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Abstract. In this paper, we introduce the notion of Walsh shift-invariant
space and present a unified approach to the study of shift-invariant sys-
tems to be frames in L2(R"). We obtain a necessary condition and three
sufficient conditions under which the Walsh shift-invariant systems con-
stitute frames for L?(R*). Furthermore, we discuss applications of our
main results to obtain some known conclusions about the Gabor frames
and wavelet frames on positive half line.

1 Introduction

Shift-invariant spaces play an important role in modern analysis for the past
two decades because of their rich underlying theory and their applications

2010 Mathematics Subject Classification: 42C15, 42C40, 43A70, 42A38, 41A17
Key words and phrases: shift-invariant space; Walsh wavelet frame; Gabor frame; Walsh-
Fourier transform

23



24 O. Ahmad, M. Ahmad, N. Ahmad

in time frequency analysis, approximation theory, numerical analysis, digital
signal and image processing and so on. A shift-invariant space serves as a
universal model for sampling problem as it includes a large class of functions
whether bandlimited or not by appropriately choosing a generator. The con-
cept of shift-invariant subspace of L#(R) was introduced by Helson [15]. In fact,
he introduced range functions and used this notion to completely characterize
shift invariant spaces. Later on, a considerable amount of research has been
conducted using this framework in order to describe and characterize frames
and bases of these spaces. For example, de Boor et al.[7] gave the general
structure of these spaces in L*(R™) using the machinery of fiberization based
on range functions. This has been further developed in the work of Ron and
Shen [25] with the introduction of the technique of Gramians and dual Grami-
ans. Bownik [8] gave a characterization of shift-invariant subspaces of L?(R™)
following an idea from Helson’s book [15]. The invariance properties of shift-
invariant spaces under non-integer translations were completely characterized
by Aldroubi et al.[4] and they showed that the principal shift-invariant spaces
generated by a compactly supported function is not invariant under such trans-
lations. In [23], authors constructed p-frames for the weighted shift-invariant
spaces and investigated their frame properties under some mild technical con-
ditions on the frame generators. On the other side, the study of shift-invariant
spaces and frames have been extended to locally compact Abelian groups in
[9], nilpotent Lie groups in [11] and non-abelian compact groups in [24]. The
results of Aldroubi et al.[4] were further generalized to the context of LCA
groups by Anastasio et al.[5]. They provide necessary and sufficient conditions
for an H-invariant space to be M-invariant space by means of range functions,
where H is a countable uniform lattice in G and M is any closed subgroup of
G containing H. Shift-invariant spaces for local fields were first introduced and
investigated by Ahmadi et al.[2]. More precisely, they studied shift-invariant
spaces of L2(G), where G is a locally compact abelian group, or in general a
local field, with a compact open subgroup. The general results in Euclidean
spaces to characterize tight frame generators for the shift-invariant subspaces
was studied by Labate in [19]. Some applications of this general result are then
obtained, among which are the characterization of tight wavelet frames and
tight Gabor frames [20, 21]. In his recent paper, Behera [6] showed that every
closed shift-invariant subspace of L2(R") is generated by the A-translates of
a countable number of functions, where K is the local field of positive charac-
teristic and A is the associated translation set.

In the framework of mathematical analysis and linear algebra, redundant
representations are obtained by analysing vectors with respect to an overcom-
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plete system.Then the obtained vectors are interpreted using the frame theory
as introduced by Duffin and Schaeffer [12] and recently studied at depth, see
[10] and the compressive list of references therein. Most commonly used coher-
ent /structured frames are wavelet, Gabor, and wave-packet frames which are a
mixture type of wavelet and Gabor frames [10]. Frames provide a useful model
to obtain signal decompositions in cases where redundancy, robustness, over-
sampling, and irregular sampling ploy a role. Today, the theory of frames has
become an interesting and fruitful field of mathematics with abundant applica-
tions in signal processing, image processing, harmonic analysis, Banach space
theory, sampling theory, wireless sensor networks, optics, filter banks, quan-
tum computing, and medicine. Recall that a countable collection {fy : k € Z}
in an infinite-dimensional separable Hilbert space H is called a frame if there
exist positive constants A and B such that

