg: V. — W the map I'(g): T(W) — T'(V) is given by [p|(W+) — [pog](V?1).

Proof. We must show that I'(g): I'(W) — I'(V) is a homomorphism. First
we have [po g](V1) € T(V): if @ € V then g: V — W is given by g(a@) =
(91(@), ... ,9m(@)), which is an element of W. Since (p o g)(@) = p(9(@)) =
p(91(@), ., gm(@)) = p(g1,-- - gm)(@) With g; € F,,(X), we see that [po g](V")
is an element of I‘(V) I'(g) is well-defined because [p o g](W*) = [go g](W)
implies [p(g(@))](V1) = [q¢(g(@))](V?1), since g(a a) € W. I'(g) is a homomorphism:
L(g)(fi([pa], - - s [pe])) (B ) = filp1(ga(b ) ,gn(b)) - pe(g1(b), -, gn(D)))
L@ @) ([p1]);--- T(9)([pe]))(B). Since I'(g) is given by composition, we see as
before that I'(—) is a contra-variant functor. O

Finally, we define natural transformations in order to show that our categories
Kv(A) and SyP(A) are dually isomorphic.

Lemma 2.9. Let V be an A-algebraic set. Then the map ny: V —
Hom(T'(V'), A) with ny (@) := ga, where gz: T'(V) — A is given by gz([p]) := p(a),
s a polynomial isomorphism.
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Proof. We now already from 2.5 that 7y is bijective. The homomorphism
gz: I'(V) — A corresponds to the point (gz([z1]),... ,9z([zn])) which is equal
to (z1(@),...,z,(@)) = @ € V*+ = V. So ny clearly is a polynomial isomor-
phism. O

Lemma 2.10. Let B F,(X)/® be a finitely generated subalgebra of a power
of A. (Note that in this case we have ® = /O by the definition of V® and
SyP(A)). Then there is an isomorphism eg: F,,(X)/® — I'(Hom(F(X)/®, A)).

Proof. First note that I'(Hom(F(X)/®,A)) = HOM(Hom(F(X)/®,A),A)
by means of 2.3 and 2.5. Therefore we can define ep: F,(X)/® —
I'Hom(F(X)/®,A)) as follows: For [p] € F,(X)/® let eg([p]) := Bp with
Bp: Hom(F, (X)/®, A) — A where 8,(h) := h([p]) which is a polynomial mor-
phism by means of 2.5. Since the operations on HOM are definede pointwise, €p is

a homomorphism: Let f be a t-ary operation. Then we have eg(f([p1],...,[pt])) =
5B([f(pla e apt)]) = ﬂf(pl,... ,Pt) with ﬂf(pl,... ,pt)(h) = h([f(pla e apt)D =
R(f([p1ls--- 5 [pe])) = f(R[p1],- .., h[pt]), since h is a homomorphism. On the other

hand, we have f(eg([p1]), - ep([pi])) = f(Bpys -+ s Bp,) with f(Bp,,- .., Bp,)(h)
= f(Bp,(R),...,Bp,(h)) since the operations are defined pointwise. The latter

expression is equal to f(h[p1],...,h[p:]) and ep is a homomorphism. eg([p]) is
surjective: Let g: Hom(F,,(X)/®,A) — A be a polynomial morphism. Then
there is a n-ary polynomial p such that g(h) = p(h([z1]),...,h([zn])) for all
h € Hom(B,A). We compute eg(p([z1],...,[zn]))(R) = h(p([x1],-..,[zn])) =
p(h([z1]), ... h([zs])) = g(h), hence eg(p([x1],...,[za])) = g. e5([p]) is injective:
B = F,(X)/® is a subalgebra of a power AM of A. Therefore, if b # ¢ are distinct
elements of B, then there is an element m € M with b(m) # ¢(m). Hence there
is a homomorphism h: F,(X)/® — A with h(b) # h(c). (Here we need that
Fo(X)/® isin SyP(A)). Then B # . and ep is injective. O

Theorem 2.11 (Hilbert’s Nullstellensatz for General Algebras). Let A be a
general algebra. The category of all A-algebraic sets with polynomial morphisms is
dually equivalent to the category of all finitely generated subalgebras of a power of
A with homomorphisms. The dual equivalence is given by the coordinate algebra
functor.

