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Abstract. For the sequence of King operators, we establish a direct ap-
proximation theorem via the first order Ditzian-Totik modulus of smooth-
ness, and a converse approximation theorem of Berens-Lorentz-type.

1 Introduction

Studying the connection between regular summability matrices and convergent
positive linear operators, King [3] introduced an interesting Bernstein-type
operator defined as follows:

i k
(Vaf)(x) = Valfix) = 3 prslrn0e) (1 ) )
k=0
where x € [0,1], f € C[0,1], pnx(x) = (E)xkﬂ —x)" % and
x?, if n=1
— , p)
TTL(X) _2(11171) + \/%XZ + 4(“1—])2) lf n= 2) 3) “e ( )
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For mn(x) = x, x € [0, 1], we recover from (1) the classical Bernstein operator:
= k
(Bnf)(x) = Bnl(f;x) é P () f (n) :
It is known that

(Buco)x) =1, (Buer)(x) =x and (Buer)(x) =x*+ 01— (g)

where ej(x) = X, x € [0,1] and j € {0,1,2,...}. In contrast with (3), we have
for Vi, the relations (see [3, pp. 204-205)):

(Vneo)(x) =1, (Vaer)(x) =rn(x) and (Vnez)(x) =x%. (4)

The goal of the paper is to obtain direct and converse approximation theo-
rems for the operators given by (1)-(2). The direct result is established with
the aid of the first order Ditzian-Totik modulus of smoothness defined by

f(x + she(x)) — f(x — she(x)) |,  (5)

‘ 1 1
2 2

wzp(f;é) = sup sup
0<h<$§ Xi%h@(x)e[o,ﬂ

where @(x) = y/x(1 —x), x € [0,1]. It is known [2, Theorem 2.1.1] that (5) is
equivalent with the K-functional

Kio(f;8) = inf {||f — g +6||@g’||}, &6§>0
1,(p( ) gEW((p){H 9” H(pg H} )

where W(@) ={glg € A.C.10c[0, 1], || g’|| < oo}, i.e. there exists C; > 0 such
that

Cylwy, (£5;8) < Ky o(f;8) < Cravg (;5). (6)

Finally, a converse result of Berens-Lorentz-type is established for the oper-
ators Vy, (see [1, p. 312, Lemma 5.2] and Lemma 3 below). Throughout this
paper Cq, Ca,..., Cy3 denote absolute positive constants.

2 Direct theorem

We have the following result for the functions defined by (2).

Lemma 1 The functions rn, n=1,2,..., satisfy the properties
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a) 0<r(x) <2 forxel0,1] and n=1,2,...;

b) ™ (0) =0, rn(1) = 1 and v is strictly increasing function on [0,1] for
n=12...;

c) 0< rn(x) <x <1 forxel0,1] andn=12,...;
d) 0<x—T1n(x) < 2(1—=x) forx € [0,1] andn=1,2,...;
e) x <2rn(x) forx € [L,1] andn=1,2,...

Proof. a) Obviously 1} (x) = 2x, x € [0, 1]. For n > 2, by simple computations,
we obtain

hmwzo if x=0
1,,/ (X) _ x\0 x—0 ’
n - X
—L__ if 0<x<T.
e +4(n71)2
ox n
Hence 0 < 1), (x) < —= =\ <V2forx e (0,1]. Thus 0 < 7 (x) <2
n_ —

n1x
form=1,2,...and x € [0, 1].

b) It follows from (2) and a).

c) It follows from (2) by direct computations.

d) Obviously 0 < x —11(x) = x(1 —x) < 2(1 —x), x € [0,1]. Using b) and
c), we have 0 < x — 1 (x) < %(1 —x) forx=0and n > 2, and

0<x—rn(x) = x+ 1 — LIV ]
- " N 2(n—1) n—1 4(n—1)2

x(1—x)
n—I1

1 2 1
X+2(T_”+\/%X +m
x(T—x)

_IEx 2y
X n—1

IN
3
L

3

for x € (0,1] and n > 2.
e) For n = 1 the statement is obvious. For n > 2, we consider the function
h(x) = %, x € [L,1]. Then, by (2),

™ (x)?