AllfF < 3 [n sl < Bl (1)

kEZ

holds for every f € H and we call the optimal constants A and B the lower
frame bound and the upper frame bound, respectively. If we only require the
second inequality to hold in (1), then {fy : k € Z} is called a Bessel collection.
A frame is tight if A =B in (1) and if A =B =1 it is called a Parseval frame
or a normalized tight frame.

During last two decades there is a substantial body of work that has been
concerned with the wavelet and Gabor frames on positive half line. Kozyrev
[16] found a compactly supported p-adic wavelet basis for LZ(QP) which is an
analog of the Haar basis. It turns out that these wavelets are eigenfunctions of
some p-adic pseudodifferential operators in [18]. Such property used to solve p-
adic pseudodifferential equations which are needed for some physical problems.
Khrennikov et al. [17] developed a method to find explicitly the solution for a
wide class of evolutionary linear pseudo-differential equations. Farkov [13] in-
dicated several differences between the constructed wavelets in Walsh analysis
and the classical wavelets, and characterized all compactly supported refin-
able functions on the Vilenkin group G, with p > 2. Manchanda et al. [22]
introduced the vector-valued wavelet packets and obtained their properties
and orthogonality formulas. Albeverio et al. [3] presented a complete char-
acterization of scaling functions generating an p-MRA, suggested a method
for constructing sets of wavelet functions, and proved that any set of wavelet
functions generates a p-adic wavelet frame. Shah [27] constructed Gabor frame
on positive half line and obtain necessary and sufficient conditions for Gabor
frames in L?(R¥). More Recently, Zhang [28] characterize the shift-invariant
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Bessel sequences, frame sequences and Riesz sequences in LZ(R") and give a
characterization of dual wavelet frames using Walsh-Fourier transform.

Motivated and inspired by the above work, we introduce the notion of Walsh
shift-invariant spaces and establish some necessary and sufficient conditions
under which shift-invariant systems become frames in L?(R*). Furthermore,
we use these results to give some necessary conditions and sufficient conditions
for Gabor frames and wavelet frames on positive half line.

The paper is structured as follows. In Section 2, we give a brief introduction
to Walsh-Fourier analysis including the definition of shift-invariant spaces on
half line. In Section 3, we obtain a necessary condition for the shift-invariant
system to be a frame for L?(R*). In Section 4, we establish sufficient conditions
for shift-invariant systems to be frames. Sections 5 and 6 discusses applications
of the our main results to Gabor frames and wavelet frames, respectively on
positive half line.

2 Preliminaries and shift-invariant spaces on posi-
tive half line

As usual, let R = [0, +00), ZT ={0,1,2,...} and N = Z" —{0}. Denote by
[x] the integer part of x. Let p be a fixed natural number greater than 1. For
x € RT and any positive integer j, we set

xj = [pxl(modp), x5 =[p' IxI(modp), (2)

where xj,x_5 € {0,1,...,p—1}. Clearly, x; and x_; are the digits in the p-
expansion of x:

X = Z x_jp_j_1 + Z x]-p_j.

j<0 j>0
Moreover, the first sum on the right is always finite. Besides,
=Y x 7 k=Y g,
j<0 j>0

where [x] and {x} are, respectively, the integral and fractional parts of x.
Consider on R™ the addition defined as follows:

XDy = Z Gp T+ Z Gp ),

j<0 ji>0
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with 5 = xj +yj(modp), j € Z\{0}, where ¢; € {0,1,...,p — 1} and xj, y; are

calculated by (2). Clearly, [x @yl = [x] ® [y] and {x ® y} = {x} ® {y}. As usual,

we write z = xSy if z@y = x, where & denotes subtraction modulo p in R
Let &, = exp(2mi/p), we define a function ro(x) on [0, 1) by

