APPROXIMATION OF FUNCTIONS OF TWO VARIABLES BY SOME LINEAR
POSITIVE OPERATORS

Z. WALCZAK
ABSTRACT. We introduce certain positive linear operators in weighted spaces of functions of two variables and we

study approximation properties of these operators. We give theorems on the degree of approximation of functions from
polynomial and exponential weighted spaces by introduced operators, using norms of these spaces.

Approximation properties of Szasz-Mirakyan operators

) Sutfie) ey O (B),

n
k=0

z € Ry =[0,40), n € N :={1,2,...}, in polynomial weighted spaces C,, were examined in [1]. The space C,,
p € Ng:=1{0,1,2,...}, is associated with the weighted function

(2) wo(z) =1, wy(z):=(1+2P)7 1, it  p>1,

and consists of all real-valued functions f, continuous on Ry and such that w,f is uniformly continuous and
bounded on Ry. The norm on C), is defined by the formula

3) £l = 11F () llp = Sup wp() | f(2)]-

Received December 29, 2002.
2000 Mathematics Subject Classification. Primary 41A36.
Key words and phrases. Positive linear operator, degree of approximation, polynomial and exponential weighted spaces.

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



In [1] there were proved theorems on the degree of approximation of f € C, by the operators S,, defined by
(1). From these theorems it was deduced that
(4) lim S,(f;z) = f(),

n—oo

for every f € Cp, p € Ny and & € Ry. Moreover the convergence (4) is uniform on every interval [z1,z3],
zo > x1 > 0.

The Szasz-Mirakyan operators are important in approximation theory. They have been studied intensively,
in connection with different branches of analysis, such as numerical analysis. Recently in many papers various

modifications of S,, were introduced [4]-[8], [12]-[15], [19], [20]. Approximation properties of modified Szasz-
Mirakyan operators
2, (nz + 1)? k+r
5 Ln(f5m52) = »
(5) (f5r;2) g(m:—|—1 (k+m)! (n(nm+1)>

=0
r € Ry, neEN,

',
= (k+r)
ie.
1 r—1 tJ
. —_— P— t — — 1
g(0;7) = i g(t,r) = | € 7 if ¢>0,
7=0

in polynomial weighted spaces were examined in [13].
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In [13] it was proved that if f € C,, p € Ny, then

1) ILa(firi) = 1Ol < M (£3Ci ™). mreN.

where

® alFiCpt)i= swp 18nf Ol b€ Ry
0<h<t

where Ay, f(x) := f(z + h) — f(x) for ,h € Ry and M; = const > 0.
In particular, if f € C;, p € Ny, then
My

9) ||Ln(f§7a5')_f(')||;n—77 n,r € N,
where My = const > 0. The above inequalities estimate the rate of uniform convergence of {L,(f;r;-)}
In [14] there were proved theorems on the degree of approximation of f € C, by operators A,, defined by
1 2, (n%z + 1)%k k+r
10 A, (f;r;a;x) = .
(10) (fir; ;) g((n%:Jrl)Q;r)’;J (k+r)! / n®(n%x + 1)

The degree of approximation is similar and in some cases better than for approximation by L,,.

Similar results in exponential weighted spaces can be found in [15], [17].

Thus the question arises, whether the operators introduced in [18] for function of two variables can be similarly
modified. In connection with this question we introduce the operators (15).
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1. Preliminaries

1.1.  For given p,q € Ny, we define the weighted function
(11) Wp,q(2, ) = wp(T)we(y), (z,y) € Rg := Ro X Ro,

and the weighted space C,, , of all real-valued functions f continuous on R% for which wy, , f is uniformly continuous
and bounded on R3. The norm on C),, is defined by the formula

(12) 1 £llp.g = NF ) llpg = sup wpq(z,y) [f(z,9)]-

(v,y)ERY
The modulus of continuity of f € C), , we define as usual by the formula

(13) w(f,Cpgitys) == sup 1ARsfC Mg t,5 20,
0<h<t,0<5<s

where Ay 5 f(x,y) == f(x+h,y+0)— f(z,y) and (z+h,y+6) € R§. Moreover let C}  be the set of all functions
f € Cp,q which first partial derivatives belong also to Cp 4.
From (13) it follows that

(14) liercu(f7 Cpqitys) =0

t,s—0

for every f € Cpq, p,q € No.
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1.2.  In this paper we introduce the following class of operators in Cj, ;.

