
Acta Univ. Sapientiae, Mathematica, 10, 1 (2018) 46–55

DOI: 10.2478/ausm-2018-0004

On a quadratic type functional equation on

locally compact abelian groups

Hajira Dimou
Department of Mathematics,

Faculty of Sciences,
Ibn Tofail University, Morocco

email: dimouhajira@gmail.com

Youssef Aribou
Department of Mathematics,

Faculty of Sciences,
Ibn Tofail University, Morocco

email: aribouyoussef3@gmail.com

Abdellatif Chahbi
Department of Mathematics,

Faculty of Sciences,
Ibn Tofail University, Morocco

email: ab 1980@live.fr

Samir Kabbaj
Department of Mathematics,

Faculty of Sciences,
Ibn Tofail University, Morocco
email: samkabbaj@yahoo.fr

Abstract. Let (G,+) be a locally compact abelian Hausdorff group,
K is a finite automorphism group of G, κ = cardK and let µ be a
regular compactly supported complex-valued Borel measure on G such
that µ(G) = 1

κ
. We find the continuous solutions f, g : G → C of the

functional equation∑
k∈K

∑
λ∈K

∫
G

f(x+ k · y+ λ · s)dµ(s) = g(y) + κf(x), x, y ∈ G,

in terms of k-additive mappings. This equations provides a common gen-
eralization of many functional equations (quadratic, Jensen’s, Cauchy
equations).
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1 Introduction

Throughout this paper, Let (G,+) be a locally compact abelian Hausdroff
group, K be a finite automorphism group of G, κ := cardK, µ be a regular
compactly supported complex-valued Borel measure on G such that µ(G) =∫
G dµ(t) =

1
κ ,MC(G) be the space of all regular compactly supported complexe-

valued Borel measures on G. By C(G) we mean the algebra of all continuous
functions from G into C. All terminology in this paper concerning harmonic
analysis according to the monograph in [4].
The following generalization of Cauchy and quadratic functional equation is

N−1∑
n=0

f(x+wny) = Nf(x) + g(y) , x, y ∈ C, (1)

where N ∈ {2, 3, ...} and w is a primitive Nth root of unity, f, g : C → C are
continuous, was solved by Stetkær [7].  Lukasik [6] derived an explicit formula
solutions of the following functional equation∑

k∈K
f(x+ k · y) = κf(x) + h(y) , x, y ∈ G, (2)

where κ := cardK. such that g(y) − g(0) = h(y).
The purpose of this paper is to derive an explicit solutions of the following
integral-functional equation∑

k∈K

∑
λ∈K

∫
G

f(x+ k · y+ λ · s)dµ(s) = g(y) + κf(x) , x, y ∈ G. (3)

This equation is a generalization of (1) and (2). In fact, Eq. (2) results from
(3) by taking µ = 1

κδa, where δa denotes the Dirac measure concentrated at
a. Furthermore, using our main result Theorem 2, we find the solutions of the
following functional equations:

A/

f(x+ y+ a) + f(x+ σ(y) + a) = 2f(x) + g(y) , x, y ∈ G,

when we take µ = 1
2δa,K = {I, σ} where σ is an automorphism of the abelian

group G such that σ2 = idG, f, g : G→ C where investigated by Stetkaer [7].
B/

n∑
k=1

f(x+ y+ ak) = nf(x) + ng(y) , x, y ∈ G,
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when we take µ =
∑n
k=1 δak
n ,K = {I} and a1, . . . , an ∈ G.

C/
f(x+ y+ a) = f(x) + g(y) , x, y ∈ G

when we take µ = δa,K = {I}.

Furthermore, we find the continuous solutions of some functional equations by
using our main result.

2 Notations and preliminary results

In this section, we need to introduce some notions and notations which we will
need in the sequel.

A function A : G→ C is said to be additive provided if A(x+ y) = A(x) +
A(y) for all x, y ∈ G. In this case, it is easily seen that A(rx) = rA(x) for all
x ∈ G and all r ∈ Z.

Let k ∈ N and Ak : G
k → C be a function, then we say that Ak is k-additive

if it is additive in each variable. In addition, we say that A is symmetric if

A(xσ(1), xσ(2), . . . , xσ(k)) = A(x1, x2, . . . , xk)

whenever x1, x2, . . . , xk ∈ G and σ is a permutation of {1, 2, . . . , k}.
Let Ak : G

k → C be symmetric and k-additive and let Ak(x) = A(x, x, . . . , x)
for x ∈ G and note that Ak(rx) = r

kAk(x) whenever x ∈ G and r ∈ Z.
In this way a function Ak : G

k −→ C which satisfies for all r ∈ Z and x ∈ G,
Ak(rx) = rkAk will be called a Z-homogeneous form of degree k, (assuming
Ak 6= 0).

A function p : G → C is called a generalized polynomial of degree at most
N ∈ N if there exist a0 ∈ G and Z-homogeneous forms Ak : G → C (for
1 ≤ k ≤ N) of degree k, such that

p(x) = a0 +

N∑
k=1

Ak(x), x ∈ G.

The following theorem were proved by  Lukasik in [6].