1, ifxel0,1/p)

To(x) =

el, ifxe [tp, [0+ 1)pf‘), (=1,2,...,p—1.
The extension of the function t9 to R™ is given by the equality ro(x + 1) =
10(x),V x € RT. Then, the system of generalized Walsh functions {wn(x) :
m e Z"} on [0,1) is defined by

k
wo(x) =1 and wp(x) = H (ro(pix))"
j=0

where m = Z}(:o ujpj, w €{0,1,...,p =1}, w # 0. They have many proper-
ties similar to those of the Haar functions and trigonometric series, and form
a complete orthogonal system. Further, by a Walsh polynomial we shall mean
a finite linear combination of generalized Walsh functions. For x,y € R+, let

. o0
2mi

X(x,y) = exp - Y 05y +xy5) | (3)
=1

where xj,y; are given by equation (2).
We observe that

m X X
X (Xa pn) =X <p“’m) = Wm (pn>) Vxe [prn)) m,n € Z+)

x(x®y,z) =x(x,2)x(y,2), x(xo©y,z)=x(x,2)xy,2),

and

where x,y,z € RT and x @y is p-adic irrational. It is well known that systems
{x(o, )12 and {x(:, 0)}22, are orthonormal bases in L2[0,1) (See [14, 26]).

The Walsh-Fourier transform of a function f € L'(R*) N L2(R*) is defined
by

fle) = J}w ) X% ) dx, (4)
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where x(x,&) is given by (3). The Walsh-Fourier operator F : L'(RT) N
L2(R*) — L2(R*), Ff = f, extends uniquely to the whole space L2(R*+). The
properties of the Walsh-Fourier transform are quite similar to those of the
classic Fourier transform (see [14, 26]). In particular, if f € L'(RT) N L2(RT),
then f € L2(R*) and

= |1l 2 (5)

Moreover, if f € L?[0, 1), then we can define the Walsh-Fourier coefficients of
f as

]R+

fln) = J ] £(x)wn (x) dx. (6)

The series ) | 7+ F(n)wn(x) is called the Walsh-Fourier series of f. Therefore,
from the standard L2-theory, we conclude that the Walsh-Fourier series of f
converges to f in [2[0,1) and Parseval’s identity holds:

] ~
I#l = |, Teoofax = 3 [fim]” (7)

nez+t

By p-adic interval I C R of range n, we mean intervals of the form
I==[kp ™ (k+1p™), keZ.

The p-adic topology is generated by the collection of p-adic intervals and
each p-adic interval is both open and closed under the p-adic topology (see
[14]). The family {[0,p77):j € Z} forms a fundamental system of the p-adic
topology on RT. Therefore, the generalized Walsh functions wj(x),0 < j <
p"—1, assume constant values on each p-adic interval IX and hence continuous
on these intervals. Thus, wj(x) = 1 for x € 0.

Let £,(R") be the space of p-adic entire functions of order n, that is, the
set of all functions which are constant on all p-adic intervals of range n. Thus,
for every f € £,(R™), we have

= Y f(p "Kxi(x), x€RY (8)

kezZ*

Clearly each Walsh function of order up to p™~' belongs to &,(R*). The set
E(R™) of p-adic entire functions on R* is the union of all the spaces &,(R™).
It is clear that £(R') is dense in [P(R'),1 < p < oo and each function in
E(R™) is of compact support. Thus, we consider the following set of functions

£O(R*) = {fe E(R): Te L®(R"Y) and supp f C R+\{0}}. (9)
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For any A € R* and m,n € Z*, we define the following operators on L*(R™)
as:

Taf(x) = f(x ©n); Enf(x) = xm(x)f(x); Daf(x = VAT (AX).
Then for any f € L'(RT) NLZ(R*), the following results can easily be verified:

F{Taf(x)} = EoF{f(x) }; F{Enf(x)} = TnF{f(x)};
F{Daif(x)} =DaF{f(x)}.

