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Abstract. This article is devoted to study Elzaki transform and its
applications in Free Electron Laser equation involving Hilfer-Prabhakar
fractional derivative. We derive formula of Elzaki transform for Hilfer–
Prabhakar derivative and its regularized version. The solution of Free
Electron Laser equation involving Hilfer-Prabhakar fractional derivative
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1 Introduction

In past, few years fractional calculus (integration and differentiation of ar-
bitrary order) have received considerable attention to solve the mathematics,
engineering and mathematical physics problems [5, 6, 7, 8, 9, 10, 11, 12, 13, 15,
16, 17, 18, 19, 20, 21]. Hilfer-Prabhakar operator is a powerful tool to general-
ize the linear and non-linear fractional order differential equations. Prabhakar
integral in generalized form of earlier versions and plays a key role to examine
the Hilfer-Prabhakar fractional derivative problems using integral transform
method.

In the literature of fractional differentiations and integrations there are sev-
eral integral transforms like Laplace, Fourier, Mellin, Sumudu to name but a
few. A new integral transform namely Elzaki transform [2] which is a modified
form of classical Laplace and Sumudu transform and has some good features.
Elzaki transform has been efficiently used to solve the integral equations and
differential equations in fractional calculus. Using of Elzaki transform is also
beneficial as it can solve a class of differential equation which are not solved
by Sumudu transform.

The main objective of this article is to introduce the formulae for Elzaki
transform and apply it to solve Hilfer-Prabhakar fractional derivative and
its regularized version. Taking inspiration from these works our purpose is
to find the solution of Cauchy problems of fractional order by using Elzaki
transform. Furthermore, we discuss here the importance of Elzaki transform
associated with Hilfer-Prabhakar fractional derivatives to solve free electron
laser type integro-differential equation. The motivation of this paper is to
encourage further investigation of the potential applications of this branch of
mathematics.

2 Basic definition

In this section, we study some important basic definition related to fractional
calculus and Elzaki transform to understand the further results, lemmas and
applications.

Definition 1 Elzaki transform [2, 3] of function g(t) introduced by Tarig M.
Elzaki is defined as

p

∫∞
0

e
− t
pg (x, t)dt = E [g (x, t)] = T(x, p ), t > 0, p ∈ (−τ1, τ2). (1)



On the Elzaki transform and its applications 421

Elzaki transform of first order partial derivative is defined as

E[
∂g

∂t
(x, t)] =

T(x, p)

p
− p.g (x, 0) . (2)

Now, we find relation between Laplace and Elzaki transform,
Let f(t) ∈ A = {f(t) : ∃ M, τ1, τ2 > 0 such that |f(t)| < M e|t|/τi if

t ∈ (−i)j × [0, ∞)} and F(s) be the Laplace transform, the Elzaki transform
T(u) is given by

T (u) = uF

(
1

u

)
.

Also, the Laplace transform and the Elzaki transform [4] must coincide at
u = 1 and we can write T (1) = F (1) .

Definition 2 (Hilfer derivative). Let µ ∈ (0, 1) , v ∈ [0, 1], g ∈ L1 [a, b] ,
−∞ ≤ a < t < b ≤∞, f ∗ K(1−ν)(1−µ) ∈ AC1 [a, b] . Then

D
µ, ν
a+ g (t) =

(
I
ν(1− µ)
a+

d

dt
I
(1−ν)(1−µ)
a+ g

)
(t) (3)

is the Hilfer fractional derivative [7] of order µ.

Definition 3 Regularized of Hilfer derivative [7] of same order µ is written
as

D
µ, ν
0+ g (t) −

t−µg (0+)

Γ(1− µ)
=C Dµ0+g(t).

Definition 4 Prabhakar introduced the generalized Mittag-Leffler function [8,
14] in the following form

Eγα,β (z)=
∞∑
k=0

Γ (γ+k)

Γ (γ) Γ (αk+β)

zk

k!
, (4)

where α,β,γ ∈ C and R(α) > 0.
The generalization of Hilfer derivative with a more general integral operator

with kernel [5]

tµ−1Eγρ,µ [ωt
ρ] = e

γ

ρ,µ,ω
(t) , t ∈ R, ρ, µ,ω, γ ∈ C, with R (µ) , R (ρ) > 0.

