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Abstract. In the paper, the author discusses and computes bounds of
the sine and cosine along straight lines on the complex plane.

1 DMotivations

In the theory of complex functions, the sine and cosine on the complex plane
C are denoted and defined respectively by
eiz _ efiz eiz 4 efiz
sinz=———— and cosz=———
2i 2 ’
where z = x + 1y, x,y € R, and i = /=1 is the imaginary unit. When
z = x € R, these two trigonometric functions become sinx and cosx which
satisfy the periodicity

sin(x + 2km) = sinx, cos(x + 2k7m) = cosx
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and the boundedness
0<Jsinx| <1, 0<]cosx| <1 (1)
for k € Z. On the other hand, when z =iy for y € R,

Y _eY -y Y
sin(iy) = % — +ico and cos(iy) = % — 400

as Yy — Foo. These imply that the sine and cosine are bounded on the real
x-axis, but unbounded on the imaginary y-axis.

Motivated by the above boundedness, we naturally guess that the complex
functions sin z and cos z for z € C are

1. bounded on all straight lines parallel to the real x-axis,
2. unbounded on all straight lines whose slopes are not horizontal.

In this paper, we will verify the above guesses and compute bounds for sinz
and cos z on all horizontal straight lines.

2 Unboundedness of sine and cosine on sloped and
vertical lines

On the sloped straight line y = ¢+ Bx for constants o € R and 3 # 0 on the
complex plane C, by the triangle inequality for complex numbers, we have

|sinz| = |sin(x + i(oc + Bx))]

ibxHilatpx)] —ilx+i(at-Bx)]

— €

2i

elix—(a+px)] _ o—lix—(a+px)]
2i

S 1“e[ix—(oc+[5x)]‘ _ ‘e—[ix—(cx%x)]”

—(a+px) (oc+[3x)‘

—e
— 400, X — Fo0

and

|cosz| = |cos(x + i+ Bx))|
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eilxFilatpx)] | o—ilxti(otpx)]

2
elix—(o+Bx)] | o—lix—(a+px)]

2
> %) |elin—loct Bl _ | o—lin—loctpx]| ‘

1

— 400, X — Fo0.

—(a+px) (x+px) }

— e

Consequently, the functions sinz and cosz are not bounded along any sloped
straight line.

On the vertical straight line x =y for any constant y € R on the complex
plane, by the triangle inequality for complex numbers, we have

ety +iy) _ o—ily+iy)
2i

|sinz| = [sin(y + 1y)| =

> 2l e = Jjey — e8] 5 oo

N —

and
ety +iy) 4 o—ily+iy)
2

|cosz| = |cos(y +iy)| =

I I 1
> S[lef VI — e = Jje™V — e¥] — oo

N —

as Yy — +oo. Consequently, the functions sin z and cos z are not bounded along
any vertical straight line.

3 Bounds of the sine on horizontal straight lines

On the horizontal straight line y = « for any constant o« € R on the complex
plane C, by the triangle inequality for complex numbers, we have

ei(x+ioc) _ e—i(x+ioc)
|sinz| = |sin(x + iet)| =

2i
_ e(ix—oc) _ e—(ix—oc) _ 1 Lm B efixe(x
21 2| e*
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ix

(1] e} (1
§2< + e e“‘)—2<ea+e°‘)

ex
and
. . ) ei(x+irx) _ efi(eri(x)
|sinz| = |sin(x + it)| = .
2i
B e(ix—cx) _e—(ix—oc) _1 eix 717(60(
N 2i 2| e
1 eix —ix o 11 14
51| i

Therefore, it follows that

111 1/1
7 e—(x—e"‘ < |sin(x +ia)| < 2<ea+e°‘>, x,x € R.
When z = 2knt + ix for k € Z, we have
1(2kmt+ix) _ ,—1(2k+ic) . 1
sinz = sin(2km + i) = < € — ML),
21 2\ e*

When z = 2knt + T + ix for k € Z, we have

T ei(an+7T/2+ioc) _ efi(lkn+71/2+ioc)
sinz=sin| 2kt + = +1ix | = -
2 2i
{(70/244 T B
_ el(T{/ +ia) e i(m/2+ix) _ e X | oo _ l l Lo
2i 2 2\ e*

When z = (2k + 1)+ ix for k € Z, we have

ei((2k+1 J+Hia) e—i((2k+1 Jtiod)
sinz =sin((2k + 1)t + i) =

_ etlmtia) _ o—i(mtia) _ l e l — —i et — l
2 2 e 2 e/

When z = (2k + 1)t + § +icc for k € Z, we have

sinz = sin<(2k + D+ g + ioc>
ei((Zk-H Jt/24+ie) e—i((2k+1 )7t+7t/24+1)

2i
ei(371/2+ioc) _ e—i(37t/2+icx) e % | e 1

1 04
2 T2 —2<e“+e>.
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4 Bounds of the cosine on horizontal straight lines

On the horizontal straight line y = « for any constant o« € R on the complex
plane C, by the triangle inequality for complex numbers, we have

ei(x+i¢x) + e—i(x+ioc)

|cosz| = |cos(x +ix)| = 7
_ e(ix—oc) + e—(ix—oc) _ 1 g N fixeoc
2 2| e%

eix

Fee) = 1 (L)

ei(eri(x) + efi(erioc)

(
< —
—2

|cosz| = |cos(x +ia)| =

ex

and

2
B elix—a) | o—(ix—a) :1 ei<+ g
2 2| e*
1 eix —ix 1)1 o
> 3| ex| 1 = ) -

Therefore, it follows that
11

I N ¢ 4
2| e* €

. 1/1
<|ecos(x +ia)| < Z(ef"+e“>’ x, x € R.