Theorem 1 Let (G,+) be an abelian topological group. The functions f, h ∈
G→ C satisfy the functional equation (2) if and only if there exist symmetric
k−additive mappings Ak : G

k → C, k ∈ {1, ...., κ} and A0, B0 ∈ C such that

f(x) = A0 +A1(x) + . . .+Aκ(x, . . . , x), x ∈ G,
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h(x) = B0 +
∑
λ∈K

A1(λ · x) + . . .+
∑
λ∈K

Aκ(λ · x, . . . , λ · x), x ∈ G,

(
j

i

)∑
λ∈K

Aj(x, . . . x, λ · y, . . . , λ · y︸ ︷︷ ︸
i

) = 0, x, y ∈ G, 1 ≤ i ≤ j− 1, 2 ≤ j ≤ κ.

3 Main results

In this section, we describe the solutions of Eq.(3).

Theorem 2 Let (G,+) be a locally compact abelian Hausdorff group and let
µ ∈ MC(G) such that µ(G) = 1

κ . The functions f, g ∈ C(G) satisfy the func-
tional equation (3) if and only if there exist symmetric k−additive mappings
Ak ∈ C(G), k ∈ {1, ...., κ} such that

f(x) = f(0) + P(x) = f(0) +A1(x) + . . .+Aκ(x, . . . , x), x ∈ G,

g(x) = g(0) +
∑
λ∈K

A1(λ · x) + . . .+
∑
λ∈K

Ak(λ · x, . . . , λ · x), x ∈ G,

where

g(0) = κ
∑
λ∈K

∫
G

P(λ · s)dµ(s),

(
j

i

)∑
λ∈K

Aj(x, . . . x, λ · y, . . . , λ · y︸ ︷︷ ︸
i

) = 0, x, y ∈ G, 1 ≤ i ≤ j− 1, 2 ≤ j ≤ κ.

Proof. Assume that the functions f, g ∈ C(G) satisfy the functional equation
(3). It is easy to check that if we put y = 0 in (3), we get∑

k∈K

∑
λ∈K

∫
G

f(x+ λ · s)dµ(s) = g(0) + κf(x).

Therefore,

κ
∑
λ∈K

∫
G

f(x+ λ · s)dµ(s) = g(0) + κf(x), (4)

for all x ∈ G. Replacing x by x+ k · y in (4), we obtain∑
λ∈K

∫
G

f(x+ k · y+ λ · s)dµ(s) = 1

κ
g(0) + f(x+ k · y),
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from which we infer that∑
k∈K

∑
λ∈K

∫
G

f(x+ k · y+ λ · s)dµ(s) =
∑
k∈K

f(x+ k · y) + g(0). (5)

By using (3) and (5), we observe that∑
k∈K

f(x+ k · y) = g(y) + κf(x) − g(0). (6)

Putting g(y) − g(0) = h(y) in (6), we obtain∑
k∈K

f(x+ k · y) = κf(x) + h(y),

which means that the functions f, h ∈ C(G) satisfy the equation (2). According
to Theorem (1), there exist symmetric k−additive mappings Ak ∈ C(G), k ∈
{1, ...., κ} such that

f(x) = f(0) + P(x) = f(0) +A1(x) + . . .+Aκ(x, . . . , x), x ∈ G,

g(x) = g(0) +
∑
λ∈K

A1(λ · x) + . . .+
∑
λ∈K

Ak(λ · x, . . . , λ · x), x ∈ G,

We compute the left hand side of (3) to be∑
k∈K

∑
λ∈K

∫
G

f(x+ k · y+ λ · s)dµ(s)

= κf(0) +
∑
k∈K

∑
λ∈K

∫
G

P(x+ k · y+ λ · s)dµ(s)

= κf(0) + κP(x) + g(y)

= κf(0) + κP(x) + g(0) +
∑
λ∈K

P(λ · y).

In put x = y = 0, we get

κ
∑
λ∈K

∫
G

P(λ · s)dµ(s) = 2κP(0) + g(0)

Hence

g(0) = κ
∑
λ∈K

∫
G

P(λ · s)dµ(s)
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Conversely, assume that there exist symmetric k-additive mappings Ak ∈
C(G), k ∈ {1, ...., κ} such that

f(x) = f(0) + P(x) = f(0) +A1(x) + . . .+Aκ(x, . . . , x), x ∈ G,

where

P(x) =

κ∑
k=1

Ak(x),

g(x) = g(0) +
∑
λ∈K

A1(λ · x) + . . .+
∑
λ∈K

Ak(λ · x, . . . , λ · x), x ∈ G,

where

g(0) = κ
∑
λ∈K

∫
G

P(λ · s)dµ(s),

(
j

i

)∑
λ∈K

Aj(x, . . . x, λ · y, . . . , λ · y︸ ︷︷ ︸
i

) = 0, x, y ∈ G, 1 ≤ i ≤ j− 1, 2 ≤ j ≤ κ.