(5)

The well known Prabhakar integral is expressed in the similar way, replacing
kernel by function and is defined as follows [5].
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Definition 5 (Prabhakar integral) Let L1 [0, b] , 0 < t < b ≤ ∞. The Prab-
hakar integral is written as

E
γ
ρ,µ,ω,0+f (t) =

∫ t
0

(t− y)µ−1Eγρ,µ [ω(t− y)ρ] f (y)dy =
(
f∗eγρ,µ,ω

)
(t) , (6)

where ρ, µ,ω, γ ∈ C with R(ρ),R(µ) > 0.

Definition 6 (Hilfer-Prabhakar derivative) The Hilfer-Prabhakar derivative
of g(t) of order µ denoted by Dγ,µ,νρ,ω,0+g (t) is defined as

D
γ,µ,ν
ρ,ω,0+g (t) =

(
E
−γν
ρ,ν(1−µ),ω,0+

d

dt

(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+g

))
(t) , (7)

where µ ∈ (0, 1) , ν ∈ [0, 1] , and γ,ω ∈ R, ρ > 0, and E0ρ,0,ω,0+g = g.

Definition 7 (Regularized version of Hilfer-Prabhakar derivative) For g ∈
AC1 [0, b] , 0 < t < b < ∞, µ ∈ (0, 1) , ν ∈ [0, 1] , ω, γ ∈ R, ρ > 0, the
regularized version of Hilfer-Prabhakar fractional derivative of f (t) denoted
by cD

γ,µ
ρ,ω,0+f (t) is defined as

cD
γ,µ
ρ,ω,0+g (t) =

(
E
−γν
ρ,ν(1−µ),ω,0+E

−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+

d

dt
g

)
(t) , (8)

also,

E
γ
ρ,µ,ω,0+E

σ
ρ,ν,ω,0+g (x) = E

γ+σ
ρ,µ+ν,ω,0+g (x) .

3 Elzaki transform of fractional derivatives

In this section we introduce formula of Elzaki transform of Prabhakar integral
to study Elzaki transform of Hilfer-Prabhakar fractional derivative and its
regularized version.

Lemma 1 The Elzaki transform of Prabhakar integral is given by

E[eγρ,µ,ω(t)] = p
µ+1[1−ωpρ]−γ, (9)

for µ ∈ (0.1) ,ω, γ ∈ R and ρ > 0.
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Proof. The equation (4) can be written as

Eγρ, µ(ωt
ρ) =

∞∑
k=0

Γ(γ+ k)

Γ(γ)Γ(ρk+ µ)

(ωtρ)k

k!
. (10)

Taking Elzaki transform of Prabhakar integral using (5) and (10), we have

E [eγρ,µ,ω(t)] = E[
∑∞
k=0 t

µ−1 Γ(γ+k)
Γ(γ)Γ(ρk+µ)

(ωtρ)k

k! ]

= E[
∑∞
k=0 t

ρk+µ−1 Γ(γ+k)
Γ(γ)Γ(ρk+µ)

ωk

k! ]

= pµ+1
∞∑
k=0

Γ(γ+ k)

Γ(γ)

(ωpρ)k

k!

= pµ+1[1−ωpρ]−γ.

Which is the Elzaki transform formula of Prabhakar integral. We use this result
to solve Free Electron Laser equation involving Prabhakar integral and Hilfer-
Prabhakar fractional derivative. Even this formula is useful to solve problems
associated with Hilfer-Prabhakar fractional derivative and its regularized ver-
sion in engineering and mathematics. �

Lemma 2 The Elzaki transform of Hilfer-Prabhakar derivative of fractional
order (7) is given by

E
(
E
−γν
ρ,ν(1−µ),ω,0+

d
dt

(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+g

))
(p)

= p−µ[1−ωpρ]γE [g] (p)−pν(1−µ)+1[1−ωpρ]γν
[
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+g (t)

]
t=0+

.

