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Abstract. In this paper, we study generalized quasi-Einstein warped
products with respect to quarter symmetric connection for dimension n >
3 and Ricci-symmetric generalized quasi-Einstein manifold with quarter
symmetric connection. We also investigate that in what conditions the
generalized quasi-Einstein manifold to be nearly Einstein manifold with
respect to quarter symmetric connection. Example of warped product on
generalized quasi-Einstein manifold with respect to quarter symmetric
connection are also discussed.

1 Introduction

A Riemannian manifold (M", g), (n > 2) is Einstein if its Ricci tensor S of
type (0,2) is of the form S = «g, where « is smooth function, which turns
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into S = g, T being the scalar curvature of the manifold. The notion of quasi
Einstein manifold was introduced by M. C. Chaki and R. K. Maity [2]. A non-
flat Riemannian manifold (M™, g), (n > 2) is defined to be a quasi Einstein
manifold if its Ricci tensor S of type (0, 2) is not identically zero and satisfies
the condition

where «, 3 are scalars of which 3 # 0 and A; is a non-zero 1-form such
that g(X,U) = A;(X) for all vector fields X with g(U,U) = 1. Such an n-
dimensional quasi-Einstein manifold is denoted by (QE);,.

In [5], De and Ghosh introduced generalized quasi-Einstein manifold, de-
noted by G(QE)y, where the Ricci tensor S of type (0,2) which is not identi-
cally zero satisfies the condition

SIX,Y) = ag(X,Y) + BAT (X)A1(Y) + vB1(X) B (Y), (2)

where «, 3,y are scalars such that 3,7y are nonzero and A7, By are two nonzero
1-forms such that

g(X) H) = A] (X) and 9(X> p) = B] (X)a

i, p being unit vectors which are orthogonal, i.e., g(p, p) = 0.

Here «, 3,y are called the associated scalars, and Aj, B; are called the
associated main and auxiliary 1-forms respectively, u, p are called the main
and the auxiliary generators of the manifold.

The notion of warped product generalizes that of a surface of revolution.
It was introduced in [1] for studying manifolds of negative curvature. Let
(B,gp) and (F, gr) be two Riemannian manifolds and f is a positive differen-
tiable function on B. Consider the product manifold B x F with its projections
7:BxF — Band o: BxF — F. The warped product B x¢F is the manifold B xF
with the Riemannian structure such that ||X|? = || (X)||2 + f2(7t(p))||o* (X%,
for any vector field X on M. Thus we have

g =gs + f'gr (3)

holds on M. The function f is called the warping function of the warped
product [9].

Since B x¢ F is a warped product, then we have VxZ = VzX = (XInf)Z for
unit vector fields X, Z on B and F, respectively. Hence, we find K(X A\ Z) =
g(VzVxX—VxVzX, Z) = (1/f){(VxX;— X>f}. If we chose a local orthonormal
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frame eq,...,en such that eq,...,en, are tangent to B and en,41,...,en are
tangent to F, then we have

n

7:ZK(ei/\ej)> (4)

i=1

for each s=n;+1,...,n [9].

In 1924, Friedmann and Schouten introduced the notion of a semi-symmetric
linear connection on a differentiable manifold [15]. In 1975, Golab introduced
the definition of a quarter-symmetric linear connection on a differentiable man-
ifold which is a generalization of semi-symmetric connection in [8]. Many au-
thors like Q. Qu and Y. Wang [14], S. Pahan et al. [16, 17] and S. Dey et al.
[18] studied on warped product manifolds with affine connections.

In this paper we study generalized quasi-Einstein warped products with re-
spect to quarter symmetric connection. We discuss some preliminary concepts
and results which are useful for proving our main results. We obtain a necessary
and sufficient condition for the warped product manifold to be a generalized
quasi-Einstein manifold with respect to a quarter-symmetric connection. Next
we prove generalized quasi-Einstein manifold with respect to quarter symmet-
ric connection to be nearly quasi Einstein manifold with respect to quarter
symmetric connection under some certain conditions. In the last section we
give an example of warped product on generalized quasi-Einstein manifold
with respect to quarter symmetric connection.

