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A PRIORI BOUNDS FOR GLOBAL SOLUTIONS
OF A SEMILINEAR PARABOLIC PROBLEM

P. QUITTNER
INTRODUCTION
Consider the problem

up = Au+ |ulP ", x€Q, te(0,00),

(P) u =0, x €99, t e (0,00),
u(z,0) = uo(z), T € Q,
where €2 is a smoothly bounded domain in R™, n > 2 and 1 < p < pg := Z—J_rg

(ps = 00 if n =2). It is known that global solutions of this problem are bounded
(see [CI] or [FL]). Moreover, the corresponding bound is known to depend only
on some suitable norm of the initial condition ug provided uy > 0 (cf. [G]) or

p < per, (cf. [CL]), where
3n+8

<
3n—4

bcrL = ps-

The main purpose of this paper is to improve the result of Cazenave and Lions in
[CI] by proving the same a priori bound for p < pg.

The proof of our result is based on the original proof of Cazenave and Lions
combined with a bootstrap argument and maximal regularity estimates. If n > 3
then we are able to prove our result also by another method which does not use
the property of maximal regularity. Consequently, the second method can be
generalized also to problems where the maximal regularity is not known (or does
not hold).

The a priori bounds that we study seem to play a crucial role in several appli-
cations. Let us mention two of them. The first one is concerned with the study of
blow-up rates of solutions of some classes of parabolic problems; in this context,
the exponent poy, appears in [GK], [FEM], [M], for example. The second appli-
cation consists in the dynamical proof of existence of sign changing stationary
solutions (see [@2]).
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A priori estimates for global solutions of problem (P) were first shown in [NS 1]
for Q convex, up > 0 and p < (n + 2)/n. In this paper, the corresponding bound
does not depend even on the norm of the initial condition. Such an estimate cannot
be obtained for signed solutions since problem (P) possesses stationary solutions
whose norms (and energies) are arbitrarily large.

If we consider the set D of all initial conditions ug (in an appropriate function
space) for which the solution u of (P) exists globally and tends to zero as t — oo,
then the w-limit set of any bounded solution starting on the boundary of D consists
of nontrivial stationary solutions of (P). Since there are no positive stationary
solutions for p > pg, the a priori estimates for global (positive) solutions of (P)
cannot be true in this case.

MAIN RESULT

We denote by [|-[|g, [|-[lk,q or [|-[[cx the usual norms in Ly (€2), W¥(Q) or C*(€2),
respectively. We shall often use the fact that |ull1,2 < C||Vullz for u e X :={v e
W3 (2) : v =0 on 9Q}. We also denote by A the operator —A with homogeneous
Dirichlet boundary conditions on 9. It is well known that A considered as an
operator in L,(£2) has bounded imaginary powers for any 1 < ¢ < oo.

By a global solution of (P) we mean a function u € C([0,00), X) which is a
classical solution of (P) for ¢ > 0 and fulfills u(0) = ug. The variation-of-constants
formula and standard bootstrap arguments show that the following Lemma holds.

Lemma. (i) For any C > 0 there exists § > 0 such that any solution u satis-
fying |lu(to)llr,2 < C fulfills [[u(t)[|1,2 < 2C for any t € [to, to + 6].

(i) For any C,6 > 0 there exists C' > 0 such that any solution u satisfying
u(t)]l1.2 < C on [to, to + 8] fulfills ||u(t)|c2 < C for any t € [to + §/2,t0 + 3]

The main result of this paper is the following

Theorem. Letp < ps and §p,Co > 0. Then there exists a constant C' > 0 (de-
pending only on p, g, Co) with the following property: If u(t,ug) is a global solution
with the initial condition ug € X satisfying |Jugll1,2 < Co then ||u(t,uo)lcr < C
for any t > &g.

Remark 1. Instead of initial conditions ug in X we could consider initial
functions in Ly () and require ||ugll, < Co, where ¢ > (p — 1)n/2. This follows

from [BT].

Proof of Theorem. By § < dg and C' we shall denote various constants which
may vary from step to step and which may depend on &y, Cy but which are
independent of ug.

Fix ug with [|ugll1,2 < Cp and assume that the corresponding solution u(t) =
u(t,up) exists globally. Then u(t) € C?(Q) for t > 0 and sup; ||u(t)]|c2 <
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(see [CL_Proposttion b]). Denote

1 1
E(u) = - 24z — —— | [ufP*!da.
(u) 2/Q|Vu| de p+1/9|“‘ de
It is well known that
(1) ©B(u(t) = —/ ) de, >0,
t Q
Consequently, E(u(t)) < E(ug) < C.