(11)

Proof. Elzaki transform of Hilfer-Prabhakar fractional derivative using (5),
(7) and convolution theorem for Elzaki transform, we have

E(Dγ,µ,νρ,ω,0+g (t))( p) =
1

p
·E
[
tν(1−µ)−1E

−γν
ρ,ν(1−µ) (ωt

ρ)
]
(p)

·E
[
d

dt

(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+g

)]
(p)

= pν(1−µ)(1−ωpρ)γν ·E
[
d

dt

(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+g

)]
(p)

= pν(1−µ)(1−ωpρ)γν
[
pνµ−ν−µ(1−ωpρ)γ(1−ν)E [g] (p)
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−p
(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+g

)
t=0+

]
.

On simplification, we get the required result (11). �

Lemma 3 The Elzaki transform of regularized version of Hilfer-Prabhakar
fractional derivative (8) of order µ is expressed as

E[CDγ,µρ,ω,0+g] (p)=p
−µ(1−ωpρ)γE[g](p) − p2−µ[1−ωpρ]γg

(
0+
)
. (12)

Proof. Elzaki transform of regularized version of Hilfer-Prabhakar fractional
derivative of order µ using (5) and (8), we have

E[CDγ,µρ,ω,0+g] (p) = E

(
E
−γν
ρ,ν(1−µ),ω,0+E

−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+

d

dt
g

)
(p)

= E

(
E
−γ
ρ,(1−µ),ω,0+

d

dt
g

)
(p)

=
1

p
.E
[
t(1−µ)−1E

−γ
ρ,(1−µ) (ωt

ρ)
]
(p) ·E

[
d

dt
g

]
(p)

= p−µ(1−ωpρ) γE [g] (p) − p2−µ[1−ωpρ]γg
(
0+
)
.

�

4 Applications

In this section, we discuss generalized fractional Free Electron Laser (FEL)
equation which converge to FEL integro-differential equation,

{
dy
dx = −iπg

∫x
0 (x− t) e

−iη(x−t)y (t) , g, η ∈ R, x ∈ (0, 1] ,
y (0) = 1.

(13)

Theorem 1 The solution of generalization the Free Electron Laser equation
involving Hilfer-Prabhakar derivative [1]

D
γ,µ,ν
ρ,ω,0+y (x)= γE

β
ρ,µ,ω,0+y (x) + g (x) , x ∈ [0,∞) ,

[E
γ(ν−1)
ρ,(1−ν)(1−µ),ω,0+y (x)]t=0

= c, c ≥ 0,
limx→±∞ u (x, t) = 0,

(14)
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with µ ∈ (0, 1) , ν ∈ [0, 1] ,ω ∈ R, ρ > 0, γ, β ≥ 0, is given by

y(p) =

∞∑
n=0

[c.(γ)ntν(1−µ)+µ+2µn−1E
(β+γ)n−γ(ν−1)
ρ,ν(1−µ)+µ(2n+1) (ωt

ρ)

+ (γ)nt
µ(2n+1)−1

E
γ(n+1)+βn
ρ,µ(2n+1) (ωtρ).g].

Proof. Taking Elzaki transform of (14) using (11), we have

p−µ(1−ωpρ)γE [y] (p) − pν(1−µ)+1(1−ωpρ)γν.c

= γ. pµ(1−ωpρ)−βE [y] (p) + E [g] (p)

E [y] (p) =
pν(1−µ)+1(1−ωpρ)γν.c+ E[g](p)

p−µ(1−ωpρ)γ − γ. pµ(1−ωpρ)−β

=
pν(1−µ)+µ+1(1−ωpρ)γν−γ.c+ pµ(1−ωpρ)−γE[g](p)

1− γ. p2µ(1−ωpρ)−(β+γ)

=

∞∑
n=0

γnc.pν(1−µ)+µ+2µn+1(1−ωpρ)γ(ν−1)−(β+γ)n

+

∞∑
n=0

γnpµ+2µn(1−ωpρ)−[γ+(β+γ)n]E [g] ,

inverting Elzaki transform, we have

y(p) =

∞∑
n=0

[c.γntν(1−µ)+µ+2µn−1E
(β+γ)n−γ(ν−1)
ρ,ν(1−µ)+µ(2n+1) (ωt

ρ)

+ γntµ(2µ+1)−1E
γ(n+1)+βn
ρ,µ(2n+1) (ωtρ) · g].