Definition 1 A closed subspace S of L2(R™) is called a Walsh shift invariant
space if Te@a(x) € S, for every oo € S,k € Z*, and & € A, where Ty is the
translation operator and /\ is a countable indexing set.

A closed shift-invariant subspace S of L*(RT) is said to be generated by ¥ C
L2(R") if S = Span {Tkll)“(x) = 1|)<X(X e k) k€ZT Py € ‘P}. The cardinality
of a smallest generating set ¥ for S is called the length of S which is denoted
by |S|. If|S| = finite, then S is called a finite Walsh shift-invariant space (FSI)
and if |S| =1, then S is called a principal Walsh shift-invariant space (PSI).
Moreover, the spectrum of a Walsh shift-invariant space is defined to be

o(S) = {& € 0,1):5() #1{0}}, (10)

where S(&) = {Pu(E@ k) € X(Z7): @ €S,k € ZT, € A},
It is easy to verify that the system

= {Tk(p(x(x) = pa(x0k):keZ xe /\}, (11)

is a Walsh shift-invariant system with respect to lattice Z", where @q«(x) €
LZ(R1).

Definition 2 The Walsh shift-invariant system T defined by (11) is called
shift-invariant frame if there exist constants C and D with 0 < C < D < o0

such that
Cllel; <> > [{o,Tawa)|” < Dllo|, (12)
xEANEZT

holds for every @ € L*(RT). The largest constant A and the smallest constant
B satisfying (12) are called the optimal lower and upper frame bounds, respec-
tively. A frame is a tight frame if A and B are chosen so that A =B and is a
Parseval frame if A=B=1.

Since the set E(RY) is dense in L*(RY) and is closed under the Fourier
transform, the set EO(RT) defined by (9) is also dense in L?>(R"). Therefore,
it is sufficient to prove that the Walsh shift-invariant system T' given by (11)
is a frame for L2(R™) if the inequalities in (12) holds for all @ € EO(RY).
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3 Necessary condition for Walsh shift invariant space
to be frame for [*(R™)

In this section, we shall study the necessary condition for the Walsh shift-
invariant system ' defined by (11) to be frame for L*(R*).

Theorem 1 If the Walsh shift-invariant system T' defined by (11) is a frame
for L2(R*) with bounds A and B, then

A<Gr(§) <B, ae. & e€RT (13)

where Gr(&) =) ca ‘(Apoc(a)‘z'

Proof. Since the Walsh shift-invariant system I' is a frame for LZ(R1) with
bounds A and B, we have

Allolb < Y (o, Taow) < Bl forall ¢ e R, (14)
xeAnezt

Notice that for all @ € L?(R*) and m € Z* . By substituting @ by Tme,
equation (14) can be rewritten as

Allel; < X Y [(Twe, Taow)|” < Bllof5
xeAnezt

Or, equivalently

Aleli= | 3 3 [(Two Tuww)] ax < Bl

0,1) xeEANEZt (15)
for all @ € L*(RT).

Since R" = U, ez+ (’]I‘ P n) is a disjoint union,where T = [0, 1). Therefore, it
follows from the Plancherel theorem that
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[ X5 (twomodfa= X 3 ] 0T on

xeEANeZt aEAneZ+

= |<(PaTm(Poc>‘z dx
JRF

<@> (Tm(Poc)A>‘2 dx (16)

xEeEN IR

r

= (@ Eom@o)l* dx
JRT

2

Jw $(E)Pa(E) wil(£) dE

JR+

Clearly, for all @ € E9(RT), we have ®(&)9«(&) € L'(RT)NLZ(RT). Therefore,
it follows from (16) and the Plancherel theorem that for all ¢ € £°(R*),

XX (e toora=Y [ |65 0] ax
xEANEZT aeA I RT
= ZJ (&) Pul E)rdﬁ (17)
xeN

oe)] Y [ate)] .