Then f, g ∈ C(G) and a small computation shows that∑
k∈K

P(x+ k · y) = κP(x) +
∑
k∈K

P(k · y), P(0) = 0. (7)

using (7) at the second equality (3) is given as follows

∑
k∈K

∑
λ∈K

∫
G

f(x+ k · y+ λ · s)dµ(s)

=
∑
k∈K

∫
G

∑
λ∈K

[
f(0) + P(x+ k · y+ λ · s)dµ(s)

]
= κf(0) +

∑
k∈K

P(x+ k · y) +
∑
k∈K

∑
λ∈K

∫
G

P(λ · s)dµ(s)

= κf(0) + κP(x) +
∑
k∈K

P(k · y) + κ
∑
λ∈K

∫
G

P(λ · s)dµ(s)

= κf(x) + g(y).

Hence, the functions f, g ∈ C(G) satisfy the functional equation (3). �
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4 Applications

Corollary 1 Let (G,+) be a locally compact abelian Hausdorff group. The
function f ∈ C(G) satisfies the functional equation∑

k∈K
f(x+ k · y) = κf(x)

if and only if there exist symmetric k−additive mappings Ak ∈ C(Gk), k ∈
{0, ...., κ− 1} such that

f(x) = f(0) +A1(x) + . . .+Aκ−1(x, . . . , x), x ∈ G.

(
j

i

)∑
λ∈K

Aj(x, . . . x, λ · y, . . . , λ · y︸ ︷︷ ︸
i

) = 0, x, y ∈ G, 1 ≤ i ≤ j, 2 ≤ j ≤ κ− 1.

Proof. By putting µ = δ0
κ and g = 0 in Theorem 2 and from [[6], Theorem 5]

we get the desired result. �

Corollary 2 Let (G,+) be a locally compact abelian Hausdorff group, and
choose an arbitrarily element a ∈ G. The functions f, g ∈ C(G) satisfy the
functional equation

f(x+ y+ a) = f(x) + g(y)

if and only if there exists a mapping A ∈ C(G), such that

f(x) = f(0) +A(x), x ∈ G

g(x) = g(0) +A(x), x ∈ G.

Proof. By similar the method, we put µ = δa, K = {I} in Theorem 2 and by
a simple calculation we get g(0) = P(a). Hence we get the desired result.

�

Corollary 3 Let (G,+) be a locally compact abelian Hausdorff group, and
choose an arbitrarily element a ∈ G. The functions f, g ∈ C(G) satisfy the
functional equation

f(x+ y+ a) + f(x+ σ(y) + a) = 2f(x) + g(y)
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if and only if there exists a symmetric bi-additive mapping Ak ∈ C(Gk), k ∈
{1, 2} such that

f(x) = f(0) +A1(x) +A2(x, x), x ∈ G

g(x) = g(0) +A1(x) +A1(σ(x)) +A2(x, x) +A2(σ(x), σ(x)), x ∈ G

A2(x, y) +A2(x, σ(y)) = 0, g(0) = 2P(a).

Proof. Using Theorem 2, by a simple calculation we get the desired result by
putting µ = δa

2 , K = {I, σ} .
�

Corollary 4 Let (G,+) be a locally compact abelian Hausdorff group, µ ∈
MC(G) and choose arbitrarily elements a1, . . . , an ∈ G.

The functions f, g ∈ C(G) satisfy the functional equation

n∑
k=1

f(x+ y+ ak) = nf(x) + ng(y)

if and only if there exists a symmetric additive mapping A ∈ C(G) such that

f(x) = f(0) +A(x), x ∈ G,

g(x) = g(0) +A(x), x ∈ G,

g(0) =
1

n

n∑
k=1

P(ak)

Proof. It easy to prove the result by tacking µ =
∑n
k=1 δak
n and K = {I} in

Theorem 2. �

Corollary 5 Let (G,+) be a locally compact abelian Hausdorff group, let µ ∈
MC(G) and choose arbitrarily element a ∈ G. The functions f, g ∈ C(G)
satisfy the functional equation∑

k∈K
f(x+ k · y+ a) = κf(x) + g(y).

if and only if there exists a symmetric k-additive mapping A ∈ C(G) such that

f(x) = f(0) +A1(x) + . . .+Aκ(x, . . . , x), x ∈ G,
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g(x) = g(0) +
∑
λ∈K

A1(λ · x) + . . .+
∑
λ∈K

Aκ(λ · x, . . . , λ · x), x ∈ G

g(0) = κP(a)(
j

i

)∑
λ∈K

Aj(x, . . . x, λ · y, . . . , λ · y︸ ︷︷ ︸
i

) = 0, x, y ∈ G, 1 ≤ i ≤ j, 2 ≤ j ≤ κ− 1.

Proof. By similar method, we get the result by putting µ = δa
κ in Theorem 2.

�

Corollary 6 Let (G,+) be a locally compact abelian Hausdorff group, and let
µ ∈MC(G). The functions f, g ∈ C(G) satisfy the functional equation∫

G

f(x+ y+ t)dµ(t) = f(x) + g(y)

if and only if there exists a symmetric additive mapping A : G → C A ∈
C(G) such that

f(x) = f(0) +A(x) , x ∈ G,

g(x) = g(0) +A(x) , x ∈ G,
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