Definition 1. Fix r,s € N := {1,2,---} and o > 0. Define a class of operators A,, ,,(f;r, s, a) by the formula

1
Apn(fir, 8,052,y) = A n(fi2,9) =
, (f r, S, x y) ) (f X y) g((mo‘x—i-1)2;r)g((nay—|—l)2;s)

2 X (m®x + 1) (ny 4+ 1)%k j+r k+s
ZZ G+rt  (k+s) f(m“(maerl)’n“(n“erl))

(15)

for (z,y) € R%, m,n € N.

The methods used to prove the Lemmas and the Theorems are similar to those used in construction of modified
Szasz-Mirakyan operators [16], [18].

From (15), (10), (6) we deduce that A,, ,(f;r,s) are well defined in every space C,, 4, p, g € No. Moreover for
fixed r,s € N and a > 0 we have

(16) Amn(lyr s,052,y) =1 for (z,y) € R3, m,n € N,
and if f € Cp 4 and f(z,y) = f1(z)f2(y) for all (z,y) € R3, then
(17) Amn(fir, s, 052,y) = Am(fi; 7, 052) An(f2; 8, 5 y)

for all (z,y) € R%Z and m,n € N.
In this paper by My (51, 32) we shall denote suitable positive constants depending only on indicated parameters

61752~
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2. Lemmas and theorems

2.1.  In this section we shall give some properties of the above operators, which we shall apply to the proofs of
the main theorems.
From (10) and (6) we get for x € Rgp and n € N
An(lir o) = 1,
(18) 1 1

Ap(t —m3m 052) = —
= s aso) ne i n®(nx + 1)(r — 1)!g((n%z + 1)2;r)

2 Lo + (n%z + 1)2 — 2n%z(n%z + 1)
n2e  n2e(nez +1)2(r — Dlg((nox + 1)%;r)

(19) An((t—2)% 7, 052) =

In the paper [14] was proved the following lemma for A, (f;r, a) defined by (10).

Lemma 1. For every fized p € No, 7 € N and o > 0 there exist positive constants M; = M;(p,r), i = 3,4,
such that for all x € Ry, n € N

(20) wp(2) An (1/wp(t);m,052) < My,
21 A 2 ; <M
(21) wp(z) Ar ((t—x) /wp(t),r,a,;v) < 2

Applying Lemma 1 we shall prove the main lemma on A,, , defined by (15).

Lemma 2. Fiz p,q € Ny, r,s € N and « > 0. Then there exists a positive constant M5 = Ms(p,q,,s) such
that

(22) |Am.n (L/wpq(t, 2);r, 8,05 < Ms  for m,n e N.

p,q —
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Moreover for every f € Cp 4 we have

(23) |Amn (fir, 8,055, , < Ms || fll,, for mnéeN, rseN.

b,q

The formulas (15), (5) and the inequality (23) show that A, ,, m,n € N, defined by (15) are linear positive
operators from the space C, 4 into Cp 4.

Proof. The inequality (22) follows immediately from (11), (17) and (20).
From (15) and (12) we get for f € Cp, , and r,s € N

[Am,n(fim 8, )0 S I fllpg 1Amn(L/wpgirs s, ., man €N,
P.q P.q P.q

which by (22) implies (23). This completes the proof of Lemma 2. O

2.2.  Now we shall give two theorems on the degree of approximation of functions by A, ..

Theorem 1. Suppose that f € C;,q with fixed p,q € No. Then there exists a positive constant Mg =
Mg (p, q,r,s) such that for allm,n € N andr,s € N
na |-

1 1
(24) 435,050 = £ < M ol el + 1y

Proof. Let (z,y) € R2 be a fixed point. Then for f € C;’q we have

f(t,2) = flay) = / £y 2)du + / i@ o)dy,  (t2) € B2,
z y
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From this and by (16) we get

Aoy (s 275, @52, ) — F(3) = A ( / t f;<u,z>du;r,s,a;x,y)
(25) .

