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Abstract. Collatz conjecture states that iterating the map that takes

even natural number n to 5 and odd natural number n to 3n + 1, will

eventually obtain 1. In this paper a new generalization of the Collatz
conjecture is analyzed and some interesting results are obtained. Since
Collatz conjecture can be seen as a particular case of the generalization
introduced in this articule, several more general conjectures are also pre-
sented.

1 Introduction

The Collatz conjecture remains today unsolved; as it has been for almost over
80 years. Although its statement is very simple and easy to understand, the
nature of the problem makes extremelly to demonstrate or refuse. Articles
such as [3] and [4] contain a huge amount of publications dealing with this
problem and somehow trying to solve it.

Although the Collatz conjecture can be stated in several ways, in this pa-
per we will use the following notation, i.e. modified Collatz function, that
represents a slightly modification of the traditional formulation

# if n = 1(mod 2)

C(n) =
% ifn=0((mod 2)
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By using the modified Collatz function, the Collatz conjecture can be stated
in the following way:

Conjecture 1 (Collatz) For every integer number n € N, there exists k such
that C®¥(n) =1.

In this sense, Terras [5] defined the total stopping time of an integer
n € N, here we denote it by o02(n), as the smallest integer k such that
CM(m) =1 or 02(n) = oo if no such k exists. For example, if n = 7, then
by successively applying C, we obtain the following sequence 7 — 11 — 17 —
26 —+13 520 510 25—8 =>4 — 2 — 1, and then C''(7) = 1, so
(¢} 2(7) =11.

In this paper, we consider an elementary generalization of the Collatz prob-
lem. We also generalize the concept of total stopping time and, related with
this new approach, we obtain several results for some classes of integer num-
bers that generalize some well-known results on this topic. In the last section
of the paper, some calculations and new conjectures are introduced. These
conjectures try to illustrate the idea that traditional Collatz problem is just
a special case and that it can be seen as part of a more general point of view,
what we have called of Collatz numbers.

1.1 A more general b — Collatz function, C,

For any natural number b > 2, we define the following b — Collatz function
Co:N—=N

LA RHOY i = x(mod b), T<x <b—1
Co(n) =
n if n = 0((mod b)

Clearly in the previous formula, if b = 2, we obtain the modified Collatz
function stated in section [1]. In this sense, we defined the b-total stopping
time of an integer n € N, denoted oy, (n), as the smallest integer k such that
Cl()k) (n) =1 or op(n) = oo if no such k exists. For example, if b = 5 and
n = 7, then by successively applying Cs, we obtain the following sequence
759—->11->514 517521 -26 532 -39 —-47 557 - 69 — 83 —
100 5204 —>5—1, s0 Cg7(7) =1 and finally o5(7) =17

Theorem 1 Let b,k,1,s € N, such thatb > 2, k,r > 1, n=b% -1 —5s > 1
and 1 <s<b-—1. Then

cH¥m)=(b+1)* r—s.



114 A. Gutierrez

Proof. We proceed by induction on t, 0 <t < k. Case t =0.
COMm* r—s)=b* r—s=((b+1)°- b . 1—s.
So, the initial case holds. Now let us assume that
Cyl(b* T —s) = ((b+1) - b*Y) 7 —s,

for some 0 < t < k. Since t < k, then ((b+1)t-b*t).r—s = —s = b—s(mod b),
SO

CoV(bF 1 —5) = Co(Cy) (b° -1 —5)) = Cu((b+ 1) b -1 — )
(b+1)-(b+1)- b)) -1—5)+s5 _
b
(b+ N pt.r—b.s
b
=+ 1)t pktD g

Thus,
CH (o r—s) = (b+ N p D) g
and the result follows. O

Corollary 1 Ifb,k,m,s € N, such thatb >2, k,7>1,n=b -r—s > 1 and
1<s<b-—1, then

op(b*-T—3s)=op((b+ 1) -T—5s)+ k.
Corollary 2 Ifb>2, k,v>1,n=b5—1>1, then
op(b*—1) =op((b+1)*—1)+ k.
Corollary 3 Ifb=2,k,r>1,n=2%.vr—1, then
o2k r—1) =003 r—1)+k.

Theorem 2 If b,k,r,t,s € N, such that b > 2, k >t > 1, r > 1, and
1<s<b-—1, then

CE T —bts) = (b + )5 r s,
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Proof. Since b* - — bt - s is divisible by bt, then CJ(bk .1 —bt.s) = Y

(CL(bk-r—bt-s)) = Cl Y (bt r—s) = (b+1)t.r—s, by Theorem 1. O

Corollary 4 If b,k,r,t,s € N, such that b > 2, k >t > 1, r > 1, and
1<s<b-—1, then

op(b*-T—bt-s) =op((b+ 1)t r—s)+k.