When z = 2kt + ix for k € Z, we have
ei(anJrioc) + e*i(Zk.TH»i(X) 1 < 1 >

cosz = cos(2km + i) = 5 _ 5

When z = 2knt + § + i« for k € Z, we have

ei(2k7r+7r/2+icx) + e—i(2k7r+7r/2+ioc)

COSZ = COS <2k7c+ TE[ + ioc) =

ei(n/2+ioc) + e—i(ﬁ/2+ioc) e~ _ ieX i ( 1 oc>
— | —=—e*|.

2 N 2 2
When z = (2k + 1)t + ix for k € Z, we have

HHN)+ia) | o—i{(2k+1)mr+ic)
2

cosz =cos((2k + 1)+ ix) =
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ei(ﬂ+io¢) +e—i(7‘r+ioc) 1 1
()

J— o

2 2
When z = (2k + 1)t + § +icc for k € Z, we have

T
cosz = cos<(2k—|— 1+ 3 —|—ioc>
ei((2k+l Jrt+7t/24+ix) 4 e*i((2k+1 )ttt/ 24+

2
ei(37r/2+ioc) + 671(37'(/2“1'10() e % 4 ieX i( 1 oc)

2 - 2 )
5 Alternative proofs

Since sin(z + %) = cosz for z € C, there is a similar behaviour of sine and
cosine in the complex plane C. Hence, in what follows, we just only consider
sine.

It is easy to see that sine, cosine, hyperbolic sine, and hyperbolic cosine have
relations

sin(it) = isinht, sinh(it) =1isint, cos(it) =cosht, cosh(it) =cost.
Accordingly, we have
sinz = sin(x + 1y) = sin x cos(iy) + cos x sin(iy) = sin x coshy + i cos x sinh y

and

2 2

|sin z]* = sin® x cosh? y + cos? x sinh? y.

On any horizontal line y = c, say, we have

|sin z|? = sin® x cosh? ¢ + cos® x sinh? ¢
2

2 x cosh? ¢ + cos? x((:osh2 c— 1) = cosh? ¢ — cos® x

= sin

or

2 2

|sinz[* = 1 4 sinh? ¢ — cos? x = sinh? ¢ + sin” x.

Consequently, sine is bounded on all horizontal lines.
Look at a non-horizontal line, where z =y + ax + iy for f # 0 (by non-
horizontality). Here

|sin z|? = sin?(y + ax) cosh?(By) + cos®(y + ax) sinh?(By).
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If the line is sloped so that « # 0 (by non-verticality), then both terms in the
above equation are unbounded, so that sine is unbounded.

If the line is vertical, so that o« = 0, we have to be a tad careful! If -y is not
a multiple of 7, the term sin?(y + ax) cosh?(By) is unbounded; and if y is a
multiple of 7t, then the term cos?(y + ax) sinhz(By) is unbounded. In a word,
sine is unbounded on all non-horizontal lines.

6 Conclusions

On the sloped straight line y = o + Bx for « € R and 3 # 0 on the complex
plane C, the trigonometric functions sinz = sin(x + i( + fx)) and cosz =
cos(x + (e + Bx)) are unbounded.

On the vertical straight line x =y for any scalar y € R on the complex plane
C, the trigonometric functions sinz = sin(y 4 iy) and cosz = cos(y + iy) are
unbounded.

On the horizontal straight line y = « for any constant o« € R on the complex
plane C, the trigonometric functions sinz = sin(x+1i«) and cosz = cos(x +1ix)
are bounded by the double inequalities

|sinh off < |sin(x +1ix)| < coshoa, x,x€R (2)

and
|sinh | < |cos(x +ix)] < cosha, x,x€R (3)

whose equalities are respectively attained at points
. T, . 3
2kt + i, 2km+ 5 +ix, (2k+D)m+ia, 2km+ 5 +ix
with concrete values
. : 3. .
sin(2km + i) = cos| 2km + > +ix | =1isinh«,
. ™ .
sin (Zkﬂ + 5 + 1oc> = cos(2km + i) = cosh «,

sin((2k 4+ 1)t + i) = cos <2k7't+ g + ioc) = —isinh «,

3
sin<2k7r+ 771 + ioc) =cos((2k + 1)t + i) = —cosh

for k e Z.
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Letting o« — 0 in the double inequalities (2) and (3) recovers inequalities
in (1) for x € R.

On the horizontal belt zones 0 < A <y <Band -B<y<-A<LO
on the complex plane C, the trigonometric functions sinz = sin(x + iy) and
cosz = cos(x + iy) are bounded by the double inequalities

sinh A < |cos(x £ iy)| < cosh B

and
sinh A < [sin(x + iy)| < cosh B

for x € R.

7 An open problem

The inequalities in (1) can be refined as

2
Exgsinxgx and 1—%x§cosx§1—x— (4)
T s T
for 0 < x < 7. See [1, p. 143}, [3, p. 22], and [4, p. 33]. These two double
inequalities in (4) are respectively called as Jordan’s and Kober’s inequality.
These two double inequalities have been further refined, generalized, applied,
and surveyed in the papers [2, 5, 6, 8, 9, 10] and closely related references
therein. Motivated by these refinements, generalizations, and applications, we
pose an open problem: can one refine, generalize, and apply the double in-
equalities (2) and (3) for x € [0,5] and o # 07
Finally we remark that this paper is a revised version of the preprint [7].
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