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Abstract. In this paper we study the Hadamard product properties of
certain class of analytic functions with varying arguments defined by the
convolution of Saldgean and Ruscheweyh derivative.

The obtained results are sharp and they improve known results.

Let A denote the class of functions of the form:
flz) =z+ ) az", (1)
k=2

which are analytic and univalent in the open unit disk U ={ze€ C:|z| < 1}.
Let g € A where

g(z) =z+ Z brz*. (2)
k=2
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The Hadamard product of two functions f and g of the form (1) and (2) is
defined by (see also [3, 7, 8, 9])

(fxg)(z) =z+ Z abyzk = (g*f)(z).
k=2

The modified Hadamard product is
(f®gllz —Z—Zakbkz (g ®f)(z).

Definition 1 [§]
For f € Ayn € N, the Sdldgean differential operator 8™ is defined by 8™ :
A— A,
8%(2) = f(2),

St(z) =z (8™ (2)),z e U

o0
Remark 1 Iff € A and f(z) =z + Z az®, then
k=2

8™f(z) =z + Z K axz®, z e U.
k=2
Definition 2 [6]
For f e A,n €N, the operator R" is defined by R™: A — A,

Rf(z) = f(z),
M+ 1) R (2) = 2 (R (2)) + nR™M (z),z € U.

o0
Remark 2 If f € A and f(z) =z + Z az®, then
k=2

[e.o]

k—]
R f(z Z n+ akzk, z € U.

Definition 3 Let n € N. Denote by SR™ the operator given by the Hadamard
product (convolution) of the Sdaldagean operator 8™ and the Ruscheweyh operator

R, SR™: A — A,

SR (z) = 8" ( > * R (z),z € U.

1—2z
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o0
Remark 3 Iff € A and f(z) =z + Z arz®, then
k=2

k™ ( k—1
SR (z —Z+Z n—|— )! az®, z e U.

Definition 4 [4] Let f and g be analytic functions in U. We say that the
function f is subordinate to the function g, if there exists a function w, which
is analytic in U and w(0) = 0;lw(z)| < 1;z € U, such that f(z) = g(w(z));
Vz € U. We denote by < the subordination relation.

Definition 5 For A > 0;—1 <A <B<1,0<B < T;n e Ny let P(n,A\,A,B)
denote the subclass of A which contain functions f(z) of the form (1) such that

1+ Az

(1= A)(SR™(z)) + A(SR™f(2))" < e

(3)

Attiya and Aouf defined in [2] the class R(n, A A, B) with a condition like
(3), but there instead of the operator SR™ they used the Ruscheweyh operator.

Definition 6 [10] A function f(z) of the form (1) is said to be in the class
V(0x) if f € A and arg(ax) = Ok ,Vk > 2. If 35 € R such that 20+ (k—1)d =
ni(mod 27),Vk > 2 then f(z) is said to be in the class V(6y,d). The union of
V(0y,d) taken over all possible sequences {0y} and all possible real numbers &
1s denoted by V.

Let VP(n, A, A, B) denote the subclass of V consisting of functions f(z) €
P(n, A, A, B).

Theorem 1 [5] Let the function f(z) defined by (1) be in V. Then
f(z) € VP(n, A\, A, B), if and only if

[e.o]

T(f) =) (1+B)k™'Crla] <B—A, (4)
k=2
where ( ko)1
n+k—1)!
Ck=m+T+Ak—=1)(n+k+1)] CERICES Ik
The extremal functions are:
f(z) =z+ B-A ek (k > 2).

k"t1Cy (1 +B)
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Main results

Theorem 2 Iff € VP(n,A,A1,B),g € VP(n,A, Ay, B) then

(B—A1)(B—A)
2n1C, (1 + B)

f®ge VP(n,A\ A% B), where A¥ =B —

The result is sharp.