Which is required solution. �

Theorem 2 The solution to the Cauchy problem [5] of fractional order
D
γ,µ,ν
ρ,ω,0+u (x, t)= K ∂2

∂x2
u (x, t) , t > 0, x ∈ R,

[E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+u (x, t)]t=0

= g (x) ,

limx→±∞ u (x, t) = 0,
(15)
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with µ ∈ (0, 1) , ν ∈ [0, 1] ,ω ∈ R, K, ρ > 0, γ ≥ 0, is given by

u (x, t) =

∞∑
n=0

1

2π

∫∞
−∞
(
−Kk2

)n
eikxĝ (k)dktν(1−µ)+µ(n+1)−1E

γ[n−(ν−1)]
ρ,ν(1−µ)+µ(n+1)(ωt

ρ).

Proof. Let u (x, p) = E(u)(x, p) and û (k, t) = F (u) (k, t) are the Elzaki
transform and the Fourier transform respectively. Taking Elzaki transform of
(15) and by using (11), we have

p−µ(1−ωpρ)γû(k, p) − pν(1−µ)+1(1−ωpρ)γνĝ (k) = −Kk2û(k, p)

û(k, p) =
pν(1−µ)+1(1−ωpρ)γνĝ (k)

p−µ(1−ωpρ)γ + Kk2

=
pν(1−µ)+1+µ(1−ωpρ)γ(ν−1)ĝ (k)

1+ Kk2

p−µ(1−ωpρ)γ

=

∞∑
n=0

(
−Kk2

)n
ĝ(k)pν(1−µ)+µ(n+1)+1(1−ωpρ)γ[(ν−1)−n],

inverting Elzaki transform, we have

û (k, t) =

∞∑
n=0

(
−Kk2

)n
ĝ(k)tν(1−µ)+µ(n+1)−1E

γ[n−(ν−1)]
ρ,ν(1−µ)+µ(n+1)(ωt

ρ). (16)

inverting Fourier transform and after little simplification, finally we obtain the
desired result. �

Theorem 3 The solution of the Cauchy problem [5] of fractional order
cD

γ,µ
ρ,ω,0+u (x, t)= K ∂2

∂x2
u (x, t) , t > 0, x ∈ R,

u (x, 0+) = g (x) ,
limx→±∞ u (x, t) = 0,

(17)

with µ ∈ (0, 1) , ν ∈ [0, 1] ,ω ∈ R, K, ρ > 0, γ ≥ 0, is given by

u (x, t) =

∞∑
n=0

1

2π

∫∞
−∞
(
−Kk2

)n
eikxĝ (k)dktµnEγnρ,µn+1(ωt

ρ).
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Proof. Taking Elzaki-Fourier transform of (17) using (12), we have

p−µ(1−ωpρ)γû(k, p) − p2−µ(1−ωpρ)γĝ (k) = −Kk2û(k, p)

û(k, s) =
p2−µ(1−ωpρ)γĝ (k)

p−µ(1−ωpρ)γ + Kk2

=
p2ĝ (k)

1+ Kk2

p−µ(1−ωpρ)γ

=

∞∑
n=0

(
−Kk2

)n
ĝ(k)pµn+2(1−ωpρ)−γn,

inverting Elzaki transform, we have

û (k, t) =

∞∑
n=0

(
−Kk2

)n
ĝ (k)tµnEγnρ,µn+1 (ωt

ρ) , (18)

inverting Fourier transform, we have

u (x, t) =

∞∑
n=0

1

2π

∫∞
−∞
(
−Kk2

)n
eikxĝ (k)dktµnEγnρ,µn+1 (19)

which is the claimed result. �

5 Conclusions

In this work, we studied the Elzaki transform of Prabhakar integral plays a
key role to control engineering calculus problem in fractional related to Hilfer-
Prabhakar fractional derivative and its regularized version. We also present
some application of Hilfer-Prabhakar and its regularized version along with
the integral transform mainly Elzaki transform. In this paper we consider Free
Electron Laser problem. Furthermore, we discuss some application of Elzaki
transform to find solution of Cauchy problem involving Hilfer-Prabhakar frac-
tional derivative and its regularized version. We also find the point where
the very popular Laplace transform and the new Elzaki transform coincide.
The results show that Elzaki transform is very useful for solving fractional
differential equations.
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