2 Preliminaries

Let (M™, g) be a Riemannian manifold with the Levi-Civita connection V. A
linear connection V on (M™, g) is said to be a quarter-symmetric connection
if its torsion tensor T with respect to the connection V defined by

T(X,Y) = VxY — VyX — [X, Y],

satisfies
T(X,Y) = w(Y)dX — w(X) Y,

where w is a 1-form on M"™ with the associated vector field P defined by
w(X) = g(X, P), for all vector field X, and ¢ is a (1,1) tensor field.

A quarter-symmetric connection V is called a quarter-symmetric metric
connection if ﬁg = 0. V is called a quarter-symmetric non-metric connection
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if @g # 0. The relation between a quarter-symmetric connection V and the
Levi-Civita connection V of M™ is given by [19]

VxY = VxY + M w(Y)X —A29(X, Y)P, (5)

where g(X,P) = w(X) and A # 0,A; # 0 are scalar functions.

We can easily see that: when A\ = Ay = 1, Vis a semi-symmetric metric
connection.

When Ay = Ay # 1, Vis a quarter-symmetric metric connection.

When A # Ay, Vis a quarter-symmetric non-metric connection.

Further, a relation between the curvature tensors R and R of type (1,3) of
the connections V and V respectively is given by [19],

R(X,Y)Z =R(X,Y)Z+Ai1g(Z, VXP)Y — A2g(Z, VyP)X + Az[g(X, Z)VyP
—g(Y, Z)VxPl + M w(P)g(X, Z)Y — g(Y, Z)X]

+Mlg(Y, Z)w(X) — g(X, Z)w(Y)IP + Mw(Z)[w(Y)X
— w(X)V],

(6)

for vector fields X,Y,Z on M.

3 Generalized quasi-Einstein manifold with respect
to quarter-symmetric connection

In this section, we consider the following propositions from Proposition 3.5.,
Proposition 3.6., Proposition 3.7., Proposition 3.8. of [14], which will be helpful
to prove our main results. Here we consider generalized quasi-Einstein warped
product manifolds and prove some results concerning these type manifolds.

Theorem 1 Let (M, g) be a warped product I x¢F where 1 is an open interval
in Ry diml = 1 and dimF = n—1, n > 3. Then (M, q) is a generalized
quasi-Einstein manifold with respect to a quarter-symmetric connection if and
only if F is a generalized quasi-FEinstein manifold for P = % with respect to
the Levi-Civita connection or the warping function f is a constant on 1 for
P ex(F), A # (n—1)A.

Proof. Assume that P € x(B) and taking f = e? and using the Proposition
3.1. of [16], we get

NI NN A DS B T 1 /a0
$( 50 a0) =11 30"+ g = et +Am 8o (5ot )0 D
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§<aat,v> =0, (8)

(@ 3= T+ (28]

S(V,W) = SF(V, W) + e [“

(9)
1 _
+ A3+ 54"+ (1 —MM\Z} ge(V, W),

for vector fields V;W on F.
Since M is generalized quasi-Einstein admitting quarter-symmetric connec-
tion, from (2) we have

2 9 3 9 d d d d
SM(at 6t> g(at at>+BA1<at>A1(a )+YB]<at>B1<at> (10)

and
SM(V, W) = ag(V, W) + BA1 (V)AT (W) +vB1(V)By (W). (11)

Decomposmg the vector fields U and U uniquely into its components UI, UF
and UI, Up on I and F, respectively, we can write U = U;+Uf and U= UH—UF
and also U = N2Ar at + Ug, where 17 and 1, are functions on M. Then we can

write 3 3
A] <6t> (at)u> =M,
0 0 ..
B ujl =ns.
]<at> 9<at ) n2

On the other hand, by the use of (3) and (12), the equations (10) and (11)
reduce to