Proof. Let f € VP(n,A,A1,B),g € VP(n, A, A, B) and suppose they have the

form (1). Since f € VP(n, A, Ay, B) we have
> KMIC(1+B) |ay]

k=2 <1
B— A, -

and for g € VP(n, A, Az, B) we have

> K™Ci (1+ B) [by

k=2 <1
B—A, -

We know from Theorem 1 that f ® g € VP(n, A, A* B) if and only if

(o]

> KMTC (1 + B) [axby]

k=2 <1.
B—A* -

By using the Cauchy-Schwarz inequality for (5) and (6) we have

5 K10 (14 B) /Jarbil
k=2 < 1.
VB—-A)B-A;)

We note that

S KMC(1+B)agby] Y KM Cy (1 +B) /Jaxbyl
k=2 k=2

<
B—A* S V/B-AB Ay

implies (7). But the above inequality holds provided that

|ay byl < iV lay byl

B—A*" /(B—A1)(B—Ay)
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or

B—A*
V]agbyl <

~ V/(B—A)(B- Al

From Theorem 1 we have:

B—A] B_AZ
_— bl <——runun————-,(k>2
ad < e ey 2 oS e ey (k22
this implies that
V(B —A)(B-— Az)
\/ < > 2).
From (9) we obtain that (8) holds if
V(B—A1)B—A)) _ B—A*
k1C (14B)  — \/(B—Aﬂ(B—Az)
or equivalently
* (B—A1)(B—Ay)
<B- .
ATS k"1 Cy (14 B)
But k*'Cy < (k4 1)1 Ci, (k> 2) so
- - - ~A
g_ B—AJB-Ay (B—A1)(B 2),(k> 2),

K H1C(1+B) = 201C,(1+B) =

consequently the above inequality holds provided that

. (B—A1)(B—A,)
A*=B—
2t1C, (1 + B)
The result is sharp, because if

B—A ;
f(Z) =z+ mele1zz S VP(TL,)\,A],B)

B—A .
g(z) =z+ melezzz € VP(n, A, Ay, B)

f® g e VP(n,A, A% B)

and satisfy (4) with equality. Indeed,



Hadamard product properties of certain class of analytic functions ... 355

22+2C3 (1 + B)

because
(B—A1)(B—A;)

21C, (14 B)

B—A*=

Corollary 1 Iff,g € VP(n,A,A,B) then f ® g € VP(n, A\, A%, B), where

(B—A)?

A*=B——— 2
271C, (1+ B)

The result is sharp.

Theorem 3 If f € VP(n,A,A,B1),g € VP(n, A, A, B;) then
f®ge VP(n,AA,B*), where

(Bi—A)(B2—A)(A+]T)

B*=A .
T TG, (14 B1) (1 +B2) — (B —A) (B, —A)

The result is sharp.

Proof. Let f € VP(n,A\,A,B1),g € VP(n, A, A, By) and suppose they have the
form (1). Since f € VP(n, A, A, By) we have

S kMC, (1 + By) |ayl

k=2
< I

and for g € VP(n, A, A, B;) we have

> K™ICx (14 B2) byl

k=2
<1. 11
B, A < (11)

We know from Theorem 1 that f ® g € VP(n, A, A, B*) if and only if

> kK™MTCy (1 + B*) lagby|

k=2
<. 12
B*— A (12)
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By using the Cauchy-Schwarz inequality for (10) and (11) we have

> kT Cr/labil/(T+B1) (1 +B,)
=2

<T.
V/(Bi —A)(B,—A)
We note that
S KYTCK (T4 B*) laxbl Y k™ Cyy/laxbily/(1+ B1) (1 + By)
k=2 o}
<
B* —A - V/(B1—A)(B; —A)

implies (12). But the above inequality holds provided that

laxby| (1 + B*) < Vlakbily/(T+B1) (1+B3)
B* — A - V/(B1 —A)(B2—A)

or

(B*—A)\/(T+B1)(1+B3)
\/ bl < .
e P ey vy

From Theorem 1 we have:

B]—A BZ_A
d |by| < k>2
e, (4 By 4 I < e ey (K2 2

this implies that

Vlagby| < V(B —A)(B2— A) , (k> 2).