Proof. We claim that the family of mappings 7 := (ny )y determines a natural
transformation 7: Idg, vy — Hom(I'(—), A) and that the family ¢ := (ep)p :
Ids, pay — I'(Hom(—, A)) is a natural transformation as well. From the pre-
ceeding lemmas we know that V' = Hom(I'(V), A) and B = I'(Hom(B, A)) hold
for all A-algebraic sets V' and for all finitely generated subalgebras B of a power
of A. We have to show that we have commutative diagrams.
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a) Let V.C A™ and W C A™ be A-algebraic sets and let g: V. — W be a
polynomial morphism. We must show that the following diagram commutes:

vV — Hom(I'(V), A)

gJV lHom(F(g),A)

W — . Hom(I'(W), A)

Let @ € V and let g be represented by f1,. .., fm. Then nw(g(@)) = nw (f1(@), ...,
Jm(@) = 901 (@),... . fm(@) With 9(s,@).... fm@)(@) = ¢(f1(@), ..., fm(@)) for ¢ €
r(v).

On the other hand (Hom(I'(g), A))(nv(a@)) = Hom(I'(g), A)
ga: T'(V) — A, given by ga(p) := p(@). T'(g) from I'(W) t
q — [gog)(V1). Now, by definition, (Hom(T'(g), A))(gz) =
I'(9)(q) = galq o 9) = (g0 9)(@) = q(9(@)) = q(f1(a), ... , fm(d)).

b) Let B = F,(X)/® and C = F,,(X)/¥ be objects from SyP(A) and let
h: Fo(X)/® — F,,(X)/%¥ be a homomorphism. We must show that the diagram

(9z). Here we have
o T'(V) is given by
gz o I'(g) with gz o

Fu(X)/® —F— T(Hom(F,(X)/®,A))
hJ{ lF(Hom(h,A))
Fin(X)/¥ —— T(Hom(Fy(X)/¥,A))

cominutes.

Let p € F,,(X)/®. We have ec(h(p)) = Brp) With Brpy: Fn(X)/¥ — A
given by By (q) = q(h(p)).

Similarly, I'(Hom(h, A))(eg(p)) = I'(Hom(h, A))(8,) with 8,: F,(X)/® — A,
given by (,(t) := t(p). Hence I'(Hom(h, A))(ep(p)) = ep(p) o Hom(h, A) with
(e5(p) o Hom(h 2)(g) — en(p)(Hom(hs A)(a)) - <n(p)(a 2 ) — (g B)(p). and
the proof is completed. O

Proof of Theorem 1.2. We know that every intent of K := (A", F x F, 1) is a
congruence relation. Therefore, let ® be a fixed congruence relation. Since ®* is
an A-algebraic set, we conclude from 2.3 that F(X)/®++ = HOM(®+, A), which
means that F(X)/®1+ can be embedded into a power of A. Since ® C 1+ and
since v/® is the smallest congruence relation containing ® such that F(X)/v/®
can be embedded into a power of A we conclude NG C ¢+L.

11
In order to show that &1+ C \/5, it is sufficient to show that vV® = v/®

(Then ® C V/® implies ++ C \/ELL, hence &1+ C /®). F(X)/V/® is a finitely
generated subalgebra of a power of A. Our functorial correspondence tells us
that F(X)/v® = I'(Hom(F(X)/v/®, A)) and the latter expression is isomorphic

to F(X)/\/ELL, since Hom(F(X)/vV/®,A) = @L as sets. Now F(X)/V® =
F(X)/\/EJ_l shows that /@ = \/ELL and the proof is finished. O
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We observe that for the radical v/® of a congruence relation ® we have the
following formula:

