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Abstract. Let R be a Noetherian integral domain which is also an
algebra over Q (Q is the field of rational numbers). Let σ be an endo-
morphism of R and δ a σ-derivation of R. We recall that a ring R is a
weak (σ, δ)-rigid ring if a(σ(a) + δ(a)) ∈ N(R) if and only if a ∈ N(R)
for a ∈ R (N(R) is the set of nilpotent elements of R). With this we prove
that if R is a Noetherian integral domain which is also an algebra over
Q, σ an automorphism of R and δ a σ-derivation of R such that R is a
weak (σ, δ)-rigid ring, then N(R) is completely semiprime.

1 Introduction and preliminaries

Throughout this paper R will denote an associative ring with identity 1 6= 0,
unless otherwise stated. The prime radical of a ring R denoted by P(R) is
the intersection of all prime ideals of R. The set of nilpotent elements of R is
denoted by N(R). The ring of integers, the field of rational numbers, the field
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of real numbers and the field of complex numbers are denoted by Z, Q, R and
C respectively, unless otherwise stated.

Krempa [4] introduced σ-rigid rings and proved that if σ is a rigid endomor-
phism of R, then it is a monomorphism preserving every minimal prime ideal
and annihilator in R. Several properties of σ-rigid rings have been studied in
[2, 3]. Weak σ-rigid rings were studied by Ouyang [7]. Bhat [1] gave a neces-
sary and sufficient condition for a commutative Noetherian ring to be weak
(σ, δ)-rigid ring.

In this article we investigate weak (σ, δ)-rigid rings over Noetherian rings.
Now let R be a ring, σ an endomorphism of R and δ a σ-derivation of R.

Recall that δ : R→ R an additive map such that

δ(ab) = δ(a)σ(b) + aδ(b), for all a, b ∈ R

is called a σ-derivation of R.

Example 1 Let F be a field, R = F[x] be the polynomial ring over F. Then
σ : R→ R defined as

σ(f(x)) = f(−x) is an automorphism.

Define δ : R→ R by

δ(f(x)) = f(x) − σ(f(x)).

Then δ is a σ-derivation of R.

1.1 σ-rigid ring

Recall that in Krempa [4], an endomorphism σ of a ring R is said to be rigid
if aσ(a) = 0 implies that a = 0, for all a ∈ R. A ring R is said to be σ-rigid if
there exists a rigid endomorphism σ of R.

Example 2 Let R =

[
F F

0 F

]
, where F is a field. Let σ : R→ R be defined by

σ

([
a b

0 c

])
=

[
a 0

0 0

]
for a, b, c ∈ F.

Then it can be seen that σ is an endomorphism of R.

Let 0 6= a ∈ F. Then

[
0 a

0 0

]
σ

([
0 a

0 0

])
=

[
0 0

0 0

]
.

But

[
0 a

0 0

]
6=
[
0 0

0 0

]
.
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Hence R is not a σ-rigid ring.

We recall that σ-rigid rings are reduced rings by Hong et. al. [3]. Recall
that a ring R is reduced if it has no non-zero nilpotent elements. Observe that
reduced rings are abelian.

1.2 Weak σ-rigid ring

Note that as in Ouyang [7], a ring R with an endomorphism σ is called a weak
σ-rigid ring if aσ(a) ∈ N(R) if and only if a ∈ N(R) for a ∈ R.

Example 3 (Example 2.1 of [7]) Let σ be an endomorphism of a ring R. Let

A =


a b c

0 a d

0 0 a

 | a, b, c, d ∈ R


be a subring of T3(R), the ring of upper triangular matrices over R. Now σ

can be extended to an endomorphism say σ of A by σ((aij)) = (σ(aij)). Then
it can be seen that A is a weak σ-rigid ring.

Example 4 Let F be a field and R = F(x), the field of rational polynomials in
one variable x over F. Then N(R) = {0}. Let σ : R → R be an endomorphism
defined by

σ(f(x)) = f(0).

Then R is not a weak σ-rigid ring. For let f(x) = xa, f(0) = 0 and f(x)σ(f(x)) =
xa.0 = 0 ∈ N(R). But 0 6= f(x) /∈ N(R).

Clearly the notion of a weak σ-rigid ring generalizes that of a σ-rigid ring.
Also in [5], it has been shown that if R is a weak σ-rigid ring, then N(R) is
completely semi-prime where R is a Noetherian ring and σ an automorphism
of R.The converse is not true.

Example 5 [6] Let F be a field, R = F×F and σ an automorphism of R defined
by

σ((a, b)) = (b, a), for a, b ∈ F.

Then R is a reduced ring and so N(R) = {0} is completely semi-prime. But R is
not a weak σ-rigid ring. Since (1, 0)σ((1, 0)) = (0, 0) ∈ N(R), but (1, 0) /∈ N(R).
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1.3 Weak (σ, δ)-rigid rings

We generalize the above mentioned notions by involving σ and δ together as
follows:

1.3.1 (σ, δ)-ring

Definition 1 (Definition 7 of [1]) Let R be a ring, σ an endomorphism of R
and δ a σ-derivation of R. Then R is said to be a (σ, δ)-rigid ring if

a(σ(a) + δ(a)) ∈ P(R) implies that a ∈ P(R) for a ∈ R.