Theorem 3 Letb>2, k>2 andr > 1, then
i) If b =2 then op(b* -1 —(2b—1)) = op((b+ 1) 2.7 —1) + k
ii) If b > 2 then op(b* -1 — (2b—1)) = op (b + DT .1 —2) + k.

Proof. Let n = b* .1 — (2b — 1). Since n = 1(mod b), then

(k.1 — _
Cm) = el ey = e R 2 Db,

— (b +1)- 0 r—2b) = P (Cu((b+1) - BT —2D))
=l (b 41) b2 r—2),

Ifb = 2, then Ci'(n) = C?(3.282r—2) = ¥ (2k3.3.7—1) = 3271,
If b > 2, then by Theorem 1,

C¥m) = P (b +1)- b2 r—2) = (b + v -2,

Corollary 5 [6] [fk > 2 and v > 1, then 02(2% -1 —3) = 0,(32-r—1) + k.

Theorem 4 Letb >2,k>2 andr,t > 1, then
i) If b =2, then op(b* -1 —bt- (2b—1)) = op((b + D2 .+ — 1) + k.
i) If b > 2, then op(b* -1 —bt- (2b—1)) = op((b+ DNE 1.+ —2) k.

Proof. Let n = b*.r—b'. (2b —1). Since n = 0(mod b'), then

cm) = cl Iy = ekttt r— 2b—1)).

bt
By Theorem 3, if b = 2, then

Clm)=ck it r—(2b—1)) = (b+ Nt . r 1
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and then
op(b*-T—b - (2b—1)) = op((b+ N2 r — 1) + k.
In othen hand, if b > 2, then
Cm) =kttt r—(2b—1)) = (b+ Nkt r -2
and then op(b*-T—bt- (2b—1)) = op((b+ 1)1+ —2) 4 k. O
Corollary 6 [6] Ifk > 2 and v > 1, then 022X -1 —6) = 0,(3¥3 - v —1) + k.

Theorem 5 Let b > 2 and k = 0(mod b), then
i) op(b* —1) = op(b* 1 —1) +1.
i) op((b+ 1) =1) =op((b+ DT —1).

Proof. i) It enough to proof that
Mo — 1) = P bk - 1).

So, by Theorem 1, C{)kJr”(bk_1 —1) = Céz)((b—H)k_] —1). Since (b4+1)1-1 =
0(mod b), then

(b+ 1)1 -1
b

Finally, since k = 0(mod b) and ®*"=! =4 _ 1(mod b), then

C((b+ 1) —1) = Gy ).

(b4 11 -1 (b4 1)k —1
b )=
In other hand, CSGrz)(bk —-1)= Céz)((b +1)%—1). So, since k = 0(mod b),
then (b + 1)* —1 = 0(mod b?). Therefore,

C((b+ 1" —1) = Gy

(b+1)k—1

Co PF =) =P (b + ) 1) =

and equality holds.
ii) From previous result i) and Corollary 4, we have

op(b+1D* =1 =0p(b*—=T1)—k=o0p(b* ' =1)+1—%k
=op(b+1DT—1)+(k—=1)+1—k
=op((b+1)T—1).



Collatz conjecture revisited 117

Corollary 7 [6] If k is even and k > 2, then

(2 r=1) =027 - r—1)+1, and

o3 r—1) =03 r—1).

3. Some empirical results on C, and open problems

The behaviour of Cy has been intensively studied during last years when b = 2.
But, what can we state for Cy, for other values of b > 37. Let us see some
examples for several values of b.

Case b = 3. Calculating C3(n) for some values of n

Iteration/n= 4|5 |6 | 7 | 8 | 9|10 |11 |12
1 6|7 (210111314 |15 4
2 21101314 ]15|1]19] 5 6
3 3114111195 |2(26| 7 2
4 11191226 7 [3|35|10] 3
5 2126133510147 (14| 1
6 3135|147 114|263 |19| 2
7 11471216319 3|21 |26]| 3
8 2163132112617 35| 1
9 312017 35210 47| 2
10 1712104731463 | 3
11 2110314163119 21| 1
12 3114111921226 7 2
13 17191226 7 [3|35|10] 3
14 2126133510147 14] 1
15 31351 (4711412 (63|19| 2
16 114712163193 |21|26]| 3
17 216313211261 7 |35 1
18 312117 35210 47| 2
19 1712104731463 | 3

At first sight, there is no homogeneous behaviour for different values of n.
In this case, for n € {4,6,9,12} we found the cycle 2 — 3 — 1 that repeats
and contains the number 1.