Vo = ﬂ{kemh | h: F(X) — A, ® C ke h}

Indeed, the set of all homomorphisms h;: F(X) — A with ® C kernh,, j € J,
induces a homomorphism h: F(X) — A7 with kern h = ;e kern (7 o h). We
have F(X)/kern h = h(F(X)) € A7, which shows that (\{kernh|h: F(X) —
A, ® C kern h} is a radical congruence containing ®. On the other hand, if
h: F(X)/v/® — A7 is an isomorphism onto its image, then there is a homomor-
phism h: F(X) — A7 with kern h = v/®. We conclude v® = Njes kern (7 o h)
and the other inclusion follows.

Corollary 2.13. The lattice of all A-algebraic subsets of an A-algebraic setV is
dually isomorphic to the lattice of all radical congruences of the coordinate algebra

I'(V) of V.

Proof. From 2.12 we conclude that the lattice of A-algebraic subsets of an alge-
braic set V is dually isomorphic to the lattice of all radical congruences on F(X)
containing V+. Since ® is a radical congruence in F(X) if and only if ®/V+ is a
radical congruence on F(X)/V+, the desired dual equivalence follows. O

We wish to formulate several notions which are analogous to notions from al-
gebraic geometry in the new setting.

Definition 2.14. Let V be an A-algebraic set. The geometric dimension
of V is the length of a longest chain of distinct \/-irreducible A-algebraic subsets
of V. The algebraic dimension of V is defined as the length of a longest chain
of A-irreducible elements in the lattice of all radical congruences of I'(V).3

Corollary 2.15. Algebraic dimension and geometric dimension are equal.

In the remaining part of this section, we characterize the notion of isomorphism
betweeen algebraic sets via isomorphisms between suitable contexts which we de-
fine now. Let V' C A" be an A-algebraic set. We may consider the subcontext
(V,F(X) x F(X), L) of K, where we write L for reasons of simplicity for the re-
lation L N(V x (F(X) x F(X))). We can clarify this context if we identify those
pairs (p1,q1), (p2, g2) for which we have p;(@) = ¢1(@) if and only if p2(@) = ¢2(a)
for all @ € V. Thus the clarified version of our subcontext is canonically isomor-
phic to the context (V,T'(V) x I'(V), L) with @ L ([p], [q]): <= p(@) = q(@).* We
will denote this context by Ky .

3The length of a chain of the form Vo C Vi C ... C Vi, with distinct V; is defined to be m.
4Strictly speaking, the discussion concerns the context where only the set of attributes is
clarified.
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Corollary 2.16. Let V C A™ and W C A™ be A-algebraic sets. Then the
following statements are equivalent:
a) VW.
b) T'(V) =2 T'(W).
In this case, Ky = Ky also holds. If F(X) contains all constant operations c,
fora e A, then Ky 2 Ky implies V =2 W.

Proof. The equivalence of a) and b) follows immediately from the Nullstel-
lensatz for general algebras. Therefore, let g: V' — W be an isomorphism.
Then so is I'(g7!): T(V) — T'(W). In particular, g and I'(g~!) are bijective
and (g,T(¢g71)): I'(V) — (W) is an isomorphism of contexts: @ L (p,q) <=
p(@) = ¢(@) <= (pogg(a) = (gog ") (9(a)) <= (T(g")(P)(9(a)) =
(T(g~")(a))(g(a)).

Now let the extra condition on F(X) be satisfied and let (o, §): Ky — Ky
be an isomorphism. Consider a pair ([p], [p]) € I'(V) x T(V). Then 8([p], [p]) L b
holds for all 5 € W and 8([p], [p]) belongs to the diagonal congruence. Hence,
B([pl, [p]) = ([g], [g]) for some g € F(X,m). We obtain a bijective map §: I'(V) —
(W) if we send [p] to [g]. We claim that 3 is an isomorphism. Since F(X)
contains all constant operations we observe that p(@) = ¢ € A is always equiv-
alent to B(p)(a(d@)) = c. Therefore, we conclude B(f;([p1],--.,[pe]))(a(@))
Fllpil - )@ = Fi (1 @), . po(@) = F(B)) (@), - (B([pe) (@)
= fi(B([p1]),-- -, B([pe]))(a(@)) for all @ € A, and § is an isomorphism.

