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Abstract. In this paper, the concept of fractional g- calculus and gener-
alized Al-Oboudi differential operator defining certain classes of analytic
functions in the open disc are used. The results investigated for these
classes of functions include the coefficient estimates, inclusion relations,
extreme points and some more properties.

1 Introduction

Let A denote the class of all analytic functions of the form
o0
f(z) :z—i—Zakzk (1)
k=2

defined in the unit disc U ={z:|z| < 1}.

Let T denote the subclass of A in U, consisting of analytic functions whose
non-zero coefficients from the second onwards are negative. That is, an analytic
function f € T if it has a Taylor expansion of the form

f(z) :z—Zakzk (ax > 0) (2)
k=2
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Fractional q-calculus operator 179

which are analytic in the open disc U.
The g-shifted factorial is defined for «, q € C as a product of n factors by

1, n=0;
(‘Xaq)n:{ (1—0()(]—06q)"‘(]_0‘qn_])> n €N, 3)

and in terms of the basic analogue of the gamma function

_ Fgloe+n)(1T—q)"

(X; n , (N> 0 y 4
(4% q) e (n>0) (4)
where the g-gamma functions [4, 5] is defined by
) [ele] 1 - 1=
r(x) =GPl Za 78 (o gy (5)

(9% d)oo
Note that, if |q] < 1, the g-shifted factorial (3) remains meaningful for n = co
as a convergent infinite product
o0
(0 q)oo = [ [ (1 — aq™).
m=0

Now recall the following g-analogue definitions given by Gasper and Rah-
man [4]. The recurrence relation for g-gamma function is given by
_ _(1=qY)
Tq(x 4+ 1) = [xlqTq(x), where, [x]q = 0—q’ (6)

and called g-analogue of x.
Jackson’s g-derivative and g-integral of a function f defined on a subset of
C are, respectively, given by (see Gasper and Rahman [4])

Daflz) = "o o (20, 4.20) @
[, f0qit) =201—2) 3 artzq™. (®)
m=0
In view of the relation (4% q)
. a59n _
g )

we observe that the g-shifted fractional (2) reduces to the familiar Pochham-
mer symbol («)n, where (&)n = (o + 1)+ (x+n+1).

Now recall the definition of the fractional g-calculus operators of a complex-
valued function f(z), which were recently studied by Purohit and Raina [7].
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Definition 1 (fractional q-integral operator). The fractional q-integral oper-

ator Ig , of a function f(z) of order & (& > 0) is defined by

_ T (*
Ig,z = qu;f(Z) = W ,[0 (Z - tq)lféf(t)dqt) (10)

where (z) is a analytic in a simply connected region in the z-plane containing
the origin. Here, the term (z —1tq)s—1 is a q-binomial function defined by

(z—tq)s s =2 H [ (1— (?)qm ] "

Z)q +m-—1

B tq®
= 2% 1o [q 5“;—;%2] -

According to Gasper and Rahman [4], the series 1$ol0;—;q,z] is single-
valued when |arg(z)| < m. Therefore, the function (z—tq)s—1 in (11) is single-
valued when Iarg(%ﬁl <, Itqgl <1, and |larg(z)| < 7.

Definition 2 (fractional q-derivative operator). The fractional q-derivative
operator D _ of a f(z) of order §(0 < & < 1) is defined by

1
Te(1—23)

q,z

Z
D} f(z) = Dg.I} 2 f(z) = J (z—tq)_sf(t)dqt, (12)
where f(z) is suitably constrained and the multiplicity of (z—1tq)_s is removed
as in Definition 1 above.

Definition 3 (extended fractional q-derivative operator). Under the hypothe-
ses of Definition 2, the fractional q-derivative for the function f(z) of order d
s defined by

D} .f(z) = D} It *f(z), (13)

where, n—1 <6< n,n € Ny.
The fractional q-defferintegral operator is defined by szzf(z) for the func-
tion f(z) of the form (1),

Tq(k+ g2 —3)
Q0 f(z) =T4(2—8)2°D} f al al . 14
of(z) = Tq(2 = 8)z +§ Rhriog < (9

where Dz , in (14), represents, respectively, a fractional q-integral of f(z) of
order & when —00 < & < 0 and a fractional q-derivative of f(z) of order &
when 0 < 6 < 2.
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A linear multiplier fractional g-differintegral operator is defined as

(z) = (1 = N)Q5f(2) + AzDq(Q5f(2)),
Dg>§\f(z) = Dg:}\(Dé' 1f(z))

DgRf(2) = D (D r ™ 1(2)- (15)
We note that if f € A is given by (1), then by (15), we have
DYRf(z) =z+ ) B(k, 8, A,n, q)arz", (16)
k=2

where

T2 —8)Ty(k+1)
Ty(k+1—95)

B(k, 5, A, 1, q) :< [([k]q—1)7\+1])n- (17)

It can be seen that, by specializing the parameters, the operator Dg: A reduces
tomany known and new integral and differential operators. In particular, when
6 =0, and q — 17 the operator Dg: % reduces to the operator introduced by
AL-Oboudi [1] and if § =0, A =1 and ¢ — 17 and it reduces to the operator
introduced by Salagean [9)].

