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Abstract. In this paper, we define a class of analytic functions, F(H, &, 0, i),
satisfying the following condition

zf'(2)1° zf' (2) 1" 2 ()]
(“[f(z)} # 0o | F] 1+ 5 )*H(Z’t)’
where o« € [0,1],6 € [1,2] and p € [0, 1].

We give coefficient estimates and Fekete-Szegd inequality for this
class.

1 Introduction

Let A denote the class of analytic functions in the open unit disk U ={z: |z| <
1}, of the form

oo
f(z) =z+ Z a iz, z € U. (1)
k=2
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Definition 1 [7, p.4] Let f,g analytic functions in the open unit disk. The
function f is said to be subordinate to g, written f < g , or f(z) < g(z), if
there exists a function w, analytic in U, with w(0) =0 and ‘w ! <1 (ie.w
is a Schwarz function), such that f(z) = g [W(z)] zeU.

Remark 1 [7, p.4] If g is univalent, then f < g if and only if f(0) = g(0) and
f(U) C g(U).

Chebyshev polynomials are of four kinds, but the most common are the
Chebyshev polynomials of the first kind,

Ta(x) = cosmb, x € [—1,1],
and the second kind,

sin(n+1)0
sin 6

Un(x) = ,x € [—1,1],

where n denotes the polynomial degree and x = cos 0.

Applications of Chebyshev polynomials for analytic functions can be found in
1, 2, 3, 4].

Let ]
Azt = 1—2tz 422’
where t = cos 0,0 € (—%,%)
We have
n(n+1)0
) =1+
izt g sin 6
=1+42cos0z+ (3cos?0 —sin®0)z% + - - (2)
1
T+ U ()24 W)+ ,ze Ut e (2,1},
where

. —1
sin(ncos ' t)
Un g = ﬁ’n €N,

are the Chebyshev polynomials of second kind.
Furthermore, we know that

un(t) = 2tUy (t) —Un 2 (t)
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and
U (t) = 2t, U (t) =42 —1,--- .

In this paper, we define a new class of analytic functions, being motivated
by the following result.

Corollary 1 [5] Let f € A and also let « € [0,1],a € [0,1],6 € [1,2] and
welo1]. If

1 8 / 0 11 1—p
(7] o[ PR ) e

then

zf'(z)
9%( f2) > >a,z €U,

so f is starlike of order a in U.

Definition 2 We say that f € A of the form (1) belongs to F(H, o, d, 1) if

zf'(2)1° zf' () 1" 2f"(z) ]
1— 1 t
(oc[ ) ] + ( oc)[ f(z)} [ + 72) < H(z,t), (3)
the power is considered to have principal value, x € [0,1],0 € [1,2] and n €
[0,1].

Taking « = 6 =t =1 and w(z) = z, we obtain the following example.

Example 1 The function f(z) = ﬁeiz with the series expansion f(z) =

z 4222 + %23 + -+ belongs to F(H, «, b, 1).
For the purpose of our results, we need the following lemma.
Lemma 1 [6] Let the Schwarz function w be given by
w(z) =wiz+waz? + w3z + -,z € U. (4)

Then
il <1, wy —twi] < 1+ ([t — 1wil* < max{1, [t]},

where t € C.
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2  Main result
Our main result in this paper is stated as the following theorem.

Theorem 1 Let f € A of the form (1) belong to the class F(H, x,d, ). Then

2t
ad+(1—a)(2—n)’

laal < (5)
and, for A € C,

t 1
W+ (0 —o)(3—2p) YD

2(1—o) (1) — (82 —p?) —p?
_ 3+ “046-5-5—0?)(2—;; - B 462 —1
2(xd+ (1 —o)(2—p)) 2t

|a3 —Aa%| <

<2>\(oa3 +(1—a)(3—2u)
2t .
(od+ (1T — ) (2—p))

L

T—p
] =H(w(z),t),zeU. (7)

Proof. Let f € F(H, «,d, 1), then from (3) we have
/ 8 / 5 "
(x[zf (z)] (- [zf (z)} {] N zf"(z)

f(z) f(z) f/(z)
Using (2) and (4), we obtain
H(w(z),t) =1+ W (Owiz+ (U (wi + Ui (thwa) 22 + - . (8)
Making use of (1), (7) and (8), we get
(b + (1 — )2 — W) az = Uy (t)wr, 9)

and

5(6—3)+ (1 — ) (u?+50—8) ,
2 “

2(ad + (1— ) (3—2p))az + =
= Uy (t)w? + U; (t)wy.

(10)

From (9), we obtain
U (t)wy

T+ (T— )2 )
Using Lemma 1 and (11), we obtain (5).
Putting (11) in (10), we have

(11)

az

2(ad + (1 — ) (3 —2p)) a3 = Wp(t)wf + Uy (t)w;,
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(8(3—8) — (1 — &) (n? 4 5 — 8))UF(t)wg
2(ad + (1= o) (2 — )’ '

Therefore,
_ U, (t)
asz =
2(xd + (1 —o)(3 —2p))
2(1—0) (1—p)— (82 —p?) —p?
(3 + o5+ (1= (2—1) >U1 (t) W | (12)
wy + + W
? 2(ad+ (T— )2 — ) W [

For A € C, from (11) and (12) we obtain that

2 U (t) Uz (t)
B S (- (3 2w)) (WZ oo™

(o (P8 0 =B 20) 3 TGRS
(6 + (1—o)2—w):  2(cd+(1—a)(2—w))

Hence,
t 2A(0d + (1 —o)(3—2
s had — oy ([P0 =213 20)
ad + (1 — o) (3 —2u) (ad+ (1 —a)(2—p))
2(1—0) (1—p) —[82 —p?) —p?
_ 3+ OCOC5+(L;—0?)(2_IS : . 4¢% —1 WZ (14)
2(ad+ (1 — ) (2 — ) 2t Ll
Using Lemma 1 for inequality (14), we obtain inequality (6). O

Taking « =1—f3,6 =1 and p = 0 in Theorem 1, we obtain the following
result:

Corollary 2 [2] Let f € A of the form (1) satisfying the condition

((1 _pHE B(‘ + Zf/l(ﬂ)) < Hzt),

f(z) f(z)

where B € [0,1]. Then

2t
laz| < Iy
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}.

and, for A € C,

N 2t

2t(2A(1+2[5) 1+3[5>_4t2—1
(1+p)2  (1+p)?

t
‘03—7\(,1%‘ < MSmaX{],

Taking &« = 0 in Theorem 1, we obtain the following result:

Corollary 3 [1] Let f € A of the form (1) satisfying the condition

Zf,(Z) o8 Zf”(Z) T—p
(fm) (1+ f,(z)> < H(z1),

where w € [0,1]. Then

< —
|2|_2_H—)

and, for A € C,

_ 2 _ 2
2t<2?\(3 2u)+u +5u 8)_4t 1

‘a3—7\a%‘ < Lmax 1
—3-2u ’ (2—p)? 2(2 — p)? 2t

}.
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