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Abstract. In this paper, we investigate the existence of a positive so-
lution to the third-order boundary value problem

—u (1) + K2 (t) = & (1) f(t,u(t),uw' (1), t >0
u(0) =u'(0) = u(+o00) =0,

where k is a positive constant, ¢ € L' (0, +oco) is nonnegative and does
vanish identically on (0,+oc0) and the function f : R x (0,4+o00) X
(0,+00) — R is continuous and may be singular at the space variable
and at its derivative.

1 Introduction and main results

Boundary value problems for third-order differential equations arise in many
branches of physics and engineering where, for physical considerations, the
positivity of the solution is required. For instance, Danziger and Elemergreen
(see [15], p. 133) have obtained the following third-order linear differential
equations:
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o +ou” + o/ + (1+k)u=kc, 6 <cand
ou” + oou” + i’ +u=0, 0 >c.

(1)

These equations describe the variation of thyroid hormone with time. Here
u = u(t) is the concentration of thyroid hormone at time t and oz, o2, 62, k
and c are constants.

A reduced version of the Hodgkin—Huxley model was proposed by Nagumo.
He suggested the class of third-order differential equation

b
u —cu” + f(u)u — Ju= 0 (2)

as a model exhibiting many of the features of the Hodgkin—-Huxley equations,
where f is a regular function. The Hodgkin—Huxley model is a system of non-
linear differential equations that approximates the electrical characteristics of
excitable cells such as neurons and cardiac myocytes. Recall that the Hodgkin—
Huxley model describes the ionic mechanisms underlying the initiation and
propagation of action potentials in the squid giant axom. The model has played
a vital role in biophysics and neuronal modelling. For more details of Nagumo’s
equations, we refer to the paper by McKeen [22].
The Kuramoto—Sivashinsky equation

1 2
ut+uxxxx+uxx+iu =0

arises in a wide variety of physical phenomena. It was introduced to describe
pattern formulation in reaction diffusion systems, and to model the instabil-
ity of flame front propagation (see Y. Kuramoto and T. Yamada [18] and
D. Michelson [23]). The travelling wave solutions of this partial differential
equation (i.e. u(x,t) = u(x — ct)) solve the nonlinear third-order differential
equation

A (x) +u(x) + f(u) =0, (3)

where A is a parameter depend on the constant ¢ and f is an even function.

A three-layer beam is formed by parallel layers of different materials. For an
equally loaded beam of this type, Krajcinovic in [17] proved that the deflection
u is governed by the third order differential equation

— + kzu/ =q, (4)

where k and a are physical parameters depending on the elasticity of the
layers.
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Study of existence of positive solutions for third-order bvps has received a
great deal of attention and was the subject of many articles, see, for instance,
[10, 11, 12, 13, 14, 21, 25, 27, 28, 29, 30, 31], for the case of finite intervals
and [1, 2, 3, 4, 6, 7, 8,9, 16, 19, 20, 24, 26] for the case posed on the half-
line. Naturally, in such boundary value problems, the nonlinearity may have
a singular dependence on time or on the space variable. This was the case in
the papers [3, 6, 7, 8, 20, 21, 27, 28, 29], which motivated this work.

We are concerned in this paper by existence of a positive solution to the
boundary value problem (bvp for short),

—u”(t) + KU (t) = & (1) f(t, u(t),uw'(t), t >0 5)
u(0) =u(0) =u/(4+00) =0,

where k is a positive constant, ¢ : (0, +00) — R is a measurable function,
f: R x (0,+00) x (0,+00) — RT is a continuous function and observe that
the form of the differential equation in (5) is more general to those of (1)-(4).
Here the constant k which may have a physical signification as in (4), will play
an important role in finding a suitable framework for a fixed point formulation
of bvp (5).

By positive solution to the bvp (5), we mean a function u € C?(R*) N
W31 (0, +00) such that u > 0 in (0, +00) and w(0) = 1/ (0) = lim_,; 0 W (t) =
0, satisfying the differential equation in (5).