JR+ xeEN

Combining (15) and (17), we observe that for all @ € £°(R*), we have

Alloll <J )] Y |@ule)] ae < o] (18)
RY xeN

Making appropriate choices of @ € E°(R*) in (18), we obtain
A<Gr(§) <B, ae & cR".

Thus the proof of Theorem 1 is complete. O

4 Sufficient conditions for Walsh shift invariant space
to be frame for L*(R™)

In this section, we derive three sufficient conditions for the Walsh shift-invariant
system T to be a frame for L?(R™).
In order to prove our results, we need the following lemma.
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Lemma 1 Suppose that Walsh shift-invariant system T is defined by (11). If
@ € E°RY) and esssup {Zae/\ }(Ap(x(i)’z e R+} < 00, then

Z Z (@) Tro \ —J IZZI@(X )1 d& + R(o), (19)
xeANEZ* xeA

where

0= Y | eem@eEoma.Eomde @)

xeA meN

Furthermore, the iterated series in (20) is absolutely convergent.

Proof. By Parseval formula, we have

Z ‘<(p>Tn(Poc>‘2: Z ‘<(/F3)(Tn(9a)/\>‘2

nez* nezt
2
=3 || eem@wal
nez+ WRY

(E@om)pa(E@m) wn(i@m)di}

Il
M
=
3
M
—
8
)

X Q(&)PalE) Wn(E) dE.

Notice that @ has compact support and wn, = 1 for all m,n € Z*. There-
fore, by the convergence theorem of Fourier series on T, we obtain

Z | b, n(PLx>’ _J cx(‘z-»){ Z @(&@m)cM{@m)} dé. (21)
nez* mez*

We claim that

Yy \<@,Tncpa>\2=ZJRJ@(a)Fm(a)F dE+R(e),  (22)

xeAnezZ+ xeN

hold for all @ € £°(R™). In fact, by (21), we have
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> > Koy Taea)|’

XEANEZT

—Zj { P18+ @(E)PalE) D @(E@m)@a(i@m)}
xEN mez+

=Y | B Bale) i+ Rig)
aEA

This is just (22). Finally, by the condition that ess sup{zae/\ ‘(Ap(x(&) ‘2: & e R*}
< 00, and by invoking Levi Lemma, we have

> Y Ko Tow)’ —J BE) Y [PulE) dE + R(ep).

xeAneZ+ x€EA
We now proceed to prove that the iterated series in (20) is absolutely con-
vergent. Note that

$alD)pa(Emm)| <

 [Bate)P + Gu(e e m) .

2
We have
=X Y| PeTaEe(E o m)ou (e m)
xeA meN
<> ) J }@(am(a)@(a@m)@a(a@m) da\
axceA meN R*
<3 XY | 1eed(es m)9a(e)R e
xeA meN
S Y 5 | eea(ee )] [@a(e @ m) ac.
xeA meN

Hence it suffices to verify that the series

ZZJ $(E@m)| [PulE) dz

aeA meN

is convergent. In fact,

ZZJ G(E@m)| [PulE) dz

xeA meN (23)

< ess sup Z\(p(x ) ZJ (Apé@m)‘dé.

EERT xeA meN
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Since m € N and ¢ € E°(RT), hence, only finite terms of the iterated series in
(23) are non-zero. Consequently, (23) becomes

ZZJ P(E)P(Edm)|1PalE)] dE

xeA meN (24)

~ 2 ~2
< €8S SUPgcp+ Z [P (&) Cllo],
xEN

where C is a constant. Using the assumption esssupger+ )y ecn ‘?OC(E) ‘2 < 00
and equation (24), it follows that the series (20) is absolutely convergent for
all f € E°(RT). The proof of the lemma is completed. O

To establish the first sufficient condition of shift-invariant frame for LZ(R*),
we put

Qr:essinf{Gr(E) :£€R+}, Gr = esssup

{o
Or(m —ebbsup{Z)(P(x &@m)‘:&eﬂﬁ},

xeA

r(8) g e RT),

where Gr(&) is the same as the one in (13).

