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Abstract. The aim of this scientific note is first to present certain in-
formation associated with the Tremblay operator in the complex plane
and then to determine several results constituted by the related opera-
tor for certain analytic functions and also to point some implications of
them out.

1 Introduction, definitions and motivation

As is known, in the literature, we often encounter many scientific studies in
relation with fractional calculus that is that fractional integral or fractional
derivative. They have important roles in both science and practice and are
also used to define various new definitions or transformations. They or some
of their applications naturally lead researchers to new studies or practices. In
this respect, this study is one of the studies that we have indicated. Within
this context and also in this present investigation, some new definitions and
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also applications of an operator, which is related to fractional calculus and
known as the Tremblay operator in the literature, will be considered for certain
functions with complex variable. For certain results relating to the Tremblay
operator and also fractional calculus, one may check the paper in [1]-[3], [5],
[7], [9]-[11], [15] and [16] in the references.

Let us now recall some definitions and information that will be relevant to
our scientific research.

Firstly, let
C, R, N and U

be the set of complex numbers, be the set of real numbers and the set of positive
integers and the unit open disk:{

z : z ∈ C and |z| < 1
}
,

respectively. Moreover, we denote by A(n) the family of the functions f(z)
normalized by the following Taylor-Maclaurin series:

f(z) = z+ an+1z
n+1 + an+2z

n+2 + · · · (an+1 ∈ C; n ∈ N), (1)

which are analytic and univalent in U.
We next recall, for a complex function κ := κ(z), the definition of fractional

derivative is denoted by the following symbol:

Dµz [κ] ≡ Dµz
[
κ(z)

] (
0 ≤ µ < 1

)
and also defined as in (cf., e.g., [1]-[3], [9]-[11], [14] and [15]):

Let κ(z) be an analytic function in a simply-connected region of the z−plane
containing the origin. Then, the fractional derivative of order µ is defined by

Dµz [κ] =
1

Γ(1− µ)

d

dz

∫ z
0

κ(ξ)

(z− ξ)µ
dξ (0 ≤ µ < 1), (2)

where the multiplicity of (z−ξ)−µ above is removed by requiring log(z−ξ) to
be real when z−ξ > 0. All right, here and throughout this paper, the notation
Γ denotes the well-known gamma function in the literature.

In the light of information above, for an analytic function κ(z), the well-
known derivative, which is the Srivastava-Owa derivative of order m + µ, is
then presented by

Dm+µ
z [κ] ≡ dm

dzm

(
Dµz [κ]

) (
0 ≤ µ < 1;m ∈ N ∪ {0}

)
,
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which readily yields

D0+µz [κ] ≡ Dµz [κ] and D1+µz [κ] ≡ d

dz

(
Dµz [κ]

) (
0 ≤ µ < 1

)
.

Recently, by means of the Srivastava-Owa derivative [14], Tremblay [5] and
[16], introduced and also studied an interesting fractional derivative operator:

Tτ,µ[·]
(
0 < τ ≤ 1; 0 < µ ≤ 1; 0 ≤ τ− µ < 1

)
,

which was defined in the domain of the complex plane and whose properties
in several spaces were discussed systematically. For instance, one may refer to
the works given by [5], [9]-[3] and [14]-[16].

For a function f(z) in A(n), the Trambley operator:

Tτ,µ[f] or Tτ,µ
[
f(z)

]
is defined by

Tτ,µ[f] :=
Γ(µ)

Γ(τ)
z1−µDτ−µz

[
zτ−1f

]
, (3)

where 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ − µ < 1 and z ∈ U. As a result of a
simple focus, the operator Dτ−µz [·] is equivalent to the operator, which is the
Srivastava-Owa operator of fractional derivative of order τ−µ (0 ≤ τ−µ < 1)
represented by (2). In special, it is clear that T1,1[f] = f(z).

For our results specified by the Tremblay operator and fractional calculus,
the following assertions will be required for both stating and proving.

Lemma 1 [5] Let the function f be in the class A(n). Then,

Tτ,µ[f] =
τ

µ
z+

∞∑
k=n+1

Γ(k+ τ)Γ(µ)

Γ(k+ µ)Γ(τ)
akz

k, (4)

where 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ− µ < 1 and z ∈ U.

Lemma 2 [5] Let the function f be in the class A(n). Then,

d

dz

(
Tτ,µ[f]

)
=

τ

µ
+

∞∑
k=n+1

kΓ(k+ τ)Γ(µ)

Γ(k+ µ)Γ(τ)
akz

k−1, (5)

where 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ− µ < 1 and z ∈ U.
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Lemma 3 [13] Let p be (non-constant and) analytic function in the set U
with p(0) = 1. If there exists a point z0 ∈ U such that

<e
(
p(z)

)
> 0

(
|z| < |z0| < 1

)
, <e

(
p(z0)

)
= 0 and p

(
z0
)
6= 0 , (6)

then

p(z0) = ia and
zp ′(z)

p(z)

∣∣∣∣
z=z0

= i
c

2

(
a+

1

a

)
, (7)

where a ∈ R− {0} and c ∈ R with c ≥ 1.