(12)

v 0 0 B 2 )
SM(at’ 6t> =+ pny+yn3 (13)

and
Sm(V, W) = aedgr(V, W) + BA;T (V)AT (W) +vB1 (V) By (W). (14)

Comparing the right hand side of the equations (7) and (13) we get

n—1 " ’
o+ Bt Hyng =——,—2q" +(q)7. (15)
Similarly, comparing the right hand sides of (9) and (14) we obtain
n—1 1
S W) = e~ {“4(q')2 FHR=TN + (- 200

+7\2+2q + (1= )MMHQF(V,W) (16)

+ BAT(V)A1 (W) +vB(V)1B1 (W),
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which gives that F is a generalized quasi-Einstein manifold with respect to the
Levi-Civita connection for P € x(B).
Taking P € x(F) and by the use of Proposition 3.1. of [16], we get

s<aatv> =3[(n—1)7\1 —?\z]w(V) (17)
and
$(v. 2 29— (] wv) (18)
)at - 7 2 1| )

for any vector field V € x(F).
Since M is a generalized quasi-Einstein manifold, we have

v (0 ~ 0 0 0 0
S (at>V) =S (V, at) =g <V, at> +PRA (V)A, (at) +vBj (V)B;q <at> . (19)

Now g(V; &) =0as & € x(B) and V € x(F).
Hence, from the last equation, we get

$(50v) =3(Vg) —PAvIA (5 )+ vBivie (5 o

Therefore, we have

BAT(V)A4 <§t> +vB1(V)By <:t> = %[(ﬂ— A —AJw(V), (21)

0 0 !
BA1(V)A; <at> +vB1(V)B; <at> = %[Az — (M =TAdw(V). (22)
From the equations (21) and (22), we get

q,:Oa

when Ay — (n—1)A; # 0. It follows that q is a constant on I. Then f is constant
on I. This completes the proof. 0

Now, we consider the warped product M = B x¢ I with dimB = n — 1,
diml = 1, 1 > 3. Under this assumption, we obtain the following theorem.

Theorem 2 Let (M, g) be a warped product B x¢ I, where diml = 1 and
dimB=n—1, n > 3, then
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i) if (M, g) is a generalized quasi-Einstein manifold with respect to a quarter-
symmetric connection, P € x(B) is parallel on B with respect to the Levi-
Civita connection on B and f is a constant on B, then,

x = [(n—1AMA; — A)]w(P).

ii) If (M, g) is a generalized quasi-Einstein manifold with respect to a quarter-
symmetric connection for P € x(I), and Ay # (n — 1)Ay then f is a
constant on B.

iii) If f is a constant on B and B is a generalized quasi-Einstein manifold
with respect to the Levi-Civita connection for P € x(I), then M is a
generalized quasi-Finstein manifold with respect to a quarter-symmetric
connection.

Proof. Assume that (M, g) is a generalized quasi-Einstein manifold with re-
spect to a quarter-symmetric connection. Then we write

%

SIX,Y) = axg(X,Y) + BAI (XN A(Y) +vB1 (X)B1 (V). (23)

Decomposing the vector field U and V uniquely into its components Ug and
U; on B and I, respectively, we have

U=Ug+ U, V=Vg+V; (24)

Since diml = 1, we can take U = Ug + 13 % and V= Vg +n2%, where 1y, M2
is a functions on M. From (23), (24) and Proposition 3.1. of [16], we have

SB(X,Y) = xgp (X, Y) + Bgs (X, U)gs(Y, Us) + vgs (X, Va)ga(Y, V)

f
B W+}\2Tg(x,Y)+7\17\zw(P)9(X>Y) (25)

T ArglY, VxP) — A%w(XJw(Y)].