In all this paper, we let

yi(t) = (et —1)e
Y(t) = k*ekt%( t) = k* (T—e™)(1+ e_kt)e_k*ty
y(t) = [;¥(s)ds = ];— (2—3e ™ 4 e3M) = W (1— *kt) (24 e

where k* = min(1,k)/2 and we assume that the functions ¢ and f satisfy the
following condition:

for all R > 0 there exists a function Wy : (0, +o00) x (0,4+00) — (0, +00)
such that ‘{’R nonincreasing following its two variables,

f(t, etw, etz) < Wy (w,z) for all t,w,z > 0 with |(w,z)] <R,

limg 100 ¢ () Wr (re ™ y(s),Te *¥(s)) = 0 and

J4%° & (s) Wr (e *y(s), re**Y(s)) ds < oo for all T € (0,R].
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Remark 1 Notice that functions m in L' (0,+00) do not satisfy lim; s
m(t) = 0. Indeed, the function

2ntt—n(2nt—1) if te [n—z]?,n]
mo(t) =< —2n*t+n2n*+1) if t e [n,n 4 21?]
0 if not
is integrable since fgoo mo(t)dt < 3 5, % < 00, and limn_10o Mo (M) =

limp 400 = +00.
Hence, the condition IO+°° $ (s) Wg (re *y(s), re *¥(s)) ds < oo in Hypoth-
esis (6) does not imply that limg_, ;o0 ¢ (s) Yr (Te’ksy(s),re’ks7(s)) =0.

Remark 2 Observe that the case where the nonlinearity f satisfies the poly-
nomial growth condition

f(t,u,v) < C(1+u’+w)

with ¢,o, 0 >0, limg 10 ¢ (s) =0 and fgoo & (s) ds < oo, is a particular case
where Condition (6) is satisfied.

Remark 3 Notice that if Hypothesis (6) holds then |$|, = (J)roo ¢ (s)ds < oo.
Indeed, for R =1 we have

+o00
o> | (s (e y(s), e 1s)) ds > W (v y )

where y* = maxg-o (7 (y(s) +¥(s))).

The statement of the main result needs to introduce the following notations.

Let
f(t, ektw, etz
O = lim sup sup—( ’ 2 ) ,
[(w,z)|—0 \ t=0 w+z
f(t, eXtw, ekt
f®° = limsup sup—( ) ez) ,
(wz)lstoo \ 120 ~ WHZ

f t kt kt
fo (0) = liminf (min( & W€ Z)> ,
[(w,z)|—0 \ t€lp w—+z

f t kt kt
foo (0) = liminf <min( & W€ Z)> ,
[(wyz)| =400 \ t€]o w2z

where [(w, z)| = [w| + |z|, for 6 > 0 Iy = [0,0] and for 6 > 1 Jo = [1/6,06].
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Let also,
=M+,
©(0) = (©10(6) + O20(0)) " if 6 >0,
Ooo(6) = (01,00(0) + O2,00(8)) " if 6 > 1,
where
r+oo
[N =sup <e_kt G(t,s)cb(s)ds> ,

t>0 JO

r+oo
I, = sup (e_kt G(t, s)d)(s)ds) ,

t>0 JO

0
©1,0(8) = sup (e-‘“ Glt, s)bls)e 5y (s) ds) ,

t>0 JO

o _
©2,0(0) = sup <e_kt G(t,s)d(s)e "y (s) d8> y

t>0 JO

0
©1,00(0) =sup [ e | G(t,s)Pp(s)e ™y (s)ds |,

t>0 1/6

r0 "
©200(0) =sup [ e ¥ | G(t,s)Pp(s)e ™y (s)ds |,
t>0 1/6

and notice that Remark 3 guarantees that the constants I'1 and I, are finite.

Theorem 1 Assume that Hypothesis (6) holds and one of the following con-
ditions

fO< T, Oun(B) < foo (0) for some 6 > 1 (7)
f° <T, ©y(0) < fy(0) for some 6 >0 (8)

is satisfied. Then the bup (5) admits at least one positive solution.

Remark 4 For the particular case where f(t,u,v) = (e_kt(u + v))g with ¢ >
0 and o # 1, we have f© = 0 and foo (0) = +oo for all ® > 0 if o > 1, and
f° =0 and fy (0) = +o0 for all © > 0 if 0 < 1. Hence, Conditions (7) and
(8) in Theorem 1 correspond to the superlinear case and the sublinear case of
the nonlinearity f, respectively.
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2 Example

Consider the case of the bvp (5) where ¢p(t) = e ™t « > 0 and

utv u+v)4
f(t,u,v):A<ekt+u+v> +B<ekt > ,
with A)B>0,p <1and q>1.
Thus, for all t,w,z > 0 we have

w+z

ft kt kt :A
(t,ew, e7z) T+w+z

P
> +B(w+2)9,

and if |(w,z)] = w + z < R, then

w2z

f(t, ew, ez) = A <1 Wiz

>p+B(w+z)qsz(w,z),

where

W (w,2) = ARP 4+ BRY if p > 0,
REDZITY Aw+2)P(1+R) P+BRYifp < 0.

