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Abstract. In this paper a new class of sets termed as wt—open sets has
been introduced and studied. Using these concept, a unified theory for
decomposition of (W, A)-continuity has been given.

1 Introduction

For the last one decade or so, the notion of generalized topological spaces
and several classes of generalized types of open sets are being studied by
different mathematicians. Our aim here is to study the notion of decomposition
of continuity by using the concept of generalized topology introduced by A.
Csdszdr [2]. On the otherhand the notion of decompositions of continuity was
first introduced by Tong [18, 19] by defining A-sets and B-sets. After then
decompositions of continuity and some of its weak forms have been studied by
Ganster and Reilly [7, 8], Yalvac [20], Hatir and Noiri [10, 11], Przemski [14],
Noiri and Sayed [13], Dontchev and Przemski [5], Erguang and Pengfei [6] and
many others. Decompositions of regular open sets and regular closed sets are
given by using PS-regular sets in [9]. Since then the notion of decompositions
of continuity is one of the most important area of research.
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We first recall some definitions given in [2]. Let X be a non-empty set and
expX denote the power set of X. We call a class p & expX a generalized
topology (briefly, GT) [1, 2], if @ € p and p is closed under arbitrary unions.
A set X, with a GT pon it is said to be a generalized topological space (briefly,
GTS) and is denoted by (X,u). A GT p is said to be a quasi topology (briefly
QT) [3] if M,M" € wimplies MNM" € . The pair (X, ) is said to be a QTS
if wis a QT on X. For a GTS (X, ), the elements of u are called p-open sets
and the complements of yu-open sets are called p-closed sets. A GTS (X, u) is
called a p-space [13] or a strong GTS [4] if X € n. A subset A of a topological
space (X,T) is called w-closed [12] if it contains all its condensation points.
The complement of an w-closed set is called an w-open set. It is well known
that a subset A of a space (X, T) is w-open if and only if for each x € A, there
exists U € T containing x such that U\ A is countable.

The purpose of this paper is to introduce the decomposition theorem for
the (p, A) continuous functions introduced in [1] which is a generalization of
continuity and different weak forms of continuity. Throughout the paper, by
(X, 1) and (Y,A) we shall mean GTS unless otherwise stated.

2 wi—open sets and its properties

Definition 1 Let (X, ) be a GTS. A subset A of X is called an w? -open
w  -open [15]) set if for each x € A, there exists a p-open set U containing x
(w, -open [15]) set if f ; H-o0p g
such that U\, (A) (resp. U\ A) is countable. The complement of an w* -open
(resp. w -open) set is known as an w’ -closed (resp. w, -closed [15]) set.

It follows from Definition 1 that every w’:—open set is an w,-open set and every
p-open set is wz—open set but the converses are false as shown in Example 3.

Remark 1 Let u be a GT on a topological space (X,T). If T S u, then the
following relations hold:

w-open seté= open set = H-open set
2 e

k
w  -open set &= w_ -open set

Example 1 (a) Let X = R, T be the usual topology on R. Let n = {2, X, Q}.
Then w is a GT on the topological space (X,T). It is easy to see that Q is an
w’:—open set but not an w-open set.
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(b) Let X =R and p be the usual topology on R. Then wis a GT on X. It is
easy to see that I, the set of irrationals is an w ,-open set but not an wi—open
set.

(c) Let X=R and p ={A € X:0 € A}U{@}. Then nis a GT on the set X.
It is easy to see that I, the set of irrationals is w  -open but not p-open.

(d) Let X =R, p ={A : A is uncountable} U{@} and T = {2, X, Q}. Then n
is a GT on the topological space (X,T). It can be easily verified that Q is an
w-open set but not an wz—open set.

The family of all w?-open sets of a GTS (X, ) is denoted by w:‘l(X) or
simply by w?.

Proposition 1 (a) In a GTS (X, u), the collection of all wt—open sets forms
a GT on X.

(b) If (X, ) is a QTS, then the collection of all w:—open sets forms a QT on
X.