By contraction over X and Y, we get

¥ = a(n—1) + Bgs(Us, Ug) +vgs(X, Vs)gs(Y, Vi)
Apf pf s
_ TB +An— 1)? +[(n—1)AA —)\%](D(P) + A Z g(ei, Ve.lP):| .

i=1

(26)



On a non flat Riemannian warped product manifold 339

Also from (23), we have

M = am + Bgp(Ug, Up) +vgs (X, V)gs (Y, Vs). (27)

Now, putting the value of (27) in (26), we get

Agpf Pf
i :¥M—oc—TB—?\z(n—1)?— [(n—1)AA2 — Mlw(P)

n—1 (28)
—A1 ) gley, Ve Pl
i=1

On the other hand, from Proposition 1., we get

Pf

M= L (m—1)(\ +7\z)?

=

—1
Agf
+27 20— DA — (M + A (P) + (M +42) 3 9(Ve,Prer).

i=1

Then from the above two relations, we get

Agf Pf X il
OC+T+}\2(TL—1)?+ (n—])?\ﬂ\z—?\]]w(P)—i—?\]Zg(ei,veiP)
i=1
Pf _Af
= (=) +A2) 7 + 25 + 2(n = DAz = (F + Al (P)
1
+ (A1 +A2) ) g(VePei).

i=1

3

Since P € x(B) is parallel and f is a constant on B, then we get

x = [(n—1MA; — A)]w(P).

ii) Let P € x(I). By the use of Proposition 3.1. of [16], we get
N Xf

and Xf
S(P,X) = A2 — (n— A Jw(P) = (30)

f



340 B. Pal, S. Dey, S. Pahan

Since M is a generalized quasi-Einstein manifold, we have

S(X,P) = S(P,X) = ag(P,X) + BA;(P)A1(X) +vB1(P)B1(X).

Again, we have g(P,X) =0 for X € x(B) and P € x(I). Hence, we have

Xf =0,

where Ay # (n — 1)A;. This implies that f is a constant on B.
iii) Assume that B is a generalized quasi-Einstein manifold with respect to
the Levi-Civita connection. Then we have

SP(X,Y) = ag(X, Y) + BAI(X)A1(Y) + yB1(X)B1(Y), (31)

for vector fields X,Y tangent to B.
From Proposition 3.1. of [16], we get

HI(X,Y)

SMIX,Y) = SB(X, Y) + [(n — AA; — AMlw(P)g(X, Y) + P

for any vector field P € x(I). Since f is a constant, Hf(X,Y) =0 for all X,Y €
Xx(B).
The above equation reduces to
SMIX,Y) = SB(X,Y) + [(n— 1)MA2 — AJw(P)g(X, Y). (32)
Using the value of (31) in (32), we get

SMIX,Y) = {a+ [(n—T)A A =M w(P)g(X, Y) +BAT (X)A1(Y) +vB1 (X)B(Y),

(33)
which shows that M is a generalized quasi-Einstein manifold with respect to
a quarter-symmetric connection. ([l

Next we find the relation between scalars of generalized quasi-Einstein man-
ifold with respect to a quarter-symmetric connection.
Suppose the generator U is a parallel vector field, then R(X,Y)U = 0. Hence

9

S(X,U) =0. (34)

Let
U=1Ug+ fzuF, V=Vg+ fZV}:. (35)
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From (2), we have
Sm(X,Y) = ag(X, Y) + BAI(X)A1(Y) +vB1 (X)B (V).
Putting Y = U and using (35), we have
Sm (X, W) = ag(X, W) + BAT(X)A1 (W) + vB1(X)Bi (W) (36)
= {0+ B+ 1)Jgr(X, Up)
where X € x(F) and Y € x(B). From (9), we have
. —1 1
S0, Y) = ST Y) 4 €| (@ 4 30— D+ (n = 2l
] (37)
+ }\% + Eq” + (1 — Tl)?\1}\2:| g]:(X, Y),
for vector fields X, Y on F.
As U is parallel to F, we have from (37)
~ n—1I "2 1 / 2 1 "
SmX, W) = et ——(q')" + 5{n = DA + (n = 2)A}q" + A2 + 54
+(1— n)7\17\z] gr(X, Ug + f*Ug),
38
2 q(n—=1, 2 1 / 38)
= 2| (g2 + 5ln— DA + (n = 2ol
1
+ ?\% + Eq” + (] — TL))\]?\z] gF(X, U)
Now comparing (36) and (38), we have
n—1 1
(o B+ = 0| P 3 T+ (= 2l
(39)