Thus, if p > 0 then

lim _(s)ir (Re"“v (s),Re ™y (s)) — (ARP + BRY) lim e * =0,

s—+00 §—+00

e - ARP  BR9
J d(s)br (Re*ksv (s),Re™y (s)) ds = 2PN
0 o
and if p < O then

b(s)br (Re ™y (s),Re ™y (s)) = BRIe *+
A(1+R) P (KR)P e~ (@FPR)s (T — eks)P p(s),

where

satisfies
2 P ) 2 P
— < < i — .
<max (2, 3k)> <p(s) < <m1n< ’3k>>
Therefore, we have

lim ¢(s)Pr (Re_ksy (s),Re *y (s)) = 0 if and only if o > —pk

s—+00
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and

goo $(s)hr (Re ™y (s),Re ™ (s)) ds < oo if and only if
o > —pk and p > —1.

Straightforward computations lead to

o - _f 4oo if qg>1,
f—JMM—m—{B it oq1 for all @ > 1

+00 if p<1,
P=f(0)=f={ A if p=1<gq, foral0>0.
A+B if p=q=1,

We conclude from Theorem 1 and all the above calculations that this case
of the bvp (5) admits a positive solution in each of the following situations:

l.p=1,q=1, B<Tand A+ B > 0, (0) for some 6 > 0,
2.p=1,qg>1, and A > 0, (0) for some 6 > 0,
3.pel0,1), g=1and B <T,

4. pe(—-1,0), q=1, B<T and o > —pk.

3 Abstract background

Let (E,||.|]) be a real Banach space. A nonempty closed convex subset C of E
is said to be a cone in E if CN (—=C) ={0¢} and tC C C for all t > 0.

Let QO be a nonempty subset in E. A mapping A : QO — E is said to be
compact if it is continuous and A (Q) is relatively compact in E.

The main tool of this work is the following Guo-Krasnoselskii’s version of
expansion and compression of a cone principal in a Banach space.

Theorem 2 Let P be a cone in B and let Q1,0 be bounded open subsets of
E with0 € Qq and Q7 € Qy. If T: PN (Q2\Qq) — P is a compact mapping
such that either

1T < JJull forw e PN0oQy and |[Tul| > [[ull for w e PNOQ,, or

2. [ITull = Jlull foru e PNoQy and ||[Tul| < |lul for w e PN oQ,.

Then T has at least one fized point in P N (Q2\Q1).
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4 Fixed point formulation
In all this paper, we let
E={ue CYRTR): im0 e u(t) =0, limi o0 e /() =0}

Endowed with the norm [[u| = [Jul| +[[w/[|, where [[ull, = sup;sq (e u(t)]),
E becomes a Banach space.

The following lemma is an adapted version for the case of the space E of
Corduneanu’s compactness criterion ([5], p. 62). It will be used in this work
to prove that some operator is completely continuous.

Lemma 1 A nonempty subset M of E is relatively compact if the following
conditions hold:

(a) M is bounded in E,

(b) the sets {w:u(t) = e *x(t), x € M} and {u:u(t) = e */(t), x € M}
are locally equicontinuous on [0, +00), and

(c) the sets {u:u(t) =e *x(t), x € M} and {u:u(t) = e *x/(t), x € M}
are equiconvergent at +oo.

In all this work, P denotes the cone in E defined by
P={ueck: v(t)>yt)ul and u(t) > y(t)[[ull for all t > 0}.

Let G, G:R" x Rt = R* be the functions defined by

Gt s)—l e % (cosh (kt) — 1) if t<s,
T2 | —e Msinh(ks) + (T—e ™) if s <t

~ 0G 1 [ e ®sinh(kt) if t<s,

Glt,s) = E(t’s) Tk { e *tsinh (ks) if s<t.

Lemma 2 The functions G and G satisfy:

(a) For all t,s € R" we have G(t,s) > 0 and G(t,s) > 0.
(b) The functions G and G are continuous and for all s > 0, we have

G(0,s) = G(0,s) = 0. (9)
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(c) For all t,s > 0, we have

Gltys) < 5(1—e ) < 5 Gltys) < Gls,s) <

K2’ 2K’
(d) For all s,t,T >0, we have
G(t,s)e ™ > y1(t)G(T, s)e .
(e) For all tz,t1 > 0, we have
e Gy, 5) — e MGt 5)| < Zik [t, — 1] (10)
)e*ktZé(tz,s) ek é(h,s)‘ <t — t] (11)

Proof. Assertions (a), (b) and (c) are easy to prove, Assertion (d) is proved
in [8]. Assertion (e) is obtained by the mean value theorem. O

Lemma 3 Assume that Hypothesis (6) holds, then there exists a continuous

operator T : P~ {0} — P such that for all r,R with 0 <1 <R, T(PN (B(0,R)~
B(0,1))) is relatively compact and fixed points of T are positive solutions to the

bup (5).

