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Abstract. The («, 3)-metrics are the most studied Finsler metrics in
Finsler geometry with Randers, Kropina and Matsumoto metrics being
the most explored metrics in modern Finsler geometry. The £-dual of
Randers, Kropina and Matsumoto space have been introduced in [3, 4, 5],
also in recent the £-dual of a Finsler space with special («, 3)-metric and
generalized Matsumoto spaces have been introduced in [16, 17] . In this
paper, we find the £-dual of a Finsler space with an exponential metric
oeP/* where « is Riemannian metric and f is a non-zero one form.

1 Introduction

The concept of L£-duality between Lagrange and Finsler spaces was introduced
by R. Miron [8] in 1987. Since then it has been studied intensively by many
Finsler geometers [3, 4, 5]. The £-duals of a Finsler spaces with some special
(o, B)-metrics have been obtained in [14, 15]. The concept of Finslerian and
Lagrangian structures were introduced in the papers [9, 13] and the theory
of higher order Lagrange and Hamilton spaces were discussed in [10, 11, 12].
Further, the geometry of higher order Finsler spaces have been studied in
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[1, 7, 11].

The importance of £L-duality is not limited to computing only the dual of some
Finsler fundamental functions but many other geometrical problems have been
solved by taking the £-duals of Finsler spaces. In fact, duality has been used to
solve the complex Zermelo nevigation problem of classifying Randers metrics
of constant flag curvature [2] and it has been also used to study the geometry
of a Cartan space [4]. In general, duality can be used to solve the geometrical
problems of (&, ) metrics. Here, we study the £-dual of the Finsler space
associated with the exponential metric xeP/®, where « is Riemannian metric
and 3 is a non-zero one form.

2 The Legendre transformation

A Finsler space F' = (M, F(x,y)) is said to have an («, 3)-metric if F is
a positively homogeneous function of degree one in two variables o« and f3,
where o? = a(y‘,y) = ayy'y, yiy‘%lx € TyM, « is Riemannian metric,
and B = bi(x)y' is a 1-form on TM = TM \ {0}. A Finsler space with the

fundamental function:

F(X»U) = OC(X»U) + B(X»U)

is called a Randers space [6].
A Finsler space having the fundamental function:

2
x”(x,y)
F(X’ ) =
YT By
is called a Kropina space and one with
o (%, y)

Fou) = Sy = B y)

is called a Matsumoto space.
A Finsler space with the fundamental function:

F(X»‘J) = (xeﬁ/‘x (1)
is called a Finsler space with exponential metric.

Definition 1 A Cartan space C™ is a pair (M,H) which consists of a real n-
dimensional C*-manifold M and a Hamiltonian function H: T*M \ {0} — R,
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where (T*M, ", M) is the cotangent bundle of M such that H(x,p) has the
following properties:
1. It is two homogeneous with respect to p; (i=1,2,...,n).

2. The tensor field g¥(x,p) = %agj&{aj is nondegenerate.

Let C™ = (M, K) be an n-dimensional Cartan space having the fundamen-
tal function K(x,p). We can also consider Cartan spaces having the metric
functions of the following forms

K(x,p) = y/al (x)pipj + b'(x)p;

aVpip;

b (x)pi

and we will again call these spaces Randers and Kropina spaces respectively
on the cotangent bundle T*M.

or

K(Xap) =

Definition 2 A reqular Lagrangian L(x,y) on a domain D C TM is a real
smooth function L : D — R and a regular Hamiltonian H(x,p) on a domain
D* C T*M is a real smooth function H: D* — R such that the matrices with
entries

Jab(X%,y) = éaabL(X»y) and

g*ab(x)p) = aaébH(x>p)

are everywhere nondegenerate on D and D* respectively.

Examples. (a) Every Finsler space F* = (M, F(x,y)) is a Lagrange manifold

with L = JF. )
(b) Every Cartan space C" = (M, F(x,p)) is a Hamilton manifold with
H=1F. (Here F is positively 1-homogeneous in p; and the tensor

gab 15 aébFZ is nondegenerate).