In other hand, for n € {5,7,8,10, 11}, the behaviour is completely different
than the previous one. In this case, the cycle 7 — 10 —» 14 — 19 — 26 —
35 — 47 — 63 — 21 repeats and does not contain the number 1. In fact, it
seems that these are the only two cycles one can find when iterating Cj.
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Case b = 5. Calculating Cs(n) for some values of n

Iteration/n = | 6 7 8 2 |10 11 1213 | 14
1 8 9 |10 11 | 2 | 14 |156|16 | 17
2 10011 2|14 3|17 | 3|20 21
3 2114|317 421 | 4|4 26
4 3117|4121 |5 |26 |5 |5 32
) 4121 |52 |1 |32 ]1]1 39
6 5126 | 1|32 |2 13 |22 47
7 113212393 |47 |33 o7
8 2139 | 3| 47 | 4|57 | 4] 4 69
9 3147 | 4| 57T |5 |69 |5 |5 83
10 4 157 |5 ]169 |1 |8 | 1| 1]100
11 5169 | 1|8 | 2 100 2 | 2 20
12 1 18 (2100} 3|20 | 3|3 4
13 2 1100| 3 | 20 | 4 4 4 1 4 5
14 3120 | 4 4 ) ) 5 1 5 1
15 4 4 5) ) 1 1 111 2
16 ) ) 1 1 2 2 212 3
17 1 1 2 2 3 3 3] 3 4
18 2 2 3 3 4 4 4 ] 4 )
19 3 3 4 4 5 ) 5 1 5 1
20 4 4 ) ) 1 1 111 2
21 5 ) 1 1 2 2 2] 2 3

At first sight, there is an homogeneous behaviour for different values of n.
Independently the value of n we select, we found the cycle2 -3 —4 —5 — 1
that repeats and contains the number 1.
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Case b = 6. Calculating Cg(n) for some values of n

Iteration/ n=| 7 8 9 |10 11 | 12| 13 | 14|15
1 9 |10} 11 |12 | 13 | 2 | 16 | 17| 18
2 11 (12 13 | 2|16 | 3 | 19 20| 3
3 131216 |3 |19 4] 23 |24 4
4 16 | 3|19 | 4|23 |5 | 27 | 4 5
) 199 | 4123 5|27 |6 | 32| 5 6
6 23 | 5| 27T |6 |32 | 1] 38 |6 1
7 27706 | 32 |1 | 38 | 2 | 45 | 1 2
8 32 |1 |38 |2 |45 | 3|53 | 2 3
9 38 | 2 |45 | 3 |53 | 4623 4
10 45 | 3 | B3 | 4| 62 | 5| 73| 4 5
11 93 | 4|62 | 5 | 73 |6 | 8 | 5 6
12 62 | 5| 73 | 6 | 8 | 1 |101| 6 1
13 73] 6|8 | 1 |101| 2 | 118 1 2
14 8 | 1 | 101 | 2 | 118 | 3 | 138 | 2 3
15 101 | 2 [ 118 | 3 | 138 | 4 | 23 | 3 4
16 118 3 [ 138 | 4 | 23 | 5 | 27 | 4 5
17 1384 123 | 5127 |6 | 3215 6
18 23 | 5 | 27T |6 | 32 | 1] 38 |6 1

By inspectioning this examples, it can be seen that there are two groups of
numbers. First, numbers such as n € {7,9, 11, 13} whose iterations contain the
cycle 23 — 27 —5 32 —-538 45 —53 62— 73 — 8 — 101 — 118 — 138.
Secondly, numbers such as n € {8,10,12,14, 15} whose iterations contain the
cycle 2 —3 —4 —5— 6 — 1 that repeats and contains the number 1.
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Case b = 7. Calculating C7(n) for some values of n