2 Certain results and implications

In this section, we shall state and then prove certain results in relation with
both the Tremblay operator and some of its applications, which are given by
the following theorems.

Theorem 1 If any one of the following inequalities:

<e

(
z d

2

dz2

(
Tτ,µ[f]

)
d
dz

(
Tτ,µ[f]

) ) > −
α

2(1− α)

(
0 ≤ α ≤ 1

2

)
(8)

and

<e

(
z d

2

dz2

(
Tτ,µ[f]

)
d
dz

(
Tτ,µ[f]

) ) > −
1− α

2α

(
1

2
≤ α < 1

)
(9)

is provided, then

<e

(
d

dz

(
Tτ,µ[f]

))
> α

τ

µ
(10)

is also provided, where 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ− µ < 1, 0 ≤ α < 1, z ∈ U
and f ∈ A.

Proof. In consideration of (5) in Lemma 2, define a function p(z) in the
implicit form:

d

dz

(
Tτ,µ[f]

)
=
τ

µ

[
α+ (1− α)p(z)

]
, (11)

where 0 < τ ≤ 1, 0 < µ ≤ 1 and 0 ≤ τ − µ < 1, 0 ≤ α < 1, f ∈ A and
z ∈ U. It is clear that the function p(z) satisfies the condition p(0) = 1 in the
hypothesis of Lemma 3. Then, it follows from (11) that

z
d2

dz2

(
Tτ,µ[f]

)
= (1− α)

τ

µ
zp ′(z)

(
0 ≤ α < 1; f ∈ A; z ∈ U

)
. (12)
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By combining (11) and (12), the following equality:

z d
2

dz2

(
Tτ,µ[f]

)
d
dz

(
Tτ,µ[f]

) =
(1− α)zp ′(z)

α+ (1− α)p(z)

(
0 ≤ α < 1; f ∈ A; z ∈ U

)
(13)

is easily obtained, where, of course,

d

dz

(
Tτ,µ[f]

)
6= 0

(
∀z ∈ U

)
.

Assume now that there exists a point z0 belonging to U, which satisfies the
condition:

<e
(
p(z0)

)
= 0

(
z0 ∈ U;p

(
z0
)
6= 0
)
,

indicated by (6) of Lemma 3. Then, by applying of the assertions of Lemma
3, given in (7), which are

<e
(
p(z0)

)
= ia and

zp ′(z)

p(z)

∣∣∣∣
z=z0

= i
c

2

(
a+

1

a

)
(
a 6= 0 ; c ∈ R ; c ≥ 1

)
,

in the equation (13), the following equivalent equations:

<e

 z d2dz2
(
Tτ,µ[f]

)
d
dz

(
Tτ,µ[f]

)
∣∣∣∣∣∣
z:=z0

 = <e

(
(1− α)zp ′(z)

α+ (1− α)p(z)

∣∣∣∣
z:=z0

)

= <e

(
zp ′(z)

p(z)

(1− α)p(z)

α+ (1− α)p(z)

∣∣∣∣
z:=z0

)

= −
c

2

α(1− α)
(
1+ a2

)
α2 + (1− α)2a2

(14)

are easily obtained. By taking in consideration the following inequalities:

1+ a2

a2 +
(

α
1−α

)2 ≥ 1 if 0 ≤ α ≤ 1
2

and
1+ a2

1+
(
1−α
α

)2
a2
≥ 1 if

1

2
≤ α ≤ 1
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for (14), the inequality:

− <e

 z d2dz2
(
Tτ,µ[f]

)
d
dz

(
Tτ,µ[f]

)
∣∣∣∣∣∣
z:=z0

 =
c

2

α(1− α)
(
1+ a2

)
α2 + (1− α)2a2

≥

{
α

2(1−α) if 0 ≤ α ≤ 1
2

1−α
2α if 1

2 ≤ α ≤ 1

(15)

is also determined. But, the cases above are contradiction, respectively, with
the inequalities given in (8) and (9). In this case, there is no any point z0 ∈ U
satisfying the condition <e

(
p(z0)

)
= 0. This means that <e

(
p(z)

)
> 0 for all z

in U. Thus, (1) gives us the inequality given in (10). Therefore, this completes
the proof of Theorem 1. �

For the proofs of the following theorems (Theorems 2-4 below), under those
important conditions:

0 < τ ≤ 1 , 0 < µ ≤ 1 , 0 ≤ τ− µ < 1, 0 ≤ α < 1 , z ∈ U and f ∈ A(n) ,

in view of Lemma 1 or Lemma 2, and by taking into account the different
definitions of the function p(z) that we have defined just above, namely, in the
proof of Theorem 1, when one defines that function p(z) again, respectively,
as in the following implicit forms:

Tτ,µ
[
f
]

z
=
τ

µ

[
α+ (1− α)p(z)

]
,[

d

dz

(
Tτ,µ

[
f
])]χ

=

(
τ

µ

)χ[
α+ (1− α)p(z)

]
and (

Tτ,µ
[
f
]

z

)χ
=

(
τ

µ

)χ[
α+ (1− α)p(z)

]
and then follows the ways or steps used in the proof of Theorem 1, of course,
by the help of Lemma 3, the following theorems (Theorems 2-4 below) can be
easily proven. Their proofs are here omitted.