Multiplying the equation u; = Au + |u[P~!u by u, integrating by parts and
using Holder inequality we obtain

li u? z= [ u(t)u T = — u(®)|]? dz w(®)|Pt! da

53 | ds = [ uOude=— [ [vuoP o+ [ upra
p_l p+1

@) = —28(u(t) + g [ u(o ds

(p+1)/2
) , for any t > tg,

> —2F(u(ty)) + c(/ lu(t)|? da
Q
where c is a positive constant. This estimate implies both E(u(t)) > 0 and

(3) sup [lu(t)]2 < C
t>0

(otherwise u has to blow up in finite time in Lo(2)-norm). Now the estimate
0 < E(u(t)) < C can be written in the form

(@) 0< %/Q V()2 do — ]ﬁ /Q ()P dz < C
and, due to [I], we have also
) | loigar <c.
Similarly as in [Z] we obtain also
/Qu(t)ut(t) de=—(p+1)E(u(t)) + p%l /Q |Vu(t)|? d.

which implies

(6) la(®)[2, < C1L+ u@u®ll)  for t > 0.
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Now Holder inequality yields

[u(@)ue ()]l < [Ju®)l2]lw@)]2;

so that [6] and [3] guarantee [[u(t)||}, < C(1+ |lue(t)|]3). Using [5] we arrive at
t+1
M sup [ Juls)|ds < €
t>6 Jt
for ¢ =2 (and § = 0). This estimate and [Z] show also
t+1 (i)
(8) sup [ Ju(s)|157ds < €
t>6 Jt

Now [5], [7] and the imbedding W} (Q) — Lo« (Q) (where 2* = 2n/(n — 2) if
n > 2, 2* > 1 is arbitrary if n = 2) yield

t+1
o) sup [ (Jus(s) B+ u(s)]32) ds < C.
2 t

The interpolation theorem in (cf. also the proof of Proposition 2

in [CL]) and [@] imply

(10) sup [lu(t)[[x < C
t>6

for any A < 2*(2¢ + 2)/(2q + 2*), hence for any

2n(g+1)

11 A< A =
Similarly, estimates [5], [B] and the interpolation theorem mentioned above imply
[I0] for any

(p+1)g+2 p—1

12 A< A = =p4+1—-—.

(12) 2(q) q+1 p g+ 1
Put

AMgq) = max{Xi(q), Xa(q)}.

Then [IT] is true for any A < A(q). Notice that the function ¢ — A(g) is (strictly)
increasing and A(¢) — ps + 1 as ¢ — oo.

It is well known (see [AZ_Iheorem 157] and [QI], for example) that [I0]
implies a bound for ||u(t)||1,2 (and, consequently, for [|u(t)[|c1) provided p < 1+22,
ie. if

2\
or p<1l+ i(q)

(13) p<1+ QA;(Q)
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Notice that each of the conditions in [I3] is equivalent to

(n+2)g+n+4

(14) p<plq) = n—2)q+n

where the function ¢ — p(q) is increasing and p(q) — ps as ¢ — oco. Note also
that in our case ¢ = 2 and p(2) = por.

Our aim is to improve the step [B]=—[7]. Using a priori bounds for u(¢) in Ly
with A > 2 (instead of [3]), we obtain bound [7] with larger values of ¢ and this
will increase the upper bounds A(q) and p(q).

From now on, we shall proceed by two different methods. In the first one, we
shall use maximal regularity estimates. Then we shall reprove our main result (for
n > 3) by another method which does not require the maximal regularity property.

Proof based on maximal regularity

In the proof, we shall use a bootstrap argument. We know [7] for ¢ = 2. We
shall show that the validity of [7] for some ¢ > 2 implies [7] for some ¢ > q.
Moreover, the difference ¢§ — ¢ will be bounded below by a positive constant, so
that, after finitely many steps, we end up with some ¢ for which p(§) > p. As
already mentioned above, this will prove the assertion.

Hence, let [7] be true for some g > 2. Then [I0] is true for A < A2(g). Choose
e (2, Ag(q)). Then A < p+ 1. Denote

p+1A—2 , A p+1
p=—"-C_% N=_"" d =27
p—1 X~ A—1 an b1 D

Then 6 € (0,1) and using [€], Holder inequality, [I0] and interpolation, we obtain

(15) lu(®)]7 2 < C(1+ u®yu(t)ll1) < C(1+ Juet)llx)
< O+ Jue(®) g, Il (0)11277),
since £ + % = %

Inequality implies sup;> ftt+6 ||u(s)|ﬁq2 < C, so that

sup  inf : lu(s)]1,2 < C

t>5 sE(t,t+0

(with a new constant C' depending on ¢) and, consequently, enlarging § and C' and
using Lemma we get

su inf u(s < C.
wp | inf )

Fix t > 2§ and let 7 € (t — §,t) be such that

(16) [u()]lc= < C.
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We have 1 — 0 = p21 (2 —1) < 2 for A sufficiently close to A2(g) since the

last inequality is satisfied for A = Aa(g ) Now choose ¢ > ¢ such that

2
65:m>1

and notice that 6¢3" > 1 where 3/ = /(8 — 1). We raise [I5] to the power ¢,
integrate it from 7 to (t+1), use Holder inequality, [2], maximal Sobolev regularity

(see [AT_Theorem NT2.10-7]), [IT] and [Z] to get
t+1 - t+1 ) (1-0)3
[ <e(ve [ futs) ) 15— ds)

<o(ie ([ mtong as)" ([ patnzas)”)

<c

<o ([ i as) " + i)

t+

(e ([ s as)")

T
t+1

< C(l + (/ HMS)H?ZHMV@H) ds)l/ﬁl)'

T

IN

2p0qﬁ <

Now we see that the last estimate implies | 7] with ¢ instead of ¢ provided
2q, that is if 3" < p;. This condition is equivalent to

Ni-1) -4

<
(17) p i 2

Considering § — g+ and A — A\2(q)— we see that it is sufficient to verify

plg—2) < Xa(q)(g—1) —gq,

which is equivalent to (p — 1)2¢ > 0. Consequently, the sufficient condition for
bootstrap is satisfied and we are done (the uniform lower estimate for ¢ — g follows
by an obvious contradiction argument).