Proof. (a) It is obvious that @ is an w-open set. Let {A, : « € A} be
a collection of wi—open subsets of X. Then for each x € U{A, : « € A},
x € A, for some & € A. Thus there exists Ul € p containing x such that
U\1i (A,) is countable. Now as U\ 1 (U[A, : c € A}) € U\ (A,), thus
U\, (WA, : o € A}) is countable. Hence U{A : c € A} is an w*-open set.
(b) It follows from (a) that (X, w?) is a GTS. Let A and B be two w-open
sets and x € ANB. Then there exist p-open sets U and V containing x such that
U\1i,(A) and V\1i,(B) are countable. Then UNV is a p-open set containing
x and (UNV)\i,(ANB) = (UNV)\i (A)Ni,(B) & [U\i, (AJUV\i, (B)].
Thus (UNV)\1i,(ANB)is countable so that wris a QT on X. O

Theorem 1 A subset A of a GTS (X, 1) is an w? -open set if and only if for
each x € A, there exist U _ € w containing x and a countable subset C such
that U, \ C £ 1, (A).

Proof. Let A be an wt-open set in X and x € A. Then there exists U € n
containing x such that U, \1,(A) is countable. Let C = U \1i,(A) = U, N(X\
i,(A)). Then U \C S 1 (A).

Conversely, let x € A and there exist U_ € p containing x and a countable
subset C such that U, \C £ 1i,(A). Then U \1i,(A) & C and hence U \1,(A)
is a countable set. Thus A is an w:—open set in X. O
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Theorem 2 Let (X, ) be a GTS and C & X. If C is w? -closed, then C & KUB
for some p-closed set K and a countable subset B.

Proof. If C be wi—closed, then X\ C is w’;—open and hence for each x € X\ C,
there exist U € p containing x and a countable subset B such that U\ B €
i, (X\C) = X\c,(C). Thus ¢, (C) & X\ (U\B) = X\ (UN(X\B)) = (X\U)UB.
Let K =X\ U. Then K is p-closed such that C £ KU B. O

*
w* ?
s

Proposition 2 In a GTS (X, u), wh =w
w? -open sets of the GTS (X, ).

where w? denotes the family of

Proof. By Remark 1, we have w? - w’ . . Let A € w? . Then for each

x € A, there exist U, € w; with x € U, and a countable set C, such that
UN\C, £1,(A). Furthermore there exist a V, € pwith x € V, and a countable
set D, such that V. \ D, €1 ,(U.). Thus V,\ (C,UD,) = (V,\D,)\C, &
U N\ C, E1,(A). Since C, UD, is a countable set, we obtain A € w?. O

Remark 2 If (X, u) be a u-space, then (X, w:‘L) is an W}, -space.

Definition 2 A subset A of a GTS (X,u) is called an (i) (w,,w)-set if
i.(A)= iy, (A).

(i) (w,, w)-set if iy, (A) =1, (A).

Remark 3 FEvery wz-open set is an (w,,w)-set and every w-open set is an
(w,, u)-set but the converses are usually not true.

Example 2 (a) Let X = R, u = {&,;X}. Then w is a GT on X. It can
be checked that N (= the set of natural numbers) is not an w? -open but an
(W, w)-set.

(b) Let X =R, u=1{2,(2,3),X}. Then wis a GT on X. The set (1, %) s an
(w,, u)-set but not a p-open set.

Theorem 3 A subset A of a GTS (X, u) is w* -open if and only if A is w, -
open and an (w,, w)-set.

Proof. Since every w?-open set is w, -open (from definition) and an (w,, w)-
set (by Remark 3), we have nothing to show.

Conversely, let A be an w -open and an (w ,w)-set. Then A = iwu (A) =
iwﬁ (A). Thus A is an w*-open set. O
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Theorem 4 A subset A of a GTS (X, 1) is w-open if and only if A is wz—open
and an (w , 1)-set.

Proof. One part follows from the fact that every p-open set is wz—open and

(w,, u)-set.