Remark. The question arises whether there are weaker conditions on F(X)
that guarantee that Ky & Ky implies V = W.

o=

3. APPLICATION TO ALGEBRAIC GEOMETRY

The two following sections work out which basic results from Algebraic Geome-
try already follow from our general observations and which of the results need Com-
mutative Algebra. Let K be a field and let K[z1,... ,z,] be the ring of polynomials
(in the classical sense) in n variables over K. In Algebraic Geometry one is inter-
ested in the solution sets of systems of equations of the form f;(z1,...,2,) =0,
i € I. Such sets are called algebraic varieties (over K). In order to be able
to apply the results from the second section let A be the general algebra with
carrier set K endowed with addition and multiplication and with the constant
operations. Then we have F,, (X, A) = Klz1,...,2,] and we obtain the context
Ka = (K™, K[x1,... ,2,] X K[z1,... ,2,],1) with @ L (f,g9) < f(a@) = g(a).
For C C K", we consider Ct = {(f,g)|V¢ € C : f(¢) = g(é)}. Since Ct is a
congruence relation, we conclude (0,0) € C* and that, if (f1,91), (f2,92) € C+
and if r € K, we have (f1 + fo, g1 + g2) € C*+ and (rf1,791) € C*+. Consider
the congruence class [0JC belonging to the zero polynomial, [0]Ct = {f|Va €
C : f(@ = 0}. [0]C+ =: I is an ideal in K[z1,...,7,], because of the above
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reasoning, and we have (f,g) € Ot <= f — g € I. According to our previous ob-
servations, we have C1+ = {@| f(@) = 0 for all f with f(¢) =0 for all ¢ € C}.
Therefore we can consider the simpler context K := (K™, K[x1,... ,2,], 1) with
al f: < f(@=0.

Corollary 3.1. Let V C K™ and let A be as above. Then V is an A-algebraic
set in the sense of Section 2 if and only if it is an algebraic variety over K in the
sense of Algebraic Geometry. The concept lattices B(K4) and B(K) are isomor-
phic via the isomorphism which sends (V, V1) to (V,1(V)) where I(V) is the ideal
[ojv+.

Example. Consider the ideal I := (2%) C K[z]. We have I+ = {0} and
I+ = (x). This phenomenon is due to the fact that f(a) = 0 is equivalent to
f™(a) = 0 for all integers m. If K is algebraically closed, this is the only reason

ILL

why can become larger than I.

Definition 3.2. Let I C K[z1,... ,z,] be an ideal. The radical /T of I is
defined as VI := {f | f™ € I for some m € N}.

Theorem 3.3 (Hilbert’s Nullstellensatz). Let K be algebraically closed and let
I C Klxy,...,z,) be an ideal. Then we have '+ = /T in K := (K", K[zy,. ..,
Zn], L).

Proof. A proof can be found in ([KuB0.13]). Note that this result does not
follow from 1.2. O

Corollary 3.4. Let K be algebraically closed. Let ® C Klxq,...,x,] X
K[z1,... ,2,] be a congruence relation. Then [0]v/® = /[0]® holds.

We see that not every congruence relation of K4 is closed. When [ is an
ideal that is not equal to its radical, then the congruence relation ®; defined by
f®rg: < f —g € I is not closed. Instead, its closure will be the congruence
relation ® determined by the radical of I, f®g: <= f —g € V1.