Iteration/ n=1| 8 | 9 |10 |11 |12 13|14 |15 | 16
1 10|11 (12|13 |14 15| 2 | 18|19
2 1211314 | 15| 2 |18 | 3 |21 |22
3 14115 2 | 18] 3 |21 | 4 | 3 |26
4 2 11813 214 |3 |5 ]| 4130
) 31214 3|5 |4]6]| 5|3
6 413|546 |5 |76 5
7 5|46 |5 | 7|6 ]1]|T7 6
8 6 |5 |7 |6 | 1|7]2]1 7
9 716 172|132 1
10 1712 1]3]2]4]3 2
11 21113243 ]|5]|4 3
12 3121413 |5 4|65 4
13 413|546 |5 |76 )
14 5146 |5 | 7|6 1|7 6
15 6 |5 |7 |6 |1 |7]2]1 7
16 716 172|132 1
17 1712|113 ]2]|4]3 2
18 21113243 |54 3

By inspectioning this examples, it can be seen that in all cases, iterations
contain the cycle 2 -3 -4 —5 — 6 — 7 — 1 that repeats and contains the
number T.
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Case b = 9. Calculating Co(n) for some values of n

Iteration/ n= | 10 | 11 [ 12 [ 13 | 14 | 15 | 16 | 17 | 31 35
1 12113 |14 | 15|16 | 17 | 18 | 19| 35 39
2 1411516 | 17 |18 | 19| 2 | 22| 39 44
3 16 |17 (18119 | 2 [ 22| 3 |25 | 44 49
4 18119 2 |22 3 | 25| 4 |28 49 55
) 2 122 3 (|25] 4 |28 5 |32 55 62
6 31254 |28]5 |32] 6 |36 62 69
7 4 1285|326 3] 7| 4] 69 7
8 5 (13216 |36 | 7|4 |85 |77 86
9 6 (36| 74|85 |9]| 6| 8 96
10 T4 (18| 5]9]6 1|79 |107
11 8151916 |17 |2]| 8107|119
12 916 |1 |72 |8]3]|9]119)133
13 171218139 4] 1133|148
14 2181394 1] 5| 2148165
15 319141 |5 |2]6]|3]165|184
16 4 11|52 |6 |3 ] 7| 4184|205
17 5126 | 3|7 |4 8] 5 |205)|228
18 6 | 3| 7|48 |59 |6 |228|254
19 T4 18596 | 1]|7|254)283
20 8151916 |17 |2]| 828|315
21 916 |1 |72 |8]3]|9 35| 35
22 17121839141/ 35 39
23 2 (8131914151239 44
24 3191415 |2]|6]|3]|4 49
25 411|526 |3 ] 7]|4]49 95

By inspectioning this examples, it can be seen that for n € {10,11,12,13, 14,
15,16, 17}, iterations contain the cycle2 43 -4 —-5—6—>7—>8—>9 — 1
that repeats and contains the number 1. In other hand, for n € {31, 35}, for
example, interations contain the cycle 35 — 39 — 44 — 49 — 55 — 62 —
69 - 77 58 — 96 — 107 — 119 — 133 — 148 — 165 — 184 — 205 —

228 — 254 — 283 — 315.
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Case b = 10. Calculating Cyp(n) for some values of n. We compute the fisrt
30 interations for esch value of n,

Iteration/m= | 11 | 12 [ 13 |14 [ 15| 16 | 17 | 18 | 34 38
1 1314|1516 |17 |18 | 19| 20| 38 42
2 15116 | 17|18 |19 |20 |21 | 2 | 42 47
3 17118119120 |21 | 2 |24 | 3 | 47 52
4 19120121 2 |24 3 | 27| 4 | 52 58
) 21 2 24| 3 |27 4 | 30| 5 | 38 64
6 241 3 127|430 5| 3] 6| 64 71
7 2714130 5|36 |4 ] 7|7 79
8 305|364 |7 5|87 87
9 316 |47 |5|8)|6]|9]87 96
10 41715186 |9 |7 |10] 96 | 106
11 51816 9| 7|10 8| 1106|117
12 6 | 9|7 108 |1 |9]|2]117 129
13 711008192 10] 3 |129 | 142
14 8111912 10| 3| 1| 4142 157
15 9 (2|10 3|1 |4 ] 2|5 |157|173
16 073|142 |5 ]3]|6/|173191
17 1142|5316 |4]7/|191]211
18 2151316 |47 |5]|8]211)233
19 316 |4 |75 |86 |9 |233)257
20 417|586 |9 |7 |10 257 | 283
21 58|16 9| 7|10 8| 1283 312
22 6 | 9|7 ]108 |1 |9 2]312) 344
23 71108 | 1|92 ]10| 3 |344 | 379
24 811192 10| 3| 1| 4]379]417
25 912103 |1 |4 | 2| 5 |417 | 459
26 10 3 |14 |25 |3 |6 |459]505
27 114125 |36 4] 7]505]55
28 215|364 |7 ]5 | 8556612
29 316|475 |8]6]|9 612|674
30 4 17|51 8|6 |9 |7 10674 | 742
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Then, we compute values for the rest of interations