2
(c)_ %M, L) and (M, H) with

L(xy) = Jag(xly’y’ + bilx)y' + (o

and

1

H(x,p) = Edij (x)pip; + bi(x)pi +¢(x), where €=Db;b'—c,
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are Lagrange and Hamilton manifolds respectively (Here ajj(x),a’ are the
fundamental tensors of Riemannian manifold, b; are components of covector
field, b! are the components of a vector field, C and C are the smooth functions
on M).

Let L(x,y) be a regular Lagrangian on a domain D C TM and let H(x,p)
be a regular Hamiltonian on a domain D* C T*M. If L € F(D) is a differential
map, we can consider the fiber derivative of L, locally given by the diffeomor-
phism between the open set U C D and U* C D*

II)(X)U) = (Xi) 6a]—(x)y))a

which will be called the Legendre transformation.

It is easily seen that L is a regular Lagrangian if and only if 1V is a local
diffeomorphism.

In the same manner if H € F(D*) the fiber derivative is given locally by

(P(X»y) = (Xi> aaH(X)U)))

which is a local diffeomorphism if and only if H is regular.
Let us consider a regular Lagrangian L. Then 1 is a diffeomorphism between
the open sets U € D and U* € D*. We can define in this case the function:

H:U* = R, H(x,p) = pay® — L(x,y), (2)

where y = (y®) is the solution of the equations pq = dL(x,y).
Also, if H is a regular Hamiltonian on M, ¢ is a diffeomorphism between
same open sets U* C D* and U C D, we can consider the function

L:U— R, L(x,y) =pay® — H(x, p), (3)

where y = (pq) is the solution of the equations

y® = 0°H(x, p).

The Hamiltonian H(x,p) given by (2) is the Legendre transformation of the
Lagrangian L and the Lagrangian given by (3) is called the Legendre transfor-
mation of the Hamiltonian H.

If (M,K) is a Cartan space, then (M,H) is a Hamilton manifold [10, 13],
where H(x,p) = %Kz(x,p) is 2-homogenous on a domain of T*M. So we get
the following transformation of H on U:

L(x,y) = pay”® — H(x,p) = H(x, p). (4)
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Theorem 1 The scalar field L(x,y) given by (4) is a positively 2-homogeneous
regular Lagrangian on U.
Therefore, we get Finsler metric F of U, so that

12
L=-F.
2

Thus for the Cartan space (M,K) we always can locally associate a Finsler
space (M, F) which will be called the L-dual of a Cartan space (M, Cyy») vice
versa, we can associate, locally, a Cartan space to every Finsler space which
will be called the L -dual of a Finsler space (M, Fy).

3 The L-dual of a Finsler space with exponential

metric
In this case we put o = yiy!, b' = a¥b;, B = biyl, p* = bip;, P =
yiph, p' = a¥pj, a2 =pip' = aUpipj. we have F = aeP/* and

19 d
— - “pP_r F
PiT o5yt oyt
=F (“beﬁ/“ T chy>
Yi
. obi — 3
| Yighrx (xeﬁ/rx% (5)
0.6 0.6

. 2H. — Bus
~F (y;F T S By‘)
0% %
F? B
=—<(1T==]y; bi ¢ .
G
Contracting (5) with p* and b* respectively, we get
F2 ) )
o = 2 { (1 - i)yipl + Oébipl}
FZ
= — {(1 —‘3>F2+oc[3*}.
o o
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and

L {(-Epee)

In [18], for a Finsler («, 3)-metric F on a Manifold M, one constructs a positive
function ¢ = ¢(s) on (—bg;bo) with ¢(0) =1 and F = ad(s), s = & | where

x ?

o =+/ayyy and B = biyt with ||B|lx < bo, ¥x € M. The function ¢ satisfies
d(s) —sd'(s) + (b2 —s2)d" (s) > 0, (Is| < bo).
This mertic is a (, p)-metric with ¢ = e®.