Tn(x) — xr/ (x)

1 —12
h(x) = ————"—= r;z(x) <rn(x) + ))

T2 (x) 2(n—1
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V- LAY L SIS
2n—1 [2n=1) \Vn=1" "am—1)2

1

1 LN
i < n(1)- :
1 1 1
R AR = R =
2(n—1) 1 1vbn—4+ f
vnoo/bBn— f 2 vn
for x € [%, 1], which was to be proved. O

The operators Vy, given by (1)-(2) are linear and positive. By Lemma 1, b),
we have

(Vuf)(0) =f(0) and (Vaf)(1) = (1) (7)

for all f € C[0, 1].
In the next theorem we establish the direct result.

Theorem 1 There exists C; > 0 such that

IVaf — ] < Co ], <f \)ﬂ> (8)

for all f € C[0,1] andm =1,2,...

Proof. Let x € (0,1) and t € [0, 1]. Taking into account [2, Lemma 9.6.1], we

have
J* du r du
< oW . lt—ufl2

Further, for g € W(¢), we have g(t) = +f g'(w)du, t € [0,1] and
€ (0,1). Hence, by (9), Holder’s inequahty, ( ) and Lemma 1, d), we get

<Jt g’(u) duy; x) '
[ 19700 ;x>fgnwnga(

< o T(x)[t — x|17? =2¢ ' (x)lt —xl. (9)

|Vn(g;x) - Q(XH = Vn

-

t
[t &)
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1/2
< 207 W)log [V (It —xhx) < 207 ¥ll0g'|| (Vallt —x)%x))
1/2
= 29 (x)|eg’ H( (e2;x) — ZXVn(€1;X)+X2Vn(6o;X)>
= z@*<xw¢@ﬂux-—zxnax)+x2ﬂﬂ:=zm*wxw¢@wuzxw~—naxn)”2
2 172 4
< 20 ngu( 1-—@) —=llogl. (10)

Due to (7), the estimation (10) is also valid for x € {0 1}

k
< —) <
On the other hand, by (4), we obtain |(Vyf)(x)] Z Prk(Tn(x)) ‘ f(n) ‘_
n
£l Z Prk(tn(x)) < |/f]|, therefore

[Vafll < [I£]] (11)

for all f € CI[0, 1].
Now, in view of (4), (10) and (11), we find that
[Va(fix) = f(x)| Va(f = g x) + [Va(gix) — g(x)[ + g (x) — f(x]]

<
4 / 1 /
< 2 =gl + Zllogl <4yt —gll+ o'l |

Taking the infimum on the right hand side over all g € W(@), we obtain

1

Hence, by (6), we arrive at (8), which completes the proof. O

3 Converse theorem

We begin with the following remark.

Remark 1 Due to (8), the condition w]p (£;6) < C386% 6 >0,0 < ax < 1
implies that ||Vnf —f|] < Cyn=%2, n > 1.

In what follows, we establish the converse result of the statement given in
Remark 1. To achieve this we need some lemmas.
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Lemma 2 We have
a) |[e(Vaf)'|| < 8vn||f|| for f € Cl0,1] and n=1,2,...;
b) @(Vag)ll < 32| @g’l| for g € W(e) andn=1,2,...

Proof. a) Let x € (0,1). By [1, p. 305, (2.1)], we have for the derivatives of
Pnk that

Prc(¥) = pno1ge1 () = Pro1 k()] = @72 (x) (k — nx)pa (%), (12)

where k = 1,2,...,n and pr_1-1(x) = pn_1n(x) = 0. We distinguish two
cases: x € (0, %}. By (1), (12), Lemma 1, a) and (4), we get

0| (E>
i Prctica(06) = Pyl ()
kipn i) [f(5) =43
< no(x)7 () :_; pocalm0) 1) < 1((¥)
< 2ne (), ()] Z proi(rn(x)) < dny/x(1T—x)|f]

< 4vmllf. (13)

o (%) (Vaf)'(x)

X € [ ,1). Using (1), Lemma 1, a), (12), Holder’s inequality, (4) and Lemma
, ¢), d), e), we get

n

> vl 1( 1)

k=0

@ (x)(Vaf)'(x)] = @ (x)17, (x)

IN

IIfHZ @ 2 (rn(x))[k — N1 ()P (1n (X))

IN

n 1/2
20(x)¢ 2 (ra(x)) ] (Z (k= nra(x pn,k(rn(xn)
k=0
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= o (x) o 2rn () 1] (Valezx) — 2Zra()Va(enix) + ra(0Valeoix))
1/2
= oo ()] (x* = 2r2(x) + (%))
= 200(x) @2 (rm () [ (x 4+ 1 (6)) V2 (x = T x ))‘/2
2