Proof. The proof is divided into four steps.

Step 1. In this step we prove the existence of the operator T. To this aim
let uw € P~ {0}. By means of Hypothesis (6) with R = ||ul|, for all t > 0 we
have

roo G(t, s) (s) (s, u(s), w/(s))ds
’ (+oo
<

$ (s)f (s,ufs),uw'(s)) ds

= = =

IN
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< T Jﬁo d(s)¥ (R(fks (s) Re*kw(s)) ds < 0
= % o R Y ) Y .

Thus, let v and w be the functions defined by

+o00

v(t)j G(t, )b (s) F(s, u(s), u'(s))ds

0

w(t) = J:OO G(t, s) (s) (s, uls), w/(s))ds.

Since for all t > 0,

+ % EU —e ) (s) f(s,u(s),u(s))ds

cosh(kt) — 1 r
+ - -

o | e (3 Fls,uls), W (s)ds,

0

we see that v is differentiable on R* and for all t > 0,

okt [t
V(t) = kJ sinh(ks)@ (s) f(s,u(s),u'(s))ds

0
, sinh(kt) Jm e 5 (s) £(s, u(s), ' (s))ds
K
- j &6 )0 (5) fls, u(s), 1w (s))ds = w(t)
0

with w continuous on R*.

At this stage we have proved that v belongs to C'(R*,R) and we need to
prove that v € E. Thus, we have to show that lim_,. o e *v(t) = lim_4 00
e */(t) = 0. Clearly for all t > 0, v(t),V/(t) > 0 and we have

and
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—kt ptoo
< L &(s)¥ (Re My(s),Re () ds.

The above two estimates prove that limi_,. oo € () = limi_ 400 € V(1) =
0.
Now for all t,T > 0, we have from Assertion (c) in Lemma 2
+o0 .
V(t) = ektJ e MG(t,s)f(s,uls), W (s))ds

0
+00

> ey (1) J e G, s)f(s,uls),u'(s))ds
0

= ey (t)e V(7).
Passing to the supremum on T, we obtain
V(1) > ey (t) V||, for all t > 0. (12)

( ) Jt ekE, <e—k£vl(g)) d < Jt . d HVIH < ekt H\)/H
0 0 k. k?

we have

V[ = * vl - (13)
Therefore, (12) Combined with (13) leads to

V() > keftyq(t) Hv’Hk for all t > 0,

then to
V(1) > y(t) ||v]| for all t > 0. (14)
Integrating (14), yields v(t) > y(t) ||v|| for all t > 0.

Thus, we have proved that v € P and the operator T : P~ {0} — P where
for u € P~ {0}

+o0
Tu(t) = J G(t,s)d (s) (s, u(s), u'(s))ds,
0
is well defined.
Step 2. In this step we prove that the operator T is continuous. Let (un)
be a sequence in P ~\ {0} such that lim,_ s Un = U in E with Uy in P\ {0}
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and let R > r > 0 be such that (uy) C B(0,R) . B(0, ). If Wy is the function
given by Hypothesis (6), then for all n > 1 we have

[Mun — Moo [y, = sup [Tun (t) — Tt ()
>0
1 (t°°
< szo $(s) [T(s,un(s), up(s)) — (s, uoo(s), Uy (s))| ds
and

| (Tun) = (Tieo)' [, = sup | (Tun)' (£) = (Tioo)' (1) |
t>0

< i J;OZ) (s) [£(sy un(s),un(s)) = F(5, oo (s), i (s)) [ ds.

Because of

(s, un(s),upn(s)) — f((s, Uoo(s), Ut (s))| = 0, as . — +o00

for all s > 0 and

B (8)|F(s,unls), up(s)) — f((s, Uoo(s), Ul ()]
< 20 (s) Wk (re Sy (s),re oy (s))

with f:)roo ¢ (s) Yr (re *y(s), re *y(s)) ds < oo, the Lebesgue dominated
convergence theorem guarantees that limn oo ||Tun — Tus|| = 0. Hence, we
have proved that T is continuous.