+ Ao (/ f;(xm)dv;r,s,a;x,y) .
y

By (2), (11), (12) we have

< |fzllp.q

[ < Wt (i + i )l
N = zllp, - Zj,
v Wpg(t, 2) P\ wpg(t,2)  wpg(z,2)

which by (2), (10) (11), (15) and (16)—(18) implies that

/mt fl(u, 2)du

it t
wP»Q(xvy) ‘Am,n (/ fL(U,Z)dU;h&a;%y)' < wp,q(mvy)Am,n ( / f;(uvz)du

QT,S,Q§$ay>

It — ol
< 1l . <x,y>{A | (;r,w;x,y
eipa P o 'U)p)q(]f,Z)

|t — |

Wp,q(T, 2)

< 12l 0a)4n (rgision)
. {wp(ac)Am (M;r,a;m> + A, (|t — 33|;r;33)} .

wy(t)

+ Apon ( ;r,s,a;x,y)}
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Applying the Holder inequality and (18)—(21), we get

SIS

A (|t = 2|7, 05 7)

IA

{Am((t — )% 7, 052) A (157, 05.) }
M’?(pv’r)

m(l

IN

IA

for z € Ry and m € N. This implies that

t
My(p, g, 1, s
vaQ(x7y) ’Am,n </ f&(U,Z)dU;T,S,,CX;,I,y)‘ S %H.}%

Analogously we obtain

z M
) \Am ( / f;<x,v>dv;r,s,a;m,y)] < Muolpa,rs)) o0
Yy

na

lp.gy m € N.

gy MEN.

Combining these estimations, we derive from (25)

1 1
g (.9) A (F57,53,3) = £ ) < M { g + Uil |

for all m,n € N, where My, = Mi1(p, q,r,s) = const > 0. This ends the proof of (24). O
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Theorem 2. Suppose that f € Cp 4, p,q € No. Then there ezists a positive constant Mq1 = Ma1(p, g, 7, s) such
that

(26) HAm,n(f;T,S,Oé;',') _f('?')||p7q S]\411(") <f7CP»q;1 ! )

me’ no
for allm,n € N, r,s € N and o > 0.

Proof. We apply the Steklov function f5, s for f € C, 4

(27) fus(o,w)i= 7 [ du [ @t uy+ oo, (oy) € By o0
0 0

From (27) it follows that
h 4
Froa) = f@) = 75 [ du [ Auuse
1 4
(o) = 75 | (Bnof@s) = Boufe.)do,

1 h
(@) = 35 [ Ausf@) = Suofe)du

This implies that fp s € C’;Q for f € Cp, 4 and h,é > 0. Moreover

(28) Ifns = fll,, < w(f,Crgih,d),
(29) H(fh,é);Hpvq < 2h_1w (f7 Cp,q;haé) )
(30) Uyl < 267'6(f,Craihi6),
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for all h,d > 0. Observe that
Wp,q(T,Y) |[Amn(f; 7,8, 052,9) — f(2,9)]
< wpg(@, y) {|Amn (f(t, 2) fns(t, 2); 7, 8, 052, 9)|
+ |Aman (frs(t, 2)ir, s, 052,9) — fro(@, )l
+ |fro(@y) — flzy)l} =T + T2+ T5.
) we obtain

By (12), (23) and (28
T < | Amn(f = frsim s, ), 0 < Ms 1f = fusll, o < Msw(f, Cpg; b, 0),

T3 <w(f,Cp,q; h,0) -
Applying Theorem 1 and (29) and (30), we get
..}
v p,q
1 1 1 1
2Mew(f, Cp.q; ,5){h s — 44§ }

1 /
T < Mo { oz (ol +
na

IA

(fn,5)