Conversely, let A be an w?-open set and an (w,,u)-set. Then A =1, (A) =
i

i,(A). Thus A is p-open. O

Definition 3 A GTS (X, u) is called
(i) n-locally countable if each x € X is contained in a countable w-open set.
(ii) anti p-locally countable if each non-empty w-open subsets are uncountable.

Theorem 5 Let (X, ) be a w-locally countable space. Then
(i) for any subset A of X, A is w’:l—open.
(ii) A is w? -open if and only if A is w -open.

Proof. (i) Let A € X and x € A. Then there is a countable p-open set U
containing x. Then U\ i,(A) is a countable set. Thus A is w”-open.
(ii) One part follows from the fact that every w;'i—open is w,-open.
Conversely, let A be w -open. Then by (i), A is w”-open. O

Remark 4 Let (X,u) be a countable GTS. Then for any subset A of X, A is
w? -open.

Theorem 6 (i) Let (X,u) be a GTS and A & X. If (X, ) is anti p-locally
countable, then so is (X, wi)

(i) Let (X, ) be a QTS which is anti p-locally countable. Then for any p-open
subset A of X, ¢, (A) =c_. (A).
i

Proof. (i) Let A be an w?-open set and x € A. Then there exist U, € p
containing x and a countable subset C such that U, \ C &1 (A). Thus i, (A)
is uncountable and hence A is uncountable.

(i) Let x € ¢, (A) and G be an w’-open set containing x. Then there exist
U, € u containing x and a countable subset C such that U, \C €1, (G). Then
(UANC)NACSi (G)NAie, (U NA)\CEi (G)NA. Since U, is a p-open
set, U NA # @ and thus U, N A is a non-empty p-open set. Hence by anti
p-locally countableness of (X, ), it follows that U N A is uncountable and
hence (U, NA)\ C is also uncountable. Thus i,(G) N A is uncountable. Hence
GNA#d.Sox € cer (A) ie, c,(A) S cwrl (A). The other part is obvious. [J
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Definition 4 A p-space (X, 1) is said to be w-Lindelof [17] if every cover of
X by w-open sets has a countable subcover.

A subset A of a w-space (X, ) is said to be u-Lindelof relative to X [17] if
every cover of A by w-open sets of X has a countable subcover.

Theorem 7 Let (X,u) be a w-Lindelof GTS and A be a w-closed, w? -open
subset of X. Then A\1 (A) is countable.

Proof. Clearly A is a p-Lindelof space (see Corollary 3.6 of [15]). For each
x € A, there exist U € p containing x and a countable subset C such that
U \C S i (A). Thus {U, : x € A} is cover of A by p-open subsets of X.
Hence by p-Lindelofness of A, it has a countable subcover {U, : n € N}. Since
AN (A) S U{U \1i,(A):ne N}, A\1i (A) becomes countable. O

3 Decomposition of continuity by w*-open sets

Definition 5 A function f: (X, 1) — (Y, A) is said to be wz—contmuous (resp.

w,, -continuous [15], (w,A)-continuous [1]) if for every x € X and every A-open
. . . *

set V of Y containing f(x), there exists an w_ -open (resp. w, -open, -open)

set U containing x such that f(U) S V.

Definition 6 A function f: (X,u) — (Y,A) is said to be weakly w? -continuous
if for every x € X and every A-open set V of Y containing f(x), there exists an
w* -open set U containing x such that f(U) € c, (V).

Theorem 8 For a function f : (X,u) — (Y,A) the following properties are
equivalent:

(i) f is w? -continuous;

(ii) f: (X, w:) — (Y,A) is (wi,)\)—continuous;

(iii) (V) € w? for every V € A.

Proof. Obvious. U

Remark 5 Let T : (X,u) — (Y,;A) be a function. Then the following rela-
tions hold: (u, A)-continuity = wt—contmuz’ty = W, -continuity = weakly w’:-
continuity.