Definition 2 Let R be a ring, σ an endomorphism of R and δ a σ-derivation
of R. Then R is said to be a (σ, δ)-rigid ring if

a(σ(a) + δ(a)) = 0 implies that a = 0 for a ∈ R.

Example 6 Let R = C and σ : R→ R be defined by

σ(a+ ib) = a− ib, for all a, b ∈ R.

Then σ is an automorphism of R.
Define δ a σ-derivation of R as

δ(z) = z− σ(z) for z ∈ R.

i.e., δ(a+ ib) = a+ ib− σ(a+ ib) = a+ ib− (a− ib) = 2ib.

Let A = a+ ib. Then A[σ(A) + δ(A)] = 0 implies that

(a+ ib)[σ(a+ ib) + δ(a+ ib)] = 0

i.e. (a + ib)[(a − ib) + 2ib] = 0 or (a + ib)(a + ib) = 0 which implies that
a = 0, b = 0. Therefore, A = a+ ib = 0. Hence R is a (σ, δ)-rigid ring.

1.3.2 Weak (σ, δ)-rigid rings

Definition 3 Let R be a ring. Let σ be an endomorphism of R and δ a σ-
derivation of R. Then R is said to be a weak (σ, δ)-rigid ring if a(σ(a)+δ(a)) ∈
N(R) implies and is implied by a ∈ N(R) for a ∈ R.

Example 7 Let R = Z[
√
2]. Then σ : R→ R defined as

σ(a+ b
√
2) = (a− b

√
2) for a+ b

√
2 ∈ R
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is an endomorphism of R.
For any s ∈ R. Define δs : R→ R by

δs(a+ b
√
2) = (a+ b

√
2)s− sσ(a+ b

√
2) for a+ b

√
2 ∈ R.

Then δs is a σ-derivation of R. Here N(R) = {0}.
Further,

(a+ b
√
2){σ(a+ b

√
2) + δs(a+ b

√
2)} ∈ N(R)

implies that

(a+ b
√
2){(a− b

√
2) + (a+ b

√
2)s− sσ(a+ b

√
2)} ∈ N(R)

or

(a+ b
√
2){a− b

√
2+ as+ bs

√
2− sa+ sb

√
2} ∈ N(R)

i.e.

(a+ b
√
2){a+ (2s− 1)b

√
2} ∈ N(R) = {0}

which gives a = 0, b = 0. Hence a+b
√
2 = 0+ 0

√
2 ∈ N(R). Thus R is a weak

(σ, δ)-rigid ring.

With this we prove the following:

Theorem A: Let R be Noetherian, integral domain which is also an algebra
over Q. Let σ be an automorphism of R and δ a σ-derivation of R. Then R a
weak (σ, δ)-rigid ring implies that N(R) is completely semi-prime.

The statement is proven in Theorem 1, to be found below.

2 Proof of the main result

We have the following before we prove the main result of this paper:

Recall that an ideal I of a ring R is called completely semi-prime if a2 ∈ I
implies that a ∈ I for a ∈ R.

Example 8 Let R =

[
Z Z
0 Z

]
. Then P1 =

[
Z Z
0 0

]
, P2 =

[
0 Z
0 Z

]
, P3 =

[
0 Z
0 0

]
are prime ideals of R.

It can be easily seen that P1, P2, P3 are completely semi-prime ideals.
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Proposition 1 Let R be a ring, σ an automorphism of R and δ a σ-derivation
of R. Then for u 6= 0, σ(u) + δ(u) 6= 0.

Proof. Let 0 6= u ∈ R, we show that σ(u) + δ(u) 6= 0. Let for 0 6= u,
σ(u) + δ(u) = 0. This implies that

δ(u) = −σ(u), ∀0 6= u ∈ R. (1)

We know that for

0 6= a, 0 6= b ∈ R, δ(ab) = δ(a)σ(b) + aδ(b).

By using equation 1, we have

−σ(ab) = −σ(a)σ(b) + a(−σ(b))⇒ −σ(ab) = −[σ(a) + a]σ(b)⇒ σ(a)σ(b) = −[σ(a) + a]σ(b)⇒ σ(a) = σ(a) + a

Therefore, a = 0 which is not possible. Hence σ(u) + δ(u) 6= 0. �

We now prove the main result of this paper in the form of the following The-
orem:

Theorem 1 Let R be a Noetherian integral domain which is also an algebra
over Q. Let σ be an automorphism of R and δ a σ-derivation of R. Then R a
weak (σ, δ)-rigid ring implies that N(R) is completely semi-prime.

Proof.Let R be a weak (σ, δ)-rigid ring. Then we will show that N(R) is
completely semi-prime. Let a ∈ R. Since R is a weak (σ, δ)-rigid ring. Let

{a(σ(a) + δ(a))}2 ∈ N(R).