< 2no (e () V20 L0 =x) =4V ‘P 1l

- %ﬂmﬂﬂlzzwmg4w»z1wm=&mww (14)
Finally, by Lemma 1, a), we get @(0)(Vaf)’ (0) ) Prglrn(0 )f(f1

k=0

=0 and @(1)(Vapf)’ Z Prk(Tn(] )f<li> = 0. Hence, due to

(13) and (14), we obtain ||@(Vn f H < 8y/n||f]|, which was to be proved.

b) The proof is similar to the above. Let x € (O, H Taking into account
(1), (12), Lemma 1, a), (9), Holder’s inequality and (4), we get for g € W(¢)
that

[(Vag)'(x X)| D a1 (ra(x)) = prot(ra(x))] 9<E>
k=0
- k41 k
= kZPn]an [9<:)—9<n>}|
=t K+ 1 3
< Zné Pr1k(Tn(x)) 9(:) - 9<n>
n—1
< my pm,k(rn(x)){ o(“) ~ 900+ [a( ) ~ 900 }
k=0 "
j = o
< my pm,k(rn(x)){ |7 g+ || |g’(u)|du}
k=0 X X
e Sodu n o du
< 2njleg Hépnl,kﬁn(x)){ L w + L m }
n—1
< 4ne ' (x)]log’| é Pr1k(tn(x)) { % —x % —x }
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nl k+1 2
< dne '(x)|eg’|| { (Z Prntk(mn(x)) (n _X> )
k=0

- N
k
+ (Z an,k(Tn(X)) (Tl _X) ) } . (15)
k=0

Further, by (3), Lemma 1, ¢) and x € (O, H, we obtain

2 . 2n—1 2
mhmﬂmwi—ﬁ:=C;])§:mhwum(nk0

k=0 k=0
]nfl n-l
Y Pkl — ) Puoik(m(x))
k=0 k=0
2
_ (“—1> Pﬁuq+ ! 1aux1—raxn]—zx“_ﬂrnW)+xz
n n—1 n
_ (=), n_]<1_zgrﬂﬂ+m2
n n n
< (n_”(zn_z)rﬁ(x) n_](]—i-bc)rn(x)-l-xz
n n
o == 1 m-1/1 2\1 1
< nzn2+n<n+n>n n?
S l+i+l:i, (16>

nZ nZ n?2 n?
Using the inequality (a + b)? < 2(a®? + b?) with a and b real numbers, (16)
and (3), we obtain

IN
|
—~
—_
N |
N—

Ry Ry &
Combining (15), (16) and (17), we get

WWMMHWg%ww(ff+f>SBWML (19)
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Let x € [%,1). For g € W(eo), by (1), (4), (12), Lemma 1, a), (9), Holder’s

inequality, (4) and Lemma 1, c), d), e), we find that

[ (x)(Vag)' (x)| = @(x)I(Vng)'(x) — g(x) (Vneo)' (x)]

IN

IN

IN

IN

a0 gl 5) ~ g ‘

k
— =X
n

4972 (ra(x))[l@g'l| D Ik —nra(x)| Pre(Tn (X))
k=0

n K 2 1/2
4“@ H(pg H (Z <nrn(x)> pn,k(rn(x)))

k=0
n K 2 1/2
x (Z <n"> pn,k(rn(xn)
k=0
4 2ra0) 09" | (Valezix) — 2ra()Valen ) + 2 (x)Valeor )

12
X (Vn(ez;x) — 2xVip(er:x) + x2Vy, (eo'x))

o 2 b)log! (x* ~ra0x)) " (2~ 2ara0)
Mmp— X))oyl xm( N2 VX (x = Ta(x))
Wing ()00 IVEVEE (13 =162 B og'
X 1— , ,
mm”ﬁpg | <32]leg’|. (19)

Finally, we have (p(O)(Vng) (0) =0 = @(1)(Vng)'(1). Hence, by (18) and (19),
we obtain [|@(Vng)'|| < 32||¢@g’||, which completes the proof. O

The next result is a weak-type version of the Berens-Lorentz lemma (see [1,
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p. 312, Lemma 5.2]).