Definition 3.5. Let V C K™ and W C K™ be algebraic varieties. A poly-
nomial morphism from V to W is a mapping ¢ for which there are polynomi-
als f1,...,fm € K[z1,... ,zy,] such that ¢(a) = (fi(a),..., fm(a)) holds for all
a€ K"

Corollary 3.6. Let K be algebraically closed. The category of all algebraic
varieties over K with polynomial morphisms® is dually equivalent to the category
of all coordinate algebras K[V] := K[x1,... ,2,]/V* over K with K-algebra ho-
momorphisms, i.e. ring homomorphisms which are the identity on K.

5Here we talk about polynomials in the usual sense.



ALGEBRAIC GEOMETRY AND FORMAL CONCEPT ANALYSIS 291

Corollary 3.7. Let K be algebraically closed and let V- C K™ be an algebraic
variety. Consider the context Ky := (V,K[V], L) with @ L [f]: < f(d@) = 0.
The extents of Ky are exactly the subvarieties of V' and the intents are exactly the
reduced ideals of K[V], i.e. those ideals which are equal to its radical. Hence the
lattice of all algebraic varieties contained in V' and the lattice of all reduced ideals
of K[V] are dually isomorphic.

Proof. Tt remains to show that for an ideal [I] C KIV] its radical /[I] :=
{[9]lg]™ € [I] for some m € N} in K[V] is equal to [v/I]. This is a standard
result which follows immediately from the homomorphism theorem for rings. O

Corollary 3.8. Let V C K™ and W C K™ be algebraic varieties. Then the
following statements are equivalent:
a) VW.
b) K[V] = K[W] as K-algebras.
¢) Ky 2 Ky via an isomorphism («, 3) which satisfies the additional condi-
tion that f(@) = B(f)(«(a)) holds for alla € V and f € K[V].

Proof. This follows from 2.16. The extra conditions stem from the fact that A,
defined in the beginning of this section, contains the constant operations. O

Definition 3.9. An algebraic variety V' C K™ is said to be irreducible if it
is not the union of two proper subvarieties.

Theorem 3.10. FEwvery finite union of algebraic varieties is an algebraic variety.
Every algebraic variety allows for a unique decomposition V.= Vi U ...V, into
irreducible varieties.

Proof. A proof can be found in ([Ku80. L.7]). O

Example. Consider the algebraic variety V := (zy)* = {(a,b) |a =0V b= 0}.
It is the union of the z-axis and the y-axis. These are its irreducible components,
which can be deduced from the next corollary: The vanishing ideal of the x-axis is
langley) and the vanishing ideal of the y-axis is (x). Both ideals are prime ideals.

Corollary 3.11. V is irreducible in the sense of 3.9 if and only if V* is not
a finite intersection of two or more reduced ideals. Hence V' is irreducible if and
only if V* is prime.

Proof. The first equivalence is obvious. Let V1 be prime. Suppose V+ =
I N...N I, with reduced ideals I;. Choose f; € I; \ VX. Then fifo...fm €
LN---NIL,=V+but f; ¢ Vtand fy... f, ¢ V*. This is a contradiction to V+
being prime. We conclude that V is irreducible. For the other implication let V' be
irreducible. Let fifo € V. Then V = (VN fi-)U(V N f55). Since V is irreducible
we conclude without loss of generality that V' =V N fi-. Hence f; € V+ and V*
is prime. O
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Definition 3.11. Let R be a commutative ring and let P C R be a prime ideal.
The height h(P) of P is the length of a longest chain of prime ideals contained
in P. The dimension of R is the supremum over all h(P) for P C R.

Corollary 3.12. Let V' be an algebraic variety. Then dimV = dim K[V] =
dim K[z1, ... ,2,] — h(V1).

All the results listed in this section are standard facts from Algebraic Geometry.
Some of the proofs can be given in the non-standard setting used here, as we
have seen so far. Hilbert’s Nullstellensatz and the existence of a decomposition
into irreducible varieties are intrinsic properties of the classical situation. The
remaining properties can be settled within the more general framework. This
idea is carried on in the last section, where we give a general description of the
construction of the spectrum related to an algebraic variety.