T kM1Cr/(1+ Bq) (14 By)
from (14) we obtain that (13) holds if

V(B —A)(B;—A) < (B*—A)+\/(T+B1)(1+B3)
k“Jr]Ck\/(] +B1)(1+By) (14 B*) \/(131 —A)(B,—A)

lay| <

or equivalently

(B1 —A)(By—A)(A+1)
k" 1C (T+B1) (1+B2) — (B1 —A) (B, —A)°

B*>A+

But k"'C < (k4 1) Cipq, (k> 2) so :

(B —A)(By—A) (A+1) g
K TG (1+B1) (1+B2) — (B —A) (Ba—A)

A+

(14)
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(B1—A)(B,—A)(A+T)
<A k>2
SAT G+ B (1482 — (B —A) (B —A) =2
consequently the above inequality holds provided that
B A (B1 — A)(B2—A) (A+1)
2v71C (14 B1) (1+B2) — (B1 —A) (B2 — A)’
The result is sharp, because if
Bi—A 07,2
f(z) = 1 ANASB
(z) Z+2“+1C2(1+B1)e z° € VP(n,A, A, By)
By —A 9,2
= VP(n,A,A,B
Q(Z) zZ+ n+ CZ (1 n Bz)e VANS (Tl, y Y 2)
fxge VP(n,A\ A,B")
and satisfy (4) with equality. Indeed,
(B1 —A)(B2—A)
1+B*)2"C =B*—A
( ) 22202C2 (14 By) (1+ By)
because
B A (B1—A)(B2—A) (A+1)
221G, (T+B1) (14B2) = (B1 —A) (B2 —A)’
O
Corollary 2 Iff,g € VP(n,A,A,B) then f ® g € VP(n, A\, A, B*), where
B—A)?(A+]1
B*=A+ ( ) (2 ) 7
2H1C, (14+B)"— (B—A)
The result is sharp.
Theorem 4 If f; € VP(n,A\ Aj,B),j =1,s8,s €{2,3,4,...} then f1®F,®...®

fs € VP(n, A\, A=1* B), where

S

[1(B—A;)

j=1

Al =B — 1 -
2011 CsT (14 B)S

The result is sharp.
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Proof. For the proof we use the mathematical induction method and suppose
that fj,Vj have the form (1).

Let s = 2. If fj € VP(n, A, Aj,B),j = 1,2 then f; ®f; € VP(n, A, A%, B) where
nr g B=ANB=AY)

211G, (14 B)

Assume, for s = m, that the formula displayed below holds.

If f; € VP(n, A A;,B),j = T,mme{2,3,4,..}then fifHh®...0f, €
VP(n, A, A=+ B) where

, from Theorem 2 is true.

m
HB Aj)
J:
Kkm+1)(m=1) Cm 1(] _,_B)m*]'

Let s=m+1:if f1®H@...0 fm € VP(M,A,AM=1* B) m € {2,3,4,...}
and fi1 € VP(n, A, Ani1, B) then we have to prove

Alm=1x _p_

m+1

IT(B—A;))

j=1

fEfE. Sn@n € VPILAAT, B), where AT = B o

For the proof we use the result of Theorem 2:

(B—AM=)(B—Any)

A™ <B-—
- kM1 Cy (1 + B)
m
He-
]: _
Km=Dm+1)cm=T (q +B)m,1 (B = Am)
Am* <B-— k
- kN Cy (1 + B)
m+1
1_[] (B—Aj)
ms )=
AT =B Kkm+Cm (14 B)™
But K™ C < (k4 1)1 Cy g, (k> 2) so
m+1 m+1
[1(B—A) [1(B—A;)