1
+)\% + Eq” + (] —n)7\])\2:|

So, we get the relation between two non-zero smooth functions a and b of the
manifold M with respect to a quarter-symmetric connection. Similarly, if V is

parallel to F, we have

n—1
4

by 1) = e8| (@) 4 = DN+ (= 2ok

1
+ A+ Eq” + (1T =n)AA;

(40)
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So, we also get the relation between two non-zero smooth functions « and y
of the manifold M with respect to a quarter-symmetric connection. Now we
have a following proposition:

Proposition 1 Let (M, g) be a warped product manifold B x¢ 1. If the gen-
erators W,V are parallel to F in a generalized quasi-Einstein manifold with
respect to a quarter-symmetric connection, then we get the relation between
three non-zero smooth functions o, B andy of the manifold M with respect to
a quarter-symmetric connection given by (39) and (40).

4 Ricci-semisymmetric G(QE),, with respect to quar-
ter symmetric connection

A Riemannian manifold is said to be Ricci-semisymmetric if R - S = 0 holds.
In this section we study Ricci-semisymmetric G(QE),, with respect to quarter
symmetric connection and prove the following theorem:

Theorem 3 A Ricci-semisymmetric G(QE)y with respect to quarter symmet-
ric connection is nearly quasi-Einstein manifold with respect to quarter sym-
metric connection under the following condition holds:

(i) P € x(F) i.e., parellel vector field.
(ii) f is constant.
Proof. Suppose that R-S =0. Then we get
S(R(X,Y)Z, W) + S(Z,R(X, Y)W) = 0, (41)

where X, W € x(F), Y, Z € x(B).

From (2), we have

S(R(X,Y)Z,W) = ag(R(X,Y)Z,W) + Bg(R(X,Y)Z,U)g(W, L)

5 (42)
+7v9(R(X,Y)Z,V)g(W, V).
Now using (35), we have
S(R(X,Y)Z,W) = ag(R(X,Y)Z,W) + Bg(R(X, Y)Z, Ug + f2Ur)g(W, Ug) (43)

+Y9(§(X>Y)Z, VB + fZVF)g(VV) VF))
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i. e.,

v

S(R(X,Y)Z,W) = ag(R(X,Y)Z,W) + Bfg(W, Ur)g(Y, Z) A3T(X)g(P, Uf)
— MAN(P)g(X, Up)] + cf*g(W, Vi) g(Y, Z) AT (X) (44)
g(P, Vi) — MAT(P)g(X, Vi)

Now, using the proposition 1 and proposition 3.3 in [14], we have
S(Z,R(X, V)W) = —ag(Z, —MAT(P)g(X, W)Y + MT(X)I (W)Y
+Bg(Z,Ug)g(Y, Ug)[-A1A:T(P)g(X, W)
+MTX)NW)] +vg(Z, Ve)g(Y, Vs)
[=AA2T(P)g(X, W) + MT(X)T(W)).

(45)

Let e; be an orthonormal basis of the tangent space at each point of the
manifold where 1 < 1 < n. Now putting X = W = e; in (44) and (45) and
using the equation (41) and proposition 1 and proposition 3.3 in [14], we get
oS(Y,Z) + g(¥, Z)BfHIAZg(P, Ur)g (P, Ur) — A2l (P).1]
+v9(%, Z)f'\3g(P, Vi) g(P, Vi) + aliAl (PIng(Y, Z)