Step 3. In this step, we prove that for R >r >0, T (P N (E(O, R) ~ B(0, T)))
is relatively compact. Set Q =P N (E(O, R) ~ B(0, r)) and let @, be defined
by

D, p(s) = W (re’ksv(S),re’ksv(S))

where Wy is the function given by Hypothesis (6). For all u € Q, we have

1 1
< - -

proving that TQ is bounded in E.
Now, let t1,t2 € m,&], for all u € Q, we have from (10) and (11) the
estimates

roo & (s) Drls)ds < oo,
0

+o00
le ™ 1 Tu(ty) — e M2 Tu(ty)] < J le 1 G(ty,s) — e 2G(tp,5)|d (s) Drr(s)ds
0
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3 “+00
< = —
< 3% Ita t1|L ¢ (s) Drr(s)ds

and
e (Tw)/ (t1) —e 2 (Tw)'(t2)] < J+O|<e)kt1 G(t1,5)—e M2G(tz, s)|dp(s) Dy r(s)ds
° +oo
<lta—t J & (5) Oyp(s)ds.
0

Proving the equicontinuity of TQ) on bounded intervals.
For all u € Q and t > 0, we have

—k 0o
le M Tu(t)| < ekztﬂ ¢ (s) Dy r(s)ds

and

e—kt +o00
e () (01 < S | 0 (s) @uplslas.
0
Thus, the equiconvergence of TQ follows from the fact that lim_,o e %t = 0.
In view of Lemma 1, TQ is relatively compact in E.
Step 4. In this step we prove that fixed points of T are positive solutions
to the bvp (5). Let u € P~ {0} be a fixed point of T, then for all t > 0 we have

u(t) = J:OO G(t,s)d (s) f(s,u(s),u'(s))ds and

+00
uw(t) = J G(t,s)d (s) (s, u(s),u'(s))ds.
0
These with (9) lead to u(0) = u/(0) = 0.
Differentiating twice in

W (t) = EOO G(t,s)d (s) f(s,uls),1'(s))ds

okt [t
= L sinh(ks)¢ (s) f(s,u(s),u'(s))ds

sinh(kt) J+°°
_|_

- e 5 (s) f(s,uls),w'(s))ds,

t

we see that —u” (t) + ku/(t) = ¢ () f(t, u(t),u(t)) for all t > 0.
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It remains to prove that lim¢ ;. W' (t) = 0. We have

u(t) = % L sinh(ks)¢ (s) f(s,u(s), u'(s))ds

n sinh(kt) J+°°
k

e 5 (s) f(s,uls),w'(s))ds.

t
By means of Hypothesis (6) with R = |ju|| and the L’Hopital’s rule, we obtain

t
tginoo kekt JO

1 [t K
< | _ 3 —ks —ks )
< tginoo okt Jo sinh(ks) (s) Wr (Re v(s),Re " *y(s) ) ds
_ 1 sinh(kt)
o t—1>I-Poo kekt

sinh(ks)d (s) (s, u(s),u'(s))ds

b (1) Vg (Re*kfy(t), Re*kty(t)) ds = 0.

Also, we have

sinh(kt) J+°°
k t
sinh(kt)e kt r‘”
R —

e ®d (s) f(s,uls),w(s))ds

< - ¢ (s) f(s,uls),u'(s))ds — 0 as t — +oo0.
t
The above calculations show that lim¢_, . W (t) = 0, completing the proof

of the lemma. O

5 Proof of Theorem 1

Step 1. Existence in the case where (7) holds

Let € > 0 be such that (f°+ €) < T. For such a e, there exists Ry > 0 such
that f(t, e*tw, e¥z) < (f° 4+ €)(w + z) for all w,z with |(w,z)| < R; and let
O ={u ek, [u| <Ry}

Therefore, for all u € PN 0Q; and all t > 0, we have

e MTu(t) = e ™ roo G(t, s)(b(s)f(s, eks (e’ksu(s)> , ek (e’ksu’(s)) )ds
0
+00

< (Pre)e L G(t,s)db(s)e™ (u(s) +1/(s)) ds

+o00
< |l <f° + e) ekt JO G(t,s)db(s)ds < Ty (fO + e) I,
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leading to
Tl = sup (e Tu(v) < (£ +¢) i fju. (15)
>0

Similarly, we have

+oo

e K (Tw) (t) = e ™ JO Glt, s)<b(s)f<s, eks (e_ksu(s)> eks (e_ksu’(s)>> ds
+00

0

+00

< [Jull (fO - e) ektJ G(t,s)P(s)ds
0
< (P+e) 2 ful,

leading to

[(Tw)'|],, = sup (e*kt (Tw)’ (t)) < (f° n e) M |l . (16)

t>0

Summing (15) with (16), we obtain
Il < Jul (0 +¢) 1" < fu.

Now, suppose that fo (0) > O (0) for some 8 