Using Shen’s notation [18], put s = % and ¢(s) = g =e%in (6) and (7), we
get

FZ FZ
o202}
o o) o (8)
=Fe®*{(1 —s)Fe’ + B}
and
B*:Fes{(l —s)s—i—bz} (9)
Now, we have the following two theorems under two different cases:

Theorem 2 Let (M,F) be a special Finsler space, where F is given by the
equation (1). If b? = a-ljbibj =1, then the L-dual of (M,F) is the space on
T*M having the fundamental function H(x,p) given by the equations (16).

Proof. From the equation (9), we get
[3*

S [ P (10
and substituting F from the equation (10) in (8), we get
2 B* B B*
S (g Pory UL g s vy s R
(11)

which implies that
(T+s—s)?—58(2—-s%)=0
or st =283 4 (—148)s?+2s+1—-25=0, (12)
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where
*2
6 - [372.
a*
Using Mathematica for solving the above equation (12), we get
s=00=xvi)/2, i=1,2 (13)
where
my = (1-13)/3,
m, = 25 — 265 + &7,
ms = 125 — 1958 + 6982 + &°,
My = 51/25 — 485 + 2182 + 283,
1/3
ms :m3+3\@m4 / y
mg = 12
6 — 3TTL5’
m
my; = \/2—6—m1 +m7+?5,
86
mg=4/3—06+m —ms+mg+ —,
my
Y1 =my + mg,
and vy; = my —mg.
From (10) and (13), we get
B*
F= . (14)
e(H:%)/Z{] . 1 iZYi B (1 izYi)z}

As we know that H(x,p) = 1F? | therefore, by using the equation (14), we get

[5*2

H(x,p) = 20
e(1iyi){] + ! i _ (1 iYi)Z}

2 2

(15)



174 R. S. Kushwaha, G. Shanker

putting p* = bjpj7 in equation (15), we get

jamy.)2
H(x,p) = (bp;) : (16)
P Tty 1Ly 2
(1£y4) LI 12
e {1 + 3 ( 3 ) }
O

Theorem 3 Let (M, F) be a special Finsler space, where F is given by the
equation (1). If b2 = a-ljbibj % 1, then the L-dual of (M,F) is the space on
T*M having the fundamental function H(x,p) given by the equations (23).

Proof. From (9), we get

_ B
F= es{(1 —s)s + b2}’ (17)

Substituting F from the equation (17) in (8), we get

B*
{(1 —s)s +b?}

ot = S [(T—s)

{(1 —s)s + b} + Bl

which implies that

(b2 +5s—52)? —5(1 +b>—s%) =0
or s*—2s> 4 (1 —2b% 4 6)s® +2b%s 4+ b* — (1 +b?)5 = 0, (19)

where

*2
6_ B

- ok2”

Using Mathematica for solving the above equation (19), we get

s=(1£7)/2, i=1.2 (20)
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where

n = (1—2b%+15)/3,
ny =1—106 + & + 8(1 — 25)b? + 16b*,
n3 = 2(1 — 156 4 396% 4 &%) + (24 — 1686 + 606%)b?
+ (96 — 1928)b? + 128b°,
Ny = 4326%(—1 475 4 6%) +432(1 — 195 + 6% + 5%)6%b?
+432(8 — 285 — §%)5°b* + 69128%b°,
ns = 8(1 — 2b% — 3ny),
213n,
3(n3 +yng)’
nzy = \/m»

ng:1+2b2—5—n7,

Nng =ng +

ns
ng = ——

41’17’
Yi=n7+vng—mno

and ¥, =ny —+/ng — No.
From (17) and (20), we get

[5*
F= — — . (21)
2702 [y, L 1EV  (T£Vi),
2 2
As we know that H(x,p) = 3F2 | therefore by using (21), we get
B*Z
H(X)p) = 29 (22)
_ 1+7, 1+7,
(ESAVE i i)2
e { + > ( > ) }
putting p* = bjp]-7 in equation (22), we get
bip;)?
Hx,p) = ](;) e (23)
0£v1)1 i iy2
e { + > ( > ) }
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