Lemma 3 Let ¢ : [0,a] — [0,00) be an increasing function with $(0) = 0
and 0 < ax < 1. If 0 < a < 1, then the inequalities

$(a) < Csa® (20)

and

b < Cs (" + Sol)), 0<x<y<a (21)
imply for some Cg = Cg(at) > 0 that
d(x) < CeCsx*, 0<x<a. (22)

Proof. Following the proof of Lemma 5.2 in [1, p. 312], it is easy to prove our
result taking into account the slight modification on «. For completeness we
give the proof.

For 0 < q < 1, we define x, = q*a, k = 0,1,2,... If we take C > 1, then
(20) implies (22) for x = xo. We prove (22) for all x = xy by induction. Let
d(xi) < CCsx, then, by (21),

$(xie1) < Cslxg + qd(xi)) < Cs(1 + qCCs)xy < CsCxiy,

provided 14+ qCCs; < Cq®. To achieve this, we first take q so small that
q* > Csq, because 0 < « < 1, and then C sufficiently large. After this, for
any 0 < x < a, we select a k with xj.1 < x < x and get with Cg := Cq~* the
estimations ¢(x) < d(x) < CCsxf < CoCsx™. O

In the next theorem we establish the converse result. We set Cp1[0,1] ={f €
Cl0,1] : f(0) =f(1)}.

Theorem 2 For f € Cynl0,1], 0 < « < 1 and Vy defined by (1)-(2), the
estimation
[Vaf —f|] < Cn™2, n=12,... (23)

implies w]p(f;é) <Cgd* 0< o<,

Proof. The proof is based on Lemma 3 with ¢(t) = wzp(f;t), t € [0,1]. For
f € Co1[0,1], by Lemma 1, b), we have

(Vif)(x) = pro(m1(x)F(0) +p1a(r1(x)F(1) = (1 —x*)F(0) +x*f(1)
£(0) + x2(f(1) — £(0)) = £(0).
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Therefore, by (5), wzp(f—% f;t) = w]p(f;t), t > 0. Hence, due to (5) and (23),
wy, (1) = wy, (F—Vif; 1) < 2|If — Vi f|| < 2C;. (24)

Let x € [0, 1] and h > 0 such that xi% € [0, 1], and let Allf(x) =f(x+ %) —
f(x — 5). Then, by (23),

IARF()] < JAL(f = Vi f) (x)] + AL (Vo f) (x)]
< 20f = Vaf| + AL (Vaf) (X)) < 2Cm™2 + |AL(Vaf)(x).  (25)

Using (6), we can choose g = g5 € A.C.10¢[0, 1] such that ||[f—g| < Co w]p(f;é)
and [[@g’|| < Cmé_]wlp(f;é). Hence, in view of Lemma 2,

[(Vaf) ()] < [(Va(f — g)) (x)[ +1(Vag) ' (x)]

< 8vne ' (X)|If — gl + 3207 (X) | @d/|
< 8VNCop ! (X)wg(f;8) +32C1087 @ (X)wy (f;8)
< Cno'(x (\F+ ) (f;8),

where Cy7 = 8Co + 32Cyy. This implies that

h

X+5
| V) au

X—

JXJr % du ‘

1 _
1AL (Vaf)(X)| = b e(u)

SCH(\er > (f;0)

2

Because of x & % € [0, 1], we have x € (0,1). Using (9), we obtain

x+5 du X*+7  du 2 du
[r] < [0l
x—% (p(u) X (p(u) X (p(u)
h h
< 2¢7" (x)z +2¢7" (X)E =2¢ '(x)h

Hence, by (25), we get
AL f(x)] < 2Cm™%2 4 Cy <f+ > (£:8)2¢ ' (x)h

Ci2 {no‘/z + <hﬁ+ 6> o (x)wzp(f;é)} .

IN

Replacing h by he(x) gives

AL F(X) < Crz {n“/z (thr ) (f; 6)}
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Now we choose n > 1 such that ﬁ <6< %, where 0 < & < 1. Then we find
that

h
|A‘:up(x)f(x)| <Cs3 {6“ + 6w]~°(f;6)}

for all x with x & %(p(x) € [0, 1]. Taking supremum over all h with 0 < h <'t,
we obtain

t
wzp(f;t)ng {50‘+6w]p(f;6)}, 0<t<e. (26)
Now (24) and (26) yield the assertion of our theorem by Lemma 3. O
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