—MT(P)g(Y, Z)] + Bg(Z, Ug)g(Y, Ug) MT(P) (46)
— MAT(P)] +vg(Z Vi)g(Y, V) IMT(P)
—MAN(P)] =
i. e.,
S(Y,Z) = A'g(Y,Z) + B'E(Y, Z), (47)

where A’, B’ are non-zero functions and E(Y, Z) is a symmetric tensor function.
So, the manifold becomes nearly quasi Einstein manifold with respect to quar-
ter symmetric connection. This completes the proof. O

5 G(QE), with the condition P.S =0 with respect
to quarter symmetric connection

The projective curvature tensor P of type (1, 3) of an n-dimensional Rieman-
nian manifold (M", g), (n > 3) with respect to quarter symmetric connection
is defined by

o o 1 o o

P(X,Y)Z = R(X,Y)Z = ——=[5(Y,2)X ~ §(X, Z}Y] (48)
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for any vector fields X,Y,Z € x(M).

In this section, we consider a generalized quasi-Einstein manifold satisfying
the condition P - S = 0 with respect to quarter symmetric connection and we
have a following theorem.

Theorem 4 A G(QE),, satisfying P.S =0 with respect to quarter symmetric
connection is nearly quasi-Einstein manifold with respect to quarter symmetric
connection under the following condition holds:

(i) P e x(F) i.e., parallel vector field.

(ii) f is constant, B is one-dimensional base and X, W € x(F), Y,Z € x(B).

Proof. Suppose that
P.S=0. (49)

Now using the equation (2), (44) and (35), we have
_x
(m—1)
+ PBg(W, UDA(P(X, Y)Z) (50)
+yg(W, Vi)B(P(X, Y)Z),

S(P(X,Y)Z,W) = ag(R(X,Y)Z,W) — [S(Y, Z)g(X, W)]

as g(X, Z)=0.
Again using (48) and proposition 1 and proposition 3.3 in [14], we have

S(P(X,V)Z,W) = ag(Y,Z)[MAT(P)g(X, W) — AT (X)g(P, W)]

— g 6% Z) 1l — A = ASIT(PIGIY, Z)g (X, W)

— Bg(W, Up)f*[g(Y, Z{A1 AT (P)g(X, Ur) — A3T(X)g(P, Ur)}

+ 208500, 2) + ((n— 1A — BINP)(Y, 2)]

—yg(W, Vi) F*g(Y, Z)IMAT(P)g(X, Vi) — AT (X)g(P, V)}
g(X)VF)

(n—1)

Similarly using the equation (2), (48), (35) and we have proposition 1 and

(51)

+ {Sp(Y, Z) + {(n — A1A2 — AZIN(P)g(Y, Z)]).
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proposition 3.3 in [14], we have

S(Z,P(X,Y)W) = ag(Y, Z)[AAl(P)g(X, W) — AT (W)T(X)]

+ N IS W)+ = 1A = AT (P)g(X, W)

{1 =M+ MIT(W)T(X)] + Bg(Z, Up)g(Y, Up) A1A2g(X, W)T(P)
NP+ 25002, Ualg (0 U S:0GW) + {im 1A
— MIT(P)g(X, W) +{(T — n)AZ + AT (W) (X)]

+v9(Z, Vs)g(Y, Yg) A1 A2 (X, W)T(P) — MT(W)T'(X)]

g9(Z, Va)g(Y, VB)ISe(X, W) +{(n — 1)\

;
)

— MIT(P)g(X, W) +{(1 = n)A + A2 (W)T(X)].
Since, S(X,Y) =0, from (51) and (52), we have
S(X, W) = A"g(X, W) + B"E(X, W), (53)

where A” B’ are non-zero functions and E(Y,Z) is a symmetric tensor func-
tion.

So, the manifold becomes nearly quasi-Einstein manifold with respect to
quarter symmetric connection. This completes the proof. O

6 Example of warped product on generalized quasi-
Einstein manifold with respect to quarter sym-
metric connection

Taking a local coordinate system in M such that g, V, v, w, ¢, T have the local
expression, respectively, gj, T‘]}l‘, F]}f, wi, d)]h, T]}f then, by a direct computation,
we have

h h h
Tji = wj; — wid)j .

