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Abstract. Let f be an arithmetical function. The matrix [f(1,5)]nxn
given by the value of f in greatest common divisor of (1,j), f((i,j)) as
its i, j entry is called the greatest common divisor (GCD) matrix. We
consider the Hadamard product of this matrices and we calculate the
Hadamard product and the determinant of Hadamard product of two
GCD matrices.

1 Introduction

The classical Smith determinant introduced by H. J. Smith [6] is

>) 1>2) ' (1,1’1)
detl(i,lnn = | BV @2 R oay 02) o), (1)
(n,1) (n,2) --- (m,n)

where (i,j) is the greatest common divisor of i and j, and @(n) is Euler’s

totient function.
The GCD matrix with respect to f is

f((r,n) f(1,2)) - f((1,n)
e = | )T B
f((n, 1) f((n,2)) - f((n,n))
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If we consider the GCD matrix [f(i,j)]lnxn where

fln) =Y o(d),

dn
H. J. Smith proved that
det[f(1,))lnxn = 9g(1) - g(2) --- g(n).

Forg=o¢
fL,j)= D eold) =)
)

dl(i,j

this formula reduces to (1).
If we consider the GCD matrix [f(1,j)]nxn where f(n) = Zdln g(d) Pdlya and
Szegd [5] proved that

[f(i)j)]nxn =G- CT> (2)

where G and A are lower triangular matrices given by

o, -
gﬁ:{géﬂ j

otherwise
and
e — 1, jli
Y71 0, otherwise
L. Carlitz [2] in 1960 gave a new form of (2)

[f(1,5)Inxn = C diag(g(1), 9(2),...,9(n)) C', (3)
where C = [cijlnxn,
L AR
ST, i i

D = [dijlnxn diagonal matrix

4. f o), ha i=]
BT 0, ha i#j

From (3) follows that the value of the determinant is

det[f(i,j)lnxn = g(1)g(2) - - - g(n). (4)

Here we present some examples which are relevant in our study.
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Example 1 If

the Pillai function then

fn) = ¥ B(n) =nt(n),

dn

where T(n) the number of divisors. The GCD matriz and determinant in this
case have the following form:

[(1,3)7(1,3)Inxn = C diag(B(1), B(2),...,B(n)) CT, (5)
det[(1,3) (i, )nxn = B1)B(2) - B(n). (6)
@(n)

Example 2 If g(n) = i then

=y 24P

n
dn

B(i,j) o (e(l) e(2) oMm)\ .t
[(i)j)}nxn—Cdmg< T T2 >C, (7)
dot [W’_”] _ @(1)@(2)“'@(n)_
(4L,7) n!

For other contributions, we mention the papers of S. Beslin and S. Ligh [1],
P. Haukkanen, J. Wang and J. Sillanpéa [3].
We introduce the concept of Hadamard product (see F. Zhang [7]).

Definition 1 The Hadamard product C = A o B = [Cijlnxn of two matrices
A = [aijlnxn and B = [bijlnxn is simply their elementwise product,

¢y = ayby, 1,j€{1,2,...,b}

A. Ocal [4] establishes various results concerning GCD matrices and least
common multiple (LCM) matrices. In examples 1 and 2 appears Hadamard
products of special GCD matrices:

det |[T(i,3)lnxn o [(1,3)lnxn =B(1R(2)--- B(n),

nxmn
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det [[B (i, )lnen 0 [(1 e(e2) e,

i,j)]nxn}nxn_ n!

Let f and g be two arithmetical functions. In this paper we calculate the
Hadamard product and the determinant of Hadamard product of [f(1,j)]nxn

and [g(1,))]Inxn.

2 Main results

Theorem 1 Let h and g be two arithmetical functions and g totally multi-

plicative. If
fn) = Y h(dg (), (8)

dn

then
1.

1 ) h
g(i,j)Lm]nm‘ C diag <gm’ 92)"" " gln)

[EF(3, 3 Jmen @ [

where C = [Cijlnxn,

SN EIE
Ci"‘{o, if ip
2.
~ ! AR i
R o S 4 B

3. Exists H(n) and G(n) arithmetical functions such that

det [t nene [ =] ] = G

9(i,j) ~ det[G(i, )]

Proof. Let

. . 1
A= [Clij]nxﬂ = [[f(ly))]nxn o [g(l,))} nxn]nxn'

By the definition of Hadamard product we have

f(i,7)
g(i,j)

ay =
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If we calculate

. h(1
B = [bij]nxn = C diag (9(])

we have h(k)
K ki

But taking in consideration that g is totally multiplicative and by (8) we can
deduce that

(i)
h(k) h(k)9< T ) 1 <(i,j))
by = — = = h(k)g =
) k%i) olk) 55 a(kyg (B) (L)) k%',i) .
_ o fus)
g(i,j) 7

which means that A = B.
If we calculate the determinant of both parts we have (9).

Let
H(n)=> h(d)
dn
and
Gin) =Y old).
dn

By (4) we have
det[H(1,j)lnxn = h(T)R(2) - - - h(n)

and
det[G(i’j)]nxn = 9(])9(2) T g(n)-

which means that

dot 10 ene [ ] ] = S
9(1,3) | nym i nxn

Example 3 If g(n) =n then



and
f(1,3) B . . 1 B
[ N an =[5, en [MLXJW _
= C diag (h(11 ) , h(ZZ)’ , h:”) c’
f(i,5) B .. 1 _ h(1)h(2)---h(n)
det [ ) }nxn = det [[f(l,])]nxno [(1,))] nxn}nxn = oy

1
Example 4 If g(n) = o then

f(n) = Zh(d)%

dn
and
[£(,3)(13)lpn = C diag (R(1)1,R(2)2,... h{n)n) CT,
et [F(1,3) (6, ) = det [[F(5, i nxn @ [(6i)]uen | =h(1)---h{n)nt

If we want to apply this theorem to given f and g, by Mobius inversion formula
we have

h(n) = uldg(ar (%)

dn

where pu(n) is the usual Mobius function and we can formulate the following
result.

Theorem 2 Let f and g be two arithmetical functions and g totally multi-

plicative. We have

6 e || ] =

() Zanwldo(df(3)\
Cdzag( D e c’,

£(i,5)
(53 e

and

1 ] | () ZanHde(df (F)

det | [f(i,j)lnxn o |:9(i)j) g(1) g(n)
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Example 5 If f power free multiplicative arithmetical function (f(p*) = f(p))

n
det [f(1,3)(1,3)] ., = | [ @(R)F(K),
k=1

in particular if f(n) =y(n) the greatest square free divisor of n

n
det [Y((1,5))(1,3)] en = [ [ () (K).

—1

Example 6 For a power GCD matriz and determinant we have

[(i)j]s]nxn = C dzag(]s(] )) ]S(z)> sty ]S(n)) CT)

det[(1,7) Tnxn = Js(1)]s(2) - - - Js(n).

where Js(n) the jordan totient function.
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