Then there exists a positive integer n such that [a2(σ(a)+ δ(a))2]n = 0 which
implies that a2n(σ(a) + δ(a))2n = 0. But by Proposition (1), σ(a) + δ(a) 6= 0.
Hence a2n = 0 which implies that an = 0, because R is an integral domain.
Therefore, an(σ(a) + δ(a))n = 0 or {a(σ(a) + δ(a))}n = 0. Thus a(σ(a) +
δ(a)) ∈ N(R). Hence N(R) is completely semi-prime. �

The converse is not true.

Example 9 Let F be a field. Let R = F × F and σ an automorphism of R
defined by
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σ((a, b)) = (b, a) for a, b ∈ F.

Then R is a reduced ring and so N(R) = {0} and therefore, it is completely
semi-prime. Let r ∈ F. Define δr : R→ R by

δr((a, b)) = (a, b)r− rσ((a, b)) for a, b ∈ F.

Then δr is a σ-derivation of R. Also R is not a weak (σ, δ)-rigid ring. For take
(1,−1) ∈ R, r = 1

2 . Then

δr((1,−1)) = (1,−1) 12 −
1
2σ((1,−1))

= (1,−1) and (1,−1)[σ(1,−1) + δr(1,−1)]
= (1,−1)[(−1, 1) + (1,−1)]
= (1,−1)(0, 0) = (0, 0) ∈ N(R).

But (1,−1) /∈ N(R).

Corollary 1 Let R be a commutative Noetherian, integral domain which is
also an algebra over Q. Let σ be an automorphism of R and δ a σ-derivation
of R. Then R a weak (σ, δ)-rigid ring implies that N(R) is completely semi-
prime.

Also we note that if R is a (σ, δ)-rigid ring then it is a weak (σ, δ)-rigid ring,
but the converse need not be true as in the following example:

Example 10 Let σ be an endomorphism of a ring R and δ a σ-derivation of
R. Let R be a (σ, δ)-rigid ring. Then

R3 =


a b c

0 a d

0 0 a

 : a, b, c, d ∈ R


is a subring of T3(R). The endomorphism σ of R can be extended to the endo-
morphism σ : R3 → R3 defined by σ((aij)) = (σ(aij)) and δ can be extended to
δ : R3 → R3 by δ((aij)) = (δ(aij)). Leta b c

0 a d

0 0 a

σ
a b c

0 a d

0 0 a

+ δ

a b c

0 a d

0 0 a

 ∈ N(R).

Then there is some positive integer n such thata b c

0 a d

0 0 a


σ(a) σ(b) σ(c)
0 σ(a) σ(d)
0 0 σ(a)

+

δ(a) δ(b) δ(c)
0 δ(a) δ(d)
0 0 δ(a)


n = 0
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which implies thata b c

0 a d

0 0 a


σ(a) + δ(a) σ(b) + δ(b) σ(c) + δ(c)

0 σ(a) + δ(a) σ(d) + δ(d)
0 0 σ(a) + δ(a)


n = 0

or[
a(σ(a) + δ(a)) a(σ(b) + δ(b)) + b(σ(a) + δ(a)) a(σ(c) + δ(c)) + b(σ(d) + δ(d)) + c(σ(a) + δ(a))

0 a(σ(a) + δ(a)) a(σ(d) + δ(d)) + d(σ(a) + δ(a))
0 0 a(σ(a) + δ(a))

]n
= 0, which gives

a(σ(a) + δ(a)) ∈ N(R).

Since R is reduced, we have

a(σ(a) + δ(a)) = 0

which implies that a = 0, since R is a (σ, δ)-rigid ring. Hence

a b c

0 a d

0 0 a

 =

0 b c

0 0 d

0 0 0

 ∈ N(R).

Conversely, assume that a b c

0 a d

0 0 a

 ∈ N(R).

Then there is some positive integer n such that

a b c

0 a d

0 0 a

n =

an ∗ ∗
0 an ∗
0 0 an

 = 0

which implies that a = 0, because R is reduced (Here ∗ are non-zero terms
involving summation of powers of some or all of a, b, c, d). So

a b c

0 a d

0 0 a

σ
a b c

0 a d

0 0 a

+ δ

a b c

0 a d

0 0 a
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=

0 b c

0 0 d

0 0 0


0 σ(b) σ(c)
0 0 σ(d)
0 0 0

+

0 δ(b) δ(c)
0 0 δ(d)
0 0 0


=

0 b c

0 0 d

0 0 0


0 σ(b) + δ(b) σ(c) + δ(c)
0 0 σ(d) + δ(d)
0 0 0


=

0 0 b(σ(d) + δ(d))
0 0 0

0 0 0

 ∈ N(R).

Therefore, R3 is a weak (σ, δ)-rigid ring. Also since R3 is not reduced, R3 is
not a (σ, δ)-rigid ring.
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