Theorem 2 Suppose {(pa(x) tXE /\} c LYR*Y) NL(R*) such that

G =Gr— ) [@w(m) -@(P(em)r/2 >0, (25)
meN

=Gr+ ) |8p(m) - Op(om)| " < ool (26)
meN

Then {Taou(x) : 1 € ZT,a € A} is a frame for L*(RT) with bounds C;
and D;y.

Proof. By Lemma 1 and (26), equation (19) holds, where

Re) =Y | o@pEem Y du@oueomde (@1

meN Y RT aEA

Using the Cauchy—-Schwarz inequality, the change of variables n = & & m
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172
dE,}

Z(Poc E.@m)

xeN

and (27), we obtain

<Z{J

meN

WD 9alE)oa(E@m)

xEA
X {J E,@m
]R+

Z @oc(a)@oc(a 5> TTL)
Z 6&(11 S/ m)@oc(n)

2
x {me(nn >

< JW BEFAE Y [0y(m) ©y(cm)

meN

< H(PH? Z [®(p(m) -@p(©m)

meN

172
dE,}
172
dE,}
(28)

1/2
dn}

i|]/2

i| 1/2
Consequently, it follows from equations (19), (25), (26) and (28) that

Cilloll; < 3~ 3~ Koy Taoa)[* < Diflofy, for all ¢ € £2(R).
xEANEZLT

The proof of Theorem 2 is complete. O

Remark 1 It is easy to see that

Y 0,(m) = Y 6,(cm).

meN meN

Set Op = Y men O (M). Then by (27) and the Cauchy—-Schwarz inequality,
we have

1720 12 2
(<3 [er(m)-er(em)] 3 < ol

meN

As a consequence, the following second sufficient condition is obtained.
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Theorem 3 Suppose {@«(x): o € A} C L'(RT) NLHR") such that
Cr=Gp— 0 >0, (29)
D; = Gr + O < +c0. (30)

Then {Tn(p(x(x) ‘mezZx e /\} is a frame for L*(R*) with bounds C,
and D;.
The proof follows in the similar lines to that of Theorem 2.

Using a different estimation technique, we are in a position to position
to provide the third sufficient condition for the Walsh shift-invariant system
W(@, o, k) to be frame of L2(R") as follows:

Theorem 4 Suppose {@q(x):x € A} C L'(RY) NL2(R") such that

oo gt [ S0 3| \
3 =2¢©88 alelﬁ%ﬁ Z [OMES Z Z Pul& 5 2 m) >0, (31)
e meN aeA
D3 = ess sup [Z ’Z(p(x é@m)’ < +o00. (32)
LERY mezZt aeN

Then {Thea(x) : 1 € ZT o0 € A} is a frame for LZ(RY) with bounds
Csand Ds3.

Proof. We estimate R(@) in (27) by another technique. Using the Cauchy—
Schwarz inequality, the change of variables 1 = & & m and the Levi Lemma,
we have

1/2
R(e)| < ) {LW (&) ( > %(&)@a(&@m)(d&}

meN xeN

X{JR (Eem)|’ ‘Z(P(x (6@m)‘d£}1/2

{J 2 Z ‘Z Pal “(a@m)‘dé}vz (33)
X{J ZmZeN‘o%\(p“ n@m ‘dn}]/z

:J |ZZ‘Z% wfi@m‘dé

meN «eA
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Consequently, it follows from equations (19), (31), (32) and (33) that