IN

From the above we deduce that there exists a positive constant M3 = Mis(p, q,r, s) such that
(31) HAm,n(f;r, S,Oé;-7') _f('7'>||p,q
1 1 a1
< MlBW(fa P,q5 5){1+h 1m+5 lna},

for m,n € N and h,d > 0. Now, for m,n € N setting h = — and § = = to (31), we obtain (26). O

mo‘

From Theorem 2 and the property (14) it follows that
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Corollary. Let f € Cp, 4, p,q € No. Then forr,s € N and o > 0 we have
(32) m ||Apn(firs,05) = f( ), , =0

m,n— oo

3. Preliminaries

3.1.  Let as in [15], for a fixed p,q >0,

(33) vop(x) 1= exp (—2px), x € Ry,
and

(34) vap20(®9) = Up(@g(y),  (,0) € BB,

Denote by Cs,, 2, the set of all real-valued functions f continuous on RZ for which vgy, o4 f is uniformly continuous
and bounded on RZ The norm on Cyy, o, is defined by

(35) | fll2p,2q = [1f (5°) ll2p,2g :=  sup  vap2q(=, ) |f (=, 9)|-
(z,y)€RZ

The modulus of continuity of function f € Cyj, 24 we define as in section 1.1. by formula

w(fa CQp,Qq;taZ) = sup ||Ah,5f('7')||2p,QQ7 t,Z 2 07
0<h<t,0<6<z

and we have
(36) lim+w(f, Copagit,z) =0 for f € Cop 2q-

t,z—0

Analogously as in section 1.1, for fixed p, ¢ > 0, we denote by Czlp’Qq the set of all functions f € Cyp, o, Which first
partial derivatives belong also to Csp 24.

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



3.2.  Similarly as in Section II we introduce
Definition 2. Fix r,s € N and a > 0. For functions f € Cyp 24, p,q > 0, we define the operators

1
g((mox +1)%7) g ((ney + 1)%;s)

Brn(fsp,q,7, 8, 0;2,y)=Bp o (fi2,y):=
BT = =

szx—l—lzj(n y—l—l)%f jtT k+s )
== (+m)! (k + s)! me(mex + 1) + 2p’ ne(ney + 1) + 2q

for (z,y) € RZ, m,n € N.

In [15] there were examined the operators
Bu(f;z) = Bul(fiqr CH?)
(38) - i nx—i—l% kE+r
o g((no‘x—l—l (k+r)! n*(n%x + 1) + 2¢

=0

for functions f of one variable, belonging to exponential weighted spaces.
In this paper we shall give similar results for operators B, ,»(f).

4. Lemmas and theorems

4.1.  In this section we shall give some properties of the above operators, which we shall apply to the proofs
of the main theorems. From (37) and (6) we deduce that B,, ,,(f) is well-defined in every space Cap 24, P,q >
0,r,s € N. In particular

(39) Bun(Liz,y)=1,  (z,y) €R;, mneN,
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and if f € Coypoq and f(z,y) = fi(z)f2(y) for all (z,y) € RZ, then

(40) B (f30:0, 758,052, y) = B (f1;0,7, 05 2) Bu(f23 ¢, 5, 05 y)
for all (x,y) € R2 and m,n € N. Moreover from (38) and (6) we get

(41) B,(l;q,r;z) =1 x € Ry, neN.

In the paper [15] the following two lemmas for B,,(f;q, ;) defined by (38) were proved.

Lemma 3. Let q,a >0, r € N be fixed numbers. Then for alln € N and © € Ry, we have

(n%x 4+ 1)2
BTL t— 5 q,T, O = —
(t-=igr ) n®(nex + 1) 4+ 2¢ T
s 1
(n(nz +1) + 2q)(r — Dlg((nz + 1)2;7)’
[ 12 2 a 1 2
B, (t—2)%qraz)= ( a(Zer ) x> +( . Zer )
n®(n%x + 1) + 2¢q n®(n%x + 1) + 2¢q

r+ (n%z + 1)% — 22(n*(n%z + 1) + 2q)
(ne(nox + 1) + 2¢)2(r — )!g((n®x + 1)2;7)’
g ((nax -+ 1)262‘1/(na (nar+1)+2q); 7")
g((nox + 1)%;r)

2qt, . _ 2qr/(n% (n%x+1)+2
Bn(eq,q,r,a,z)f e2ar/(n®( )+24)
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2
(n%z +1)?2 a(ne
B, ((t — x)2%e?%; q,r,a;x) = l(n“(nax D QqGQQ/(n (n®z+1)+2q) _ .