Now using above differential operator, we define the following subclass of
T.

Let 74*(et, 3,8,A) be the subclass of T consisting of functions which satisfy
the conditions

DA 2Dq(Dg 1) (18)
: >
BzDq(DyRf) + (1 — B)DY R f ’

for some o, B(0O<o,p<1),8<2,A>0 and n € Ny.

In particular, if 8 = 0, and q¢ — 1~ we get the classes studided by Ravikumar,
Dileep and Latha [8] and if § = 0, and q — 17 and different parametric of
values n we get the classes studied by Mostafa [6], Altintas and Owa [2].
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2 Main results

Theorem 1 A function f(z) defined by (2) is in the class Tg*(e, B,8,A) if
and only if

> Bk, 8, An, Qal(1 — ap)lklg + P —of < T« (19)
where, B(k, &, A,n, q) is defined in (17), &, B (0 < o, B < 1), A > 0 and
n € Np.

Proof. Suppose f € Tg*(«,3,8,A). Then

0 zD (Dg}}f)
BzD (DS NF) + (1 B)DS > &

o0

zZ— Z B(k) 6) )\) n, q)[k]qakzk
k=2

z _Z B(k, 5,A,m, q)[k]qakzk] + (1 =Bz _ZB(k)&)\)n) q)akzk}
k=2

> «,

[e.o]

zZ— ZB(k> 6a A)“a q)[k}qakzk
R k=2 > a.
z— > Bk 8 An, q)az[B(lklqg—1) +1]

k=2
Letting z — 1, we get,

1= _B(k, 8 A\, q)klqax > a{1 =D Bk & An, q)alB([klg—1)+ 1]}.
=2

k=2

Equivalenty we have,

> B(k, 5, An, q)klqa— a{ZB (k, & A, q)ak[B([klq —1)+1]} < (1-a)
k=2

which implies

ZB(k, &, Ay, q)agl(1 — o)kl + o —of < (1 — ).
k=2
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Conversely, assume that (2.1) is be true. We have to show that (6) is satisfied
or equivalently

2D (D5 3f)
H BzDg (D) + (1 — B)DHNf —l<lme
But
z— Y B[k 5, An, q)klqaz*
k=2 1
z— ) B(k, & \n, q)az“[B([klg—1) + 1]
k=2
B(k, 5, A,n, q)ax([klqg— (B —1)2*
_ k=2
z— > B(k 8 An, q)arlB(lklq —1) + 1)z*
k=2

ZB(k> 5) A)“a q)ak([k}q - ])(B - ])|Zk|
< k=2
21— Y B(k, 8, A,n, q)ax[B([klg —1) + 11"
k=2
ZB(k) 53 }\,Tl, q)ak([k}q - ])(B - ])
< k=2 :
1— ZB(k7 6) )\,TL, q)ak[ﬁ([k]q - 1) + 1]
k=2

The last expression is bounded above by 1 — o if

ZB(ka 6) }\,Tl, q)ak([k]q - ])(B - ])

k=2
<(1—a)(1=) Bk, & Amn, q)alB(lklg — 1) +1])
k=2
or o

ZB(k, 5, A, q)agl(1 —oP)klq + o —of <1 —«
k=2
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which is true by hypothesis. This completes the assertion of Theorem 1. [

Corollary 2 If f € T§'(«, B,5,A), then

11—«
~ Bk, §, A, q)[(1— o) klq + P — o

lay| <

Theorem 3 Let 0<a<l1l, 0<B1<PB2<1, neNy then
7:;1(0‘) B]véy}\) - 731(0() BZ)éy}\)'

Proof. For f(z) € 7" («, f2,8,A). We have,

B(k, 6, A, m, q)ak[(] - “BZ)[k}q +afsy — o

T8

I\’I8N

B(k, &, A,n, q)ax[(1 — «PB1)lklg + a1 —a <1 —«a.