Cllols< > Y (0, Taea)|* < Dslo[f3, for all ¢ € E2(RT).
xXEANEZT

The proof of Theorem 4 is complete. O

5 Walsh shift-invariant systems as Gabor frames on
positive half line

In this section, we apply Theorems 1, 2 and 4 to the Gabor systems and obtain
some results on Gabor frames on local fields of positive characteristic.
Gabor systems are the collection of functions

G(g,myn) = {Mang(x) = wm(x)g(x@n) CMm,M € Z+} (34)

which are built by the action of modulations and translations of a single g €
L%(R™). If we interchange the role of the translation and modulation operators,
we have the system

G'(gym,n) = {Tang(x) = wn(x)g(xon):mne Z*}. (35)

It is immediate to see that the system G(g, m,n) is a frame of L>(R*) if and
only if G'(g, m.n) is a frame of L*(R*), and the frame bounds are the same in
the two cases. It is evident that Gabor system (35) is shift-invariant. So, the
main results in Sections 3 and 4 can apply directly to the Gabor systems.

Setting A = {m: m € Z*}, and for all « € A, we take @, = E;ng(x). Then
the system I'(@, &, m) given by (11) reduces to the Gabor system G(g, m,n)
defined by (34). Notice that for all « € A,

@(x(a) = §(£ o m)

Therefore, for all n € Z*, we have

Y bulB)Pu(E@n) = Y Geom)gEoman).

xeN mezZ+

Using Theorems 1, 2 and 4, we obtain
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Theorem 5 If the Gabor system G(g, m,n) defined by (34) is a frame for
L2(R") with bounds C4 and Dy, then

C;< Y |gleem)P<Ds aef eR". (36)

mezZ+

Theorem 6 Suppose g € L'(R*) N L2(RT) such that

1/2
Cs :essaié%{+ Z Grem) =3 [0y(n) 0y(cn)] >0, (37)
VA neN
1/2
D5 = ess sup Z l9( E@m‘ —|—Z[ @g(en)} < 400, (38)
LERT ezt neN

then {MnTag(x) : myn € Z*} is a Gabor frame for LZ(R*) with bounds Cs
and Ds, where

@g(n) :esssup{ Z ’/g\(é@m)ﬁ(é@m@n)):EERJr}.

mez+

Theorem 7 Suppose g € L'(R*Y) NL2(R*) such that

Cs = ess mf { Z 9( £6m| *Z’ Z geom)g 5@m@n)‘}>0, (39)

neN mez+

D¢ = ess sup { Z ‘ Z E@m E@m@n)’}<+oo. (40)

EERT | lez+  mez+

Then {Mang(x) Tmyn € Z*} is a Gabor frame for L*(RT) with bounds
Cg and Dg.

Remark 2 Since
<(P;Tan9> = <(Pv> (Tang)v> = <(PvaTemMn9\/>

by the Plancherel Theorem, similarly to the case in the frequency domain, we
able to present similar results in the time domain. They were omitted.
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6 Walsh shift-invariant systems as wavelet frames
on positive half line

In this section, we apply Theorems 1, 2 and 4 to the wavelet systems and
obtain some results on wavelet frames on positive half line.
For a given \ € L?(RT), define the wavelet system

W, j, k) = {ij,k(x) jezke Z+} (41)

where P (x) = P2 (pjx o k). In general, the wavelet system W(1,j, k)
is not shift-invariant, and thus the main results in Sections 3 and 4 do not
apply directly to a wavelet system. But we can use a quasi-wavelet system to
investigate the wavelet system. The quasi-wavelet system generated by 1\ &€
L2(R") is defined by

Wby, k) = {iu(x) e 2,k e 2"} (42)
where
DT (x) = A2 (Alxek),  j>0,keZf,

Pixx) =4 o (43)
AT D b (x) = Alp (A] (xe k)), j<0,kezZt.

It is easy to see that the quasi-wavelet system is shift-invariant. There is
some sort of equivalence between wavelet and quasi-wavelet systems. Indeed,
Abdullah [1] proved in full generality the following result on positive half line.