Theorem 2 If any one of the following inequalities:

<e

z ddz
(
Tτ,µ[f]

)
Tτ,µ[f]

 >
2− 3α

2(1− α)

(
0 ≤ α ≤ 1

2

)
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and

<e

(
z ddz
(
Tτ,µ[f]

)
Tτ,µ[f]

)
>
3α− 1

2α

(
1

2
≤ α < 1

)
is ensured, then

<e

(
Tτ,µ[f]
z

)
> α

τ

µ

is also ensured, where 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ− µ < 1, 0 ≤ α < 1, z ∈ U
and f ∈ A.

Theorem 3 If any one of the following inequalities:

<e

χ · z d2dz2
(
Tτ,µ[f]

)
d
dz

(
Tτ,µ[f]

)
 > −

α

2(1− α)

(
0 ≤ α ≤ 1

2

)
and

<e

χ · z d2dz2 (Tτ,µ[f])
d
dz

(
Tτ,µ[f]

)
 > −

1− α

2α

(
1

2
≤ α < 1

)
is supplied, then

<e

[(
d

dz

(
Tτ,µ[f]

))χ]
> α

(
τ

µ

)χ
is also supplied, where 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ − µ < 1, 0 ≤ α < 1,

χ ∈ C − {0}, z ∈ U, and f ∈ A and also the value of the above complex power
is taken to be its principal value.

Theorem 4 If any one of the following inequalities:

<e

(
χ ·
z ddz
(
Tτ,µ[f]

)
Tτ,µ[f]

)
> <e

(
χ
)
−

α

2(1− α)

(
0 ≤ α ≤ 1

2

)
and

<e

(
χ ·
z ddz
(
Tτ,µ[f]

)
Tτ,µ[f]

)
> <e

(
χ
)
−
1− α

2α

(
1

2
≤ α < 1

)
is verified, then

<e

[(
Tτ,µ[f]
z

)χ]
> α

(
τ

µ

)χ
is also verified, where 0 < τ ≤ 1, 0 < µ ≤ 1, 0 ≤ τ − µ < 1, 0 ≤ α < 1,

χ ∈ C − {0}, z ∈ U, and f ∈ A and also the value of the above complex power
is taken to be its principal value.
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As certain implications of Theorems 1-4 above, when one centers on all
theorems, it is easy to observe that they include several useful consequences of
them, which relate to certain inequalities specified by the functions belonging
to the class A(n). Particularly, some of them deal with the theory of (analytic
and) univalent functions. For their details, see the works in [4] and [6]. As
example and special consequences of them, we want to emphasize only two
appertaining to the study of the relations between the analytic properties of
a function f(z) in the class A(n) and the geometric properties of the image
domain f

(
U
)
. One may see their details in [4], [6] and [8]-[12]. The others

possible consequences, which are well-known in the literature and are also
omitted here, are presented to reveal to the attention of the researchers who
are interested in the topics of this work.

By setting τ := µ := 1 in Theorem 1, for a function f := f(z) ∈ A(n),
f ≡ T1,1[f] is then received. In the circumstances, as the first consequence of
the main results, which is in relation with close-to-starlikeness of a function
f in the class A(n), it can be obtained by the following-well-known result
(Proposition 1 below).

Proposition 1 If a function f ∈ T (n) satisfies any one of the cases in the
following inequality:

<e

(
zf ′′(z)

f ′(z)

)
>

{
− α
2(1−α) if 0 ≤ α ≤ 1

2

− 1−α
2α if 1

2 ≤ α ≤ 1
,

then
<e
(
f ′(z)

)
> α

(
0 ≤ α < 1; z ∈ U

)
,

that is, that f is a close-to-starlike function of order α in U.
By setting τ := µ := χ := 1 in Theorem 4, because of f ≡ T1,1[f] ∈ A(n), as

the second consequence of the main results concerning close-to-convexity of a
function f ∈ A(n), it can be also revealed by the following result (Proposition
2 below).

Proposition 2 If a function f ∈ T (n) satisfies any one of the cases in the
following inequality:

<e

(
zf ′(z)

f(z)

)
>

{
2−3α
2(1−α) if 0 ≤ α ≤ 1

2
3α−1
2α if 1

2 ≤ α ≤ 1
,

then

<e

(
f(z)

z

)
> α

(
0 ≤ α < 1; z ∈ U

)
,

that is, that f is a close-to-convex function of order α in U.
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