_ =1 SB_ j=T1
km(n+1)ckm(] +B)m = 2m(n+1)C21(] +B)m>
consequently the above inequality holds provided that

B (k > 2),

m+1
[T (B—A;)

j=1

mx _ p
AT =B 2m+C (1 4+ B)™
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The result is sharp, because if

B _A(s—1)* )
f(z) =z+ ¢, (17 B) )619122 € VP(n, A,A(S*”*,B)
B— A :

f® g e VP(n,A A%, B)
and satisfy (4) with equality. Indeed,

(s—T)*
21c,(148) B AST)(B A)—B—AS*
203 (14 B)?

because
11— A)
B—A;
s—1)% L )
g = BoATTIBA) g e o .
2n+1C2(] ) 2s(n+1]C§(] +B)
d
Theorem 5 If fj € VP(n,?\,A,B ) =1,s,s €{2,3,4,...} then

fleHh®...0f € VP(n,A A, BE-1*), where

(A+1]I(B
j=1

S S :
26D (1 +By) — [1(Bj — A)
j=1 j=1

The result is sharp.

Proof. For the proof we use the mathematical induction method and suppose

that fj,Vj have the form (1). o
Let s = 2. If f; € VP(n, A, A, Bj),j = 1,2 then f; ® f, € VP(n, A, A, B*) where

(A+1)(B1 —A)(B2—A)

B*=A
T 2T, (14 B1)(1 + B2) — (B —A)(B, —A)’

from Theorem 3 is true.
Assume, for s = m, that the formula displayed below holds.
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If f; € VP(M,AA,Bj),j = T,m,m € {2,3,4,...} then f1 @ f, ® ... ® fm, €
VP(n, A, A, BM D)%) where

(A+1]I(B

BM = A+ =
2(m—1)(n+1)cgﬂ [1(1+By)

j=1 j

—_

!

(B;—A)

:]3

—_

Let s=m+1:if f1®fH®...0fn € VPMAABM™ ) me{2,3,4,...}
and fi 1 € VP(n, A, A, Binyq) then we have to prove f1 @ ®... 0 ®@fn1 €
VP(n, A, A, B™), where

Bm*:A+

m(n+1) C ﬁ j)_lTLL[](B _
j=

j=1
For the proof we use the result of Theorem 3:

(A+1)(BM 1 — A)(Byy1 — A)

- K Cy (14 By) (T + Bingr) — (BIMU* — A) By — A)

or equivalently

m+1
(A+1) TT (Bj—A)

B™ > A + =1

5’

m+&)1ﬂB—Af
!

s

Il
-

Kkm(n+1) Cﬂl
)

But k"'Cy < (k+ 1)1 Cip, (k > 2) so

m+1
(A+1) 1‘[1 (Bj — A)
]:
A+ = — <
kmntcm 1‘[](1 + Bj) — f[](Bj —A)
j= j=
m+1
(A+1) [T (Bj—A)
A+ = , (k> 2),

2m(n+1) C?

_ﬁ(g]_

)=

—=r

-
—_
—_
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consequently the above inequality holds provided that

m+1
(A+1) [T (Bj—A)

j=1

B™ = A+

m+1 m+1

2mF e TT (14 Bj) — [T (Bj—A)

j=1 j=1

The result is sharp, because if

flz) = BY WA 02 ¢ vpin, A A, B

(Z)_Z+2“+‘Cz(1+8(5*”*)e z- € VP(m, A A, )
By —A ~

Q(Z) = : 619222 € VP(TL, }\)A’BSJH)

2 T, (14 Bon)
f®ge VP(n,A A, B

and satisfy (4) with equality. Indeed,

(Bls=1* — A)(Bgy1 — A)

=B - A
2203 (14 By

2n+1 CZ (] + BS*)

because ]
s+
(A+1) .H](Bj —A)
B = A+ — :
s+1 s+1
203 [T(1+By) — [1(B— A)
j= j=
O
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