4. A MODIFICATION OF THE SET OF OBJECTS

In classical Algebraic Geometry the context K := (K™, K[x1,...,2,], L) is often
replaced by the context Kgpec := (Spec K[z1, ..., zy], K[21,..., 2], D) where the
spectrum Spec K[x1,...,x,] of K[z1,...,2,] is the set of all prime ideals con-
tained in K[x1,...,x,]. This is justified by the fact that I++ = I>> holds for all
ideals I C K|[z1,...,x,). Usually, one understands the spectrum as follows: each
point a € K™ corresponds to exactly one maximal ideal m, in Spec K[x1,... ,z,].
In this way, we can consider the maximal ideals as “points” of Spec K[x1,... ,z,].
For each irreducible variety V, its ideal py := V< is a prime ideal. For such
“points” we have (py)>> = {p|p 2 pv}. In particular, we have a € V if and only
if (py)° > m,. If we identify V and (py)>> we can consider the extents in the
spectrum as algebraic varieties. Now, every irreducible “variety” V is the extent
g'! of some object concept (g'!, g7), indeed it is the object concept of py-. py is
called a generic point of the variety V. Hence, the spectrum consists of closed
points (maximal ideals), which are in one-to-one correspondence with the points of
the affine space K™, and additionally of generic points, whose topological closure
can be regarded as an irreducible algebraic variety.

The idea to introduce “general objects” can also be carried out for formal
contexts in general (cf. [Pr99]). Using the interpretation of General Algebraic
Geometry in terms of formal contexts we get an analogue to the spectrum of
classical algebraic varieties for A-algebraic sets. In order to do this, we model the
situation from classical Algebraic Geometry described above.

Definition 4.1. Let K := (G, M, I) be a formal context. An extent of K is
called U-irreducible if it is not the union of two proper subextents. Let Ui, be
the set of all U-irreducible extents. Let G := {B C M | B = A! for some A € U, }
and K := (G, M, 3).
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Lemma 4.2. Let K be a formal context. If each extent of K is the union of
U-irreducible extents, then the concept lattices B(K) and E(K) are isomorphic
with identical intents. Conversely, if B(K) and B(K) are isomorphic then every
extent of K is the union of U-irreducible extents.

Proof. A proof can be found in [B€99]. O

The reader who is familiar with Formal Concept Analysis will observe that the
result above is trivial for finite contexts because in this case the reduced versions
of K and K are isomorphic.

Corollary 4.3. Let A be a general algebra and n € N such that every
A-algebraic set of Ky := (A", F,,(X, A)x F,, (X, A), L) is the union of U-irreducible
A-algebraic sets. Then B(K4) and B(K4) are isomorphic. Hence we have v/® =
®33 | which means that /O is equal to the intersection of all congruence relations
VL where V is a U-irreducible A-algebraic set and where ® C Vi,

We return to the classical case.

Corollary 4.4. Let K be algebraically closed. Then we have B(Kgpec) =
B(K). Hence, for an ideal I C K[zy,... ,x,] its radical \/T is equal to the inter-
section of all prime ideals containing I.

Proof. Because of 3.11 and because every prime ideal is an intent when K is
algebraically closed, {p |p C Kl[z1,...,2,], p is a prime ideal} is the set of general
objects of (K™, K[x1,... ,2y,],1). Therefore we can apply 4.3. In particular, we
have I++ = 12> where I = {p|p D I} and 1> = {p|p 2 I} by the definition
of 3. O

Finally, it should be mentioned that the introduction of general objects makes
good sense in particular in the classical case, mainly for two reasons. Since
finite unions of algebraic varieties are again algebraic varieties, the notions of
U-irreducibility and (finite) irreducibility with respect to suprema coincide. More-
over, it can be seen easily that every single point in the affine space forms an
algebraic variety. Therefore, the original objects can still be identified within the
spectrum. In particular, irreducible closed sets in the spectrum can be thought as
usual algebraic varieties with an additional generic point.
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