Iteration/n= | 11 |12 |13 [ 14 | 15|16 |17 | 18| 34 38
31 518|697 |10 8|1 | 742 817
32 6 |9 |7 110] 8|1 ]9 2| 817 899
33 71108192 10| 3| 899 989
34 811192103 1] 4| 98 | 1088
35 9121031 |4 2]| 5 1088|1197
36 03| 114|2 5|3 |6 1197|1317
37 14125 |36 4] 71317 | 1449
38 2151316 (4|7 |5 ]| 81449 | 1594
39 3164|715 |8]6]| 915941754
40 4 175186 9|7 |10]1754 | 1930
41 51 8|6 |9 |7 |10 8| 11930 | 193
42 6 9| 7108|192/ 193 213
43 7108|192 |10] 3| 213 235
44 811192103 ]1]| 4] 23 259
45 912|103 |1 4] 2|5/ 23 285
46 003|142 |5]3]| 6| 28 314
47 1412|5364 7] 314 346
48 2153|6475 |8 346 381
49 316|475 |8]6]|9| 381 420
50 4 |75 18|69 |7 |10 420 42
o1 518|697 1081 42 47

In this case, for n € {11,12,13,14,15,16,17,18} there is a common cycle
2—>3 24 —>55—>56—>7—8— 92— 10 — 1 that repeats and con-
tains the number 1. In other hand, for numbers such as n € {34, 38}, one can
find the large cycle 42 — 47 — 52 - 58 - 64 - 71 - 79 — 87 — 96 —
106 - 117 — 129 - 142 - 157 — 173 — 191 — 211 — 233 — 257 — 283 —
312 — 344 — 379 — 417 — 459 — 505 — 556 — 612 — 674 — 742 — 817 —
899 — 1088 — 1197 — 1317 — 1449 — 1594 — 1754 — 1930 — 193 — 213 —
235 — 259 — 285 — 314 — 346 — 381 — 420 that repeats and does not

contain the number 1.
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Case b = 11. Calculating C;7(n) for some values of n
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By inspectioning this examples, it can be seen that in all cases, iterations
contain the cycle 2 -3 -4 552657 —>28 =9 — 10— 11 — 1 that
repeats and contains the number 1.

From previous empirical results, following definitions and conjectures can
be stated

Definition 1 For any b > 2, set {2,3,...,b,1} is called a b-trivial cycle.
Definition 2 Let b > 2 an integer number. Then, for any n € N, we define
Tterp(n) ={C¥(m) | k > 1}

Definition 3 An integer number b > 2 is called Collatz number if for every
n € N, Iter,(n) contains the b-trivial cycle.

Lemma 1 Let b > 2 an integer number. Then, there exist numbers n € N,
such that

i) 1 € Iterp(n), and

i) {2,3,...,b,1} C Iter,(n).

Proof. Let n = 2-b, then it is easy to verify that C,(n) = 2, Céz) (n) =3, ...,
Cg_] (n) =", C%b)(n) =1 and Cl()b+1)(n) = 2. Thus, both previous statements
can be easily checked. O

If we analyze the list of positive integers numbers lower than 20, then we
can see two completely different behaviour when iterating Cy function. In one
hand, we can find values for b, such as 2,5,7,8,..., in which interations of
Cp(n) on any integer number n, it seems, always end in 1, more concretely,
interations contain the b-trivial cycle. And in other hand, values of b, such as
3,4,6,9,10, ..., in which interations of C,(n) on any integer number n either
end in 1 or in another non trivial cycle. Below you can find a table for different
values of b, where one can find the lowest value of n, for which Itery(n) does
not contain 1, but however, it contains a non trivial cycle.
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b n
3 5
4 11
6 7
9 31
10 | 34
11 | 588
12 | 767
15| 49
16 | 35
17| 19

Conjecture 2 Let b > 2 an integer number. Then, one can find only follow-
ing two possibilities

Case i) For allm € N, Itery(n) contains the b-trivial cycle, and then b is
a Collatz number, or

Case ii) There are n € N, such that Itery(n) contains a common non-trivial
cycle. There are also other values of n € N, for which Itery(n) contains the
b-trivial cycle.

Conjecture 3 Numbers 2, 5, 7, 8, 13, 14, 18 and 19 are Collatz numbers.

Conjecture 4 There are infinite Collatz numbers.
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