Theorem 8 Let 1\ € L>(RT). Then

(a) W(,j, k) is a Bessel family if and only ZfW(l]N),), k) is a Bessel family.
Furthermore, their exact upper bounds are equal. o

(b) W, j, k) is a frame for L*(R*") if and only if W(l]),j,k) is a frame
for L2(R*). Furthermore, their lower and upper exact bounds are equal.

For j € Z%*, let Nj denotes a full collection of coset representatives of
7T /AT, e,

- [ {0,1,2,..., AT =1}, j=0
& _{ ©, j<o (44)

Then, Z+ = Une N (TlGSAjZ+), and for any distinct ny,ny € Nj, we have
(m @ AIZT) N (n, @ AIZT) = . Thus, every non-negative integer k can
uniquely be written as k = 1A @'s, where r € Z*,s € Nj.
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We now show that the quasi-wavelet system F (1~b,j,k) given by (42) is
invariant under translations by k,k € Z*. In fact

Tidjn(x) = ¥jo(x 0 k) = AP (Al (x 0 K)) = jx, ifj <O,
and for j > 0,n € Nj, we have
Tle’j,n(X) = 1T’j,n (X S k)
=Pja(x©k)
= A2 (A (xok) o)
= A2y (Axe (Ak@n))
= ll)j,kAi@n(X)-

Therefore, the quasi-wavelet system can also be represented as Suppose that
A ={(G,n):j € Z,n € Nj}. Then, for all x € A, we set

W(ih,j, k) = {Tkﬁ)j,n(x) jez kel ne Nj} . (45)
Suppose that A ={(j,n) :j € Z,n € Nj}. Then, for all x € A, we set

AP (Alx en), if j >0,
Pulx) = (46)

Ajll)(Aj(x@n)), ifj <o.

Therefore, one can easily see that @4 € L*(RT) and consequently, the system
{Tk(p(x keZtyoue /\} is the quasi-wavelet system F (11), iR k). Moreover, the
Fourier transform of (46) yields

~ AT (AIE) wo (AJE),  ifj >0,
(poc(‘i) = P , (47>
P (AIE) wn (AIE), if j <O.
Thus, for all m € Z*, we have

Z|(Poc ”(Poc E@m)‘

xeA

=Y [pAg)|[p(AEem)|+ Y X A2 [b@e)|[b(AlEom)|

j<0 j>0 nen;
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= ZZ b [p(Al(gam))|.

As a consequence of Theorems 1, 2, 4 and Theorem 8, a necessary condition
and two sufficient conditions for wavelet frames on positive half line.

Theorem 9 If the quasi-wavelet system {IT)j,k :j € Z,k € Z'} defined by (42)
is a frame for L*(R™) with bounds A7 and By, then

<y ’&(Aia)‘z <D;, aef €R* (48)
JEZL

Theorem 10 Letp € L'(RY) N LZ(RY). If

Cs =ess 1nf Z ‘1]) (AVE) ’ — [®¢ (n) - Oy( @n)]VZ >0, (49)
neN

Dg = ess sup Z ‘1]) A)E ’ + Z [ ) - Oy ( @n)]VZ < +o00. (50)
EER+ neN

Then {1~|)]-’k(x) :j € Zyk € ZT} is a wavelet frame for L2(R*) with bounds
Cg and Dg, where

811)(“) = ess sup Z ‘E}(Aja)fp(Aj(E,@n))’ & e R
jEZ
Theorem 11 Let ) € L'(RT) N L2(R*). If

Co = ess inf Z’q) A]E,‘ —ZZ‘Q) (ATE)p (A’(&@n))’ >0, (51)

j€Z neN

Do = ess sup Z Z ‘1]) (AE)P (A] E@n))‘ < +o0. (52)

n
LeR JEZ neZ+t

Then {’I’j,k(x) :j € Zyk € ZT} is a wavelet frame for L2(RY) with bounds
Co and Dey.
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