In a local coordinate, the relation between a quarter-symmetric metric con-
nection and the Levi-Civita connection is [13],

o 1 1 1
M =T+ ij(d)ki + du) g — Ewi(d)kj + Py ) g — iwk(d)ji + dy)g"™ (54)
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Now, we define a Riemannian metric g on M* by the formula
ds? = gijdxidxj = (14 2p) [(dx1)2 + (dx*)? + (ax3) + (dx4)2}, (55)

where 1,] =1,2,3,4 and x',x%,x3,x* are the standard coordinates of R* and

P = 2 and k is a non-zero constant. Then the only non-vanishing components
of the Christoffel symbols, the curvature tensor, the Ricci tensor and scalar
curvature are given by

P
= T2 =T =Tiy =T = —THh = T = T,
P 3p
1221 1331 1441 = 3 +2p = 202
P 6p
2=53=Su=GT 07 TT 05 3pP #

Let us consider the 1-form and the associated tensor ¢ as follows:
w1 =C1,W7 :O,w3 :O,w4 :O,
where ¢y is arbitrary scalar and

0 b1z b1z Pus
—b12 0 b2z P
—b13 —b3 0 dx
—b1y —bu —b3z O

where ¢y # 0, where i,j € {1,2,3,4}, and i#]j.

From (54), we have lu*]}: = F]}l‘

The non-vanishing curvature tensors and the Ricci tensors with respect to
a quarter symmetric metric connection are

¢ = (dy)

Riz21 = Rizz1, Rizat = Risar, Riaar = Ryagr = 1 pr

and

& _ o __ 3P & _§._& __ P
Sn=35Sn= 0+ 202 S22 =533 =Su = 05207

Let us now consider the associated scalars as follows:
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In terms of local coordinate system, let us consider the 1-forms A and B as
follows:

VA
Ai(X)Z{HZP’ o

0, otherwise
and
1 e s
Bl(x) _ m) if 1= 1
0, otherwise

then we have
S11 = agin + BATAT +vB1By,

S22 = ag2n + BA2A; + YB;By,
S33 = ag33 + BA3A;3 + YB3B3,
Sas = xgaq + BA4A4 + YB4By.

Since all the cases other than (i)-(iv) are trivial, we can say that

Sy = agy; + BAA; +vBiB;, for 1,j=1,2,3,4.

Example 1 Let (M*, g) be a Riemannian manifold endowed with the metric
given by

ds? = gijdxidxj =(1+ Zp)[(dx])2 + (dxz)2 + (dx3)2 + (dx4)2],

4

where ,j = 1,2,3,4 and x',x*,x3,x* are the standard coordinates of R* and

X]
p = Sz and k is a non-zero constant. Then (M*, g) is an G(QE)4 with respect
to quarter symmetric connection and also with nonvanishing and nonconstant

scalar curvature.

So, (M* g) be a Riemannian manifold endowed with the metric given by
ds? = gidx'dx = (1 + 2p)[(dx")? + (dx?)? + (dx®)* + (dxh)?,

where (1,7 =1,2,3,4), p = %1, k constant is G(QE)4 with respect to quarter
symmetric connection.

Now, to define warped product on G(QE)4, we consider the warping function
f:R3 — (0,00) by f(x',x%,x%) = /(1 + 2p) and we observe that f > 0 is
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a smooth function. The line element defined on R® x R which is of the form
B x¢ F, where B = R3 is the base and F = R is the fibre.
Therefore the metric ds%,l can be expressed as dszB + fzds% i.e.,

ds? = gijdx'dx = (1 + 2p)[(dx")? + (dx3)? + (dx3)?] + [V(1 +2p))% (dxh?,

which is the example of warped product on generalized quasi-Einstein manifold
with respect to quarter symmetric connection.
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