Example 3 (a) Let X = {Cl, b, C}; H= {@, {b}> {(1, C}) {ba C}) X} and A = {@) {(1, C})
{Cl, b}>
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X}. Then w and A are two GT’s on X. It can be verified that the identity
mapping T: (X, u) — (X,A) is w* -continuous but not (1, A)-continuous.

(b) Let X = R, p = the usual topology on R, Y = {a,b,c,d} and A =
{9, Y, {a},{a, b}, {c,d},{a, b, c}, Y}. Consider the mapping f : (X,u) — (Y,A)

defined by
_Joa, if xel
f(")_{ b, if xgI
It can be checked that f is w, -continuous but not wi—continuous.
(c) Let X =R be the set of real numbers, u = {2, R, 1}, Y ={a,b,c,d} and
A ={2,Y,{d},{c, d},{a, b, c}}. Consider the mapping f: (X,u) — (Y,A) defined
by
[ a, if xelu{o}
”X)_{ b, if x¢IU{0)

It can be verified that f is w, -continuous but not weakly wi—contmuous.

Definition 7 A function f: (X;u) — (Y,A) is said to be (w:, w)-continuous
(resp. (wi, w)-continuous) if for every A-open set A of Y, f~1(A) is an (w,,w)-
set (resp. an (W, 1)-set).

Remark 6 Fuvery (W1, A)-continuous function is (w*, w)-continuous and every
. . . . '—L
wz—contmuous function is (wz, w)-continuous but the converses are not true.

Example 4 (a) Let X = R, p = {2,(2,3),X}. Then w is a GT on X. Let
B = (1, %) and A = {@, B, X\ B, X}. Consider the mapping f: (X, ) — (X, A)

defined b
! ! f(x) = %, if xe(1,2)
) 4, if x¢(1,2)

It can be verified that f is (wi, u)-continuous but not (W, A)-continuous.
(b) Let X =R, u ={a,1, X} where I is the set of irrationals. Then w is a
GT on X. Consider the mapping f: (X,u) — (X, ) defined by

f(x) = V2, if xeN
1, if x¢N

It can be verified that f is (w’:, w)-continuous but not w? -continuous.

Definition 8 For any subset A of a GTS (X,u), the p-frontier [16] of A is
denoted by Fry(A) and defined by Fr (A) =c (A)Nc (X\A).
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Definition 9 A function f: (X,u) — (Y,A) is said to be co-weakly (w’;,?\)—
continuous if £~ (Fr (V) is w* -closed in X for every A-open set V in'Y.

Theorem 9 For a function f: (X,u) — (Y,A) the following are equivalent:
(i) f is w? -continuous.
(ii) f is w -continuous and (w,, w)-continuous.

Proof. (i) & (ii) Follows from Theorem 3. O

Theorem 10 Let (X, ) be a QTS. Then for a function f: (X, u) — (Y,A) the
following are equivalent:

(i) f is w? -continuous.

(ii) f is co-weakly (wi,?\)—continuous and weakly W} -continuous.

Proof. (i) = (ii): Obvious.

(ii) = (i): Let f be a co-weakly (w?,A)-continuous and weakly w”-continuous
function. Let x € X and V be a A-open set of Y containing f(x). As f is a
weakly wt—continuous function, there exists a w:i—open set U containing x
such that f(U) € ¢, (V). Since Fr, (V) =c¢, (V)Nc, (X\V) =, (V)\V, we have
f(x) ¢ Fr, (V). Since f is co-weakly (w:i,?\)—con‘cinuous7 x e U\ f_1(FTA(V)),
which is w’-open in X. Then for every y € f(U\ f71(FTA(V)) ,y = f(x,)
for a point x, € U\ 1 (Fr,(V)). Thus we have f(x,) =y

and y ¢ Fr (V) with f(x,) € V. Thus f(U\ f~'(Fr,(V)))
w’:l-continuous. d

Theorem 11 For a function f: (X,u) — (Y,A) the following are equivalent:
(i) f (u,A)-continuous.
(ii) f s w? -continuous and (w’:, L) -continuous.

Proof. Follows from Theorem 4. O
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