Hence f(z) € 7;”(oc, B1,8,A). O

Theorem 4 Let f(z) € T{*(«, B,8,A). Define fi1(z) =z and

]_(X k = ...
B(k) &, A, Q)[(] —O(B)[k]q —I—O(B_(X]Z y k=23, )

for some o, (0 < B < 1)yn € Nop, A > 0 and z € Z/I Then f(z) €

fk(Z) =z-+

T4+ (o, By 8,A) if and only if f(z) can be expressed as f(z Z W fr(z) where

e >0 and Zukzl.
k=1

Proof. If f(z Z we e (z) with Z we =1, w >0, then

(e}

Bk, 8 A\, a)[(1 — B Klg + oo — odhu
; B(k, 5, A1, q)[(T — aB)lklg + B — o ZF‘U—“

q)
=(1-wl-a) <(1—-a.
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Hence f(z) € 7;]“(oc, B,5,A)

o0

Conversely, let f(z) =z — Z a .z € T4 (o, By 8, A), define
k=2
e = B(k, &, A,n, q) [(1 — «P)[klq + P — o Iakl, k=23
(1— o)
and define p; =1 —Z tx. From Theorem (1), Z e < 1 and hence py > 0.
k=2 k=2
Since pfi(z) = wef(z) + arz®, Z wefe(z) =z — Z az® = f(z). O
k=1 k=2

Theorem 5 The class ’Tq“(oc, B,8,A) is closed under convex linear combina-
tion.

Proof. Let f(z), g(z) € ﬁ“(oc, B,8,A) and let

o0 o0
f(z) :z—Z a,z, g(z) :z—Zbkzk.
k=2 k=2

For n such that 0 <n <1, it suffices to show that the function defined by
h(z) = (1 —m)f(z) +ng(z), z €U belongs to T*(«, B,8,A). Now

(o)

h(z) =z— ) [(1—mn)ax +nbylz".
k=2

Applying Theorem 1, to f(z), g(z) € 7'q“(oc, B,d,A), we have

> Bk, 8, An, @)1 — ap)lklg + «B — o [(1 =)y + by

k=2
= (1=m) )_B(k & An, q)[(1 — aB)[klq + op — o ax
k=2

+n) Bk & An, @)1 — aB)klg + op — ofbi
k=2

<= =) +n(1—0) = (1T —.
This implies that h(z) € 7:1“(oc, B, 05, A). O
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Corollary 6 If fi(z), f2(z) are in 7}“(0(,[3,6,?\) then the function defined

by g(z) = %[ﬁ (z) + f2(2)] is also in T, B, 8,A).

Theorem 7 Let for j =1,2,---,%, fj(z) =z— Y arjz* € T, B, 5, )

k=2
k

and 0 < By < 1 such that Z[Sj = 1, then the function F(z) defined by
j=1

k
F(z) = ) Bfj(z) is also in TM(et, B, 8, ).
j=1
Proof. For each j €{1,2,3,--- ,k} we obtain
ZB(k> 6) A)“) q)[(] - o‘ﬁ)[k]q + (xﬁ - “]|ak| < (1 - (X)-
k=2

o) [e's) k
F(Z,) = Z B) <Z— Z (lk)jz,k> =Z— Z (Z Bjak,j>sz
j k=2

=1 k=2 =1

2

(es) k
- > Bk 8 A, q)[(1 — «B)[klq + op — o {Z ﬁjak,j}
k=

j=1

k 0o
=) B [Z B(k, & Aym, q)[(1— aB)[klg + B — ch]

k=2

k
<) Bill—a) < (1—a).

Therefore F(z) € T4 (e, B, 8, A). O
Bernardi Libera’s integral operator is defined as
Y+1 r -1
L, f(z) = () dt,
2% (z) 2 (t)

which was studied by Bernardi in [3].
Theorem 8 Let f(z) € Ti*(«,B,5,A). The g-analogous Bernardi’s integral
] Z
operator defined by Ly f(z) = M‘J tyqf(t)dqt then Lqyf(z) € T (e, B,
0

zY
5,A).
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Proof. We have

h/ +

Loyf(z) = z2(1—-q) ) d(zq))" 'f(zq))
j=0

o9}

=y + 1400 —a) )_ 4" f(zq))
) =0

=y +14(01—q) Zq”Zq”‘akz,

= [y + 14 ZZ“ _ q)q] V+k)akzk

j=0 k=1
o ly + ]q k
=z— Z axz
—2 ly + k]q
Since f € T'(x, B,8,A) and since M < 1, we have
q ) y+ h/"_k}q )
iB(k &, A,y @)1 — o)kl —|—oc[5—oc]h/+”qak<(1—oc). O
— y Yy IhH il q h/ + k]q
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