B, (e%;q,7, 0;2)

2
n n% + 1 o2a/(n® (n®a-+1)+2)
n®(n% + 1) + 2q

o (1% + 12629/ D20 050007 £ 1) £ 26) 0 e (nastybz0
e .
(n®(nez 4+ 1) +2¢)?(r — D!lg((n®z 4+ 1)2;7)

Lemma 4. For every fized g, > 0 and r € N there exist positive constants M; = M;(p,r), i = 14,15, such
that for all x € Ry, n € N

’U2q($) Bn (1/U2q(t)7 q,T, Q] J,‘) < M147

M
UQq(‘T) B, ((t - $)2/U2q(t); q,7,a; 1') < TLQf .

Applying (33) — (35) and (39) — (41) and Lemma 4 and arguing as in the proof of Lemma 2, we can prove the
basic property of By, »(f)-

Lemma 5. For fized p,q,cc > 0 and r,s € N there exists a positive constant Myg = Mis(p, q,r, s) such that
(42) ||Bm,n (1/U2p,2q(t7z);paquvsva;'7')||2p72q S M16 fO’F m,n S N.
Moreover for every f € Cap2q we have

(43) HBm,n (f7p7 q,T5 85 ')||2p,2q S Mlﬁ ||f||2p’2q fO’I” m,n € N7 r,Ss e N.

The formula (37) and the inequality (43) show that B, ,,, m,n € N, are linear positive operators from the space
Cngq mnto 02p72q-

4.2.  Applying Lemma 3—Lemma 5 and (33)—(35) and (39)—(41) and reasoning as in the proof of Theorem 1,
we can prove the following
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Theorem 3. Suppose that f € C'legq with given p,q > 0 and r,s € N. Then there exists a positive constant
M7 = My7(p, q,7,8) such that for all m,n € N and o > 0

1 1
‘|Bm,n(f;p7qu,s»a; %y ) - f(v -)”2;0,211 S M17 {W”f:i’“QP’Qq + ﬁ”fgl;HQPaQq } .

Theorem 4. Suppose that f € Copag, p,q, 0 > 0, 7,5 € N. Then there exists a positive constant Mg =
Mis(p,q,r,s) such that

1 1
(44) ||Bm,n(f;p7QaTas;'a')7f('5')H2p_’2q SMlsw <f702p,2q; > )

me’ no

for allm,n € N.

Proof. Similarly as in the proof of Theorem 2 we shall apply the Steklov function f3 s for f € Cyp 24, defined
by (27). Analogously as in (28)—(30) we get

(45) ||fh,5 - f||2p’2q < w (fa C2p,2q§ h, 5) )

(46) [(Fs)allapog < 27 'w (F, Copgs hi6),

(47) H(fh,a);, < 207w (f, Cap,2q3 b, 8)
2p,2q

for all h,é > 0, which show that fj s € Czlpgq if f € Cyp0q and h,d > 0.
Now, for B,, , , we can write

2p,24(Z,Y) | Bmn (f30, 4,7, 8, 05, y) — f(z,y)]
< v2p,2¢(®, Y) {|Bm,n (f(t, 2) = frs(t, 2)ip, g, 7, 8, 5 2, 9
+ |Bmn (fr,s(t, 2);p, 4,7, 8,052, y) — frs(z,y)l
+frs(x,y) = f(z,y)|} =T + Ta + T5.
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By (35), (43) and (45), we get

Tl S ||Bm,n (f - fh,§;p7 q,T,S,045, ')H2p,2q
< Mg |f = frsllypoq < Miaw (f, Copaqs b, 6),
T3 <w (fa CQp,Qq§ hvé) .

Applying Theorem 3 and (46) and (47), we get

(fn.6),,

1 1
Ty < Mir { o o)y, + e

2p’2q}

1 1
< 2Myw (f, Cap 245 b, 6) {hlma + 51} .

na
From the above we deduce that there exists apositive constant Mi9=Mig(p, q,7,s) such that

||Bm,n(f;p,q’7" S, Q5 -, ) — f(’ ')H2p,2q

48 1 1
( ) <Mlgw(fvc2p,2q;ha5){]—+h_1+§_1}7
m n
for myn € N and h,§ > 0. Now, for m,n € N setting h = mi and § = n% to (48), we obtain (44). O

Theorem 4 and (36) imply

Corollary. Let f € Copoq, p,q, >0, 7,5 € N. Then

im ||Bpn(fipigr,s,05050) — f(, )Hp a = =
- .

m,n—
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Remark. Theorems and Corollaries in our paper show that A,,, and B,,,, m,n € N, give for a > 1/2
a better degree of approximation of functions belonging to weighted spaces of functions of two variables than
classical Szasz-Mirakyan operator Sy, ., examined for continuous and bounded functions in [11].

1. Becker M., Global approzimation theorems for Szasz-Mirakyan and Baskakov operators in polynomial weight spaces, Indiana
Univ. Math. J., 27(1) (1978), 127-142.
2. Becker M., Kucharski D. and Nessel R. J., Global approximation theorems for the Szasz-Mirakjan operators in exponential
weight spaces, In: Linear Spaces and Approximation. Proc. Conf. Oberwolfach, 1977, Birkhauser Verlag, Basel ISNM 40 (1978),
319-333.
. De Vore R. A. and Lorentz G. G., Constructive Approzimation, Springer-Verlag, Berlin 1993.
. Finta Z., On approzimation by modified Kantorovich polynomials, Mathematica Balcanica (New Ser.) 13 (3—4) (1999), 205-211.
. Gupta P. and Gupta V., Rate of convergence on Baskakov-Szasz type operators, Fasc. Math., 31 (2001), 37-44.
. Gupta V. and Pant R. P., Rate of convergence of the modified Szasz-Mirakyan operators on functions of bounded variation, J.
Math. Anal. Appl. 233(2) (1999), 476-483.
. Gupta V., Vasishtha V. and Gupta M. K., Rate of convergence of the Szasz-Kantorovitch-Bezier operators for bounded variation
functions, Publ. Inst. Math. (Beograd) (N.S.) 72(86) (2002), 137-143.
8. Herzog M., Approzimation theorems for modified Szasz-Mirakjan operators in polynomial weight spaces, Matematiche(Catania)
54(1) (1999), 77-90.
9. Lesniewicz M. and Rempulska L., Approzimation by some operators of the Szasz-Mirakjan type in exponential weight spaces,
Glas. Math. 32 (1997), 57-69.
10. Lehnhoff H. G., On a Modified Szasz-Mirakjan Operator, J. Approx. Th. 42 (1984), 278-282.
11. Totik V., Uniform approzimation by Szasz-Mirakyan type operators, Acta Math. Hung., 41(3-4) (1983), 291-307.
12. Walczak Z., Approzimation by some linear positive operators in polynomial weighted spaces, Publ. Math. Debrecen. 64(3-4)
(2004), 353-367.

13. Walczak Z., On certain positive operators in weighted polynomial spaces, Acta Math. Hungar. 101(3) (2003), 179-191.

14. Walczak Z., On some linear positive operators in polynomial weighted spases, Analele Stiintifice Ale Universitatii Al. I. Cuza din
Tasi. 49(2) (2003) 289-300.

15. Walczak Z., On some linear positive operators in exponential weighted spaces, Math. Commun., 8(1) (2003), 77-84.

o Ok W

~

eoFirst ePrev eNext elast eGo Back eFull Screen eClose eQuit



16.

17.
18.

19.

20.

Walczak Z., Approzimation properties of certain modified Szasz-Mirakyan operators of functions of two variables, Fasc. Math.
34 (2004), 129-140.

Walczak Z., On certain linear positive operators in exponential weighted spaces, Math. J. Toyama Univ. 25 (2002), 109-118.
Walczak Z., Approzimation properties of certain linear positive operators of functions of two variables, Acta Comment. Univ.
Tartu. Math., 6 (2002), 17-27.

Wood B., Uniform approzimation with positive linear operators generated by binomial expansions, J. Approx. Th. 56 (1989),
48-58.

Xiehua S., On the convergence of the modified Szasz-Mirakjan operator, Approx. Theory and its Appl. 10(1) (1994), 20-25.

Z. Walczak, Institute of Mathematics Poznan University of Technology, Piotrowo 3A, 60-965 Poznan, Poland,

e-mail: zwalczak@math.put.poznan.pl

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