Proof without maximal regularity (n > 3)
In this proof, we shall use a bootstrap argument again. First denote

(18) Coo = max{1,sup [lu(t)||c: }
t>6

and notice that C'», depends on uyg.
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In the bootstrap step, we shall assume

(19) sup [lu(?)[[x < Cx
t>6

(where C)\ may depend on ug, Cy > 1, A < p+ 1) and we shall show

(20) sup [|u(t)||5 < COPTV 20/,
t>8

where € > 0 can be chosen arbitrarily small, A > A, A — A is bounded below by
a positive constant (which does not depend on €) and C = C(g). Together with
initial estimate [I0] for A < A(2), this will imply

(21) sup [|lu(t)|[a < CCM,
t>5

where A > p+ 1, M; = gz;;o(p%l)i and k is the number of bootstrap steps
needed to get from initial A to A (the number k& does not depend on the value
of €). Due to [4], this implies the same bound for u(t) in W3 and, finally, standard

bootstrap procedure yields

(22) sup ||u(t)]cr < CC;M1M2,
t>6

where M, is some constant depending on p and the number of bootstrap steps in
the second bootstrap procedure. Although the value of ¢ in [ZZ] may differ from
that in [IZ], the uniform boundedness of ||u(t)||c1 on intervals of the type [d1, do]
(cf. Lemma) together with [I3], [ZZ] and the choice ¢ < 1/(M;Ms) imply our
assertion.

Hence assume [I9] for some A < p+ 1. Since n > 3 implies A\(2) > A\1(2) =

32’14 > ps > p, we may assume A > p. Put

A 1+vA—-2 A
(23) =" i

Then v < 1/(A—1), 6 € (0,1) and using [T], Holder inequality, [I9] and interpo-
lation, we obtain (cf. [I2])

(24) lu)lf 2 < C(1+ u@yu@®)l1) < COX(1+ [lue(t)llx)
< COA(L+ Jlue N llue(D177).

An obvious estimate based on the variation of constants formula implies

—w(t—T)

t e
w2140 < Cllu(d)lza4r +C | ———=g—5 Iluls)[Pllc,140 ds
s (t—7)t=e/
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for some w > 0 and any ¢ > §. Since ||u(d)]|2,1+» < C, we obtain
(25) uOllz a0 < C(1+ max u()P

Sl4u)-
Now using interpolation, assumption [I9] and p(1 + v) = A, we obtain
(26) ()P lleary < Mu() PRI u() P15 140

< Clu)II ™" [lu(s)ller < CCROE.
The equation u; = Au + u|u|P~! together estimates [Z5] and [Z8] imply

(27) lte@lse < [0(®) 2w + (@) Pllse < CCRC.
Put

2 1—v)\ 20 — A\
(28) a=q(: 1-v) P

10 1+v-—uvA :p—i—l—)\'
Raising [ZZ] to the power g and using [Z7] and [2], we obtain the following estimate

t+1 5 0 t+1
| meRsas<ccs(i+ s fu@It, [ i)

t<s<t+1
< CCg+p9qC§qu < CC;\I(P-&-l)ngq.

The last estimate and the interpolation theorem in [CL._Appendice] imply [ZU]
provided A < A(¢). Moreover, the definition of Ay(g) in and show that
A(g) > Aa(gq) > A. This shows that the bootstrap is always possible.

The estimate for A — X from below follows again by a contradiction argument:
let {\(®*)} be an increasing sequence, A¥) < p + 1, define ¢® = ¢(A(®)) by 28]
and assume )\(q(’“)) — A% — 0. Denote Moo := limp_oo A®) < p+1. If Ay <
p + 1 then the continuity of the functions A — ¢(A) and ¢ — A(q) together with
)\(q()\oo)) > Ao yields a contradiction. If Aoo = p + 1 then ¢*) — oo and
)\(q(k)) — ps + 1 > p+ 1 which yields a contradiction again. This concludes the
proof. O

Remark 2. The proof without maximal regularity can be repeated also for
n = 3. Anyhow, in this case we have to restrict ourselves to p < A(2), that is
p < 4. Since 4 > pcr, the method still yields an improvement of the result of
Cazenave and Lions.

Remark 3. If we used estimate [I0] only for A < A1(¢) in the boostrap pro-
cedures above then we would need the following additional condition on p:

In? —4n + 16y/n(n — 1)

(3n —4)?

(29) p<p =
in order to quarantee ¢ > ¢ or A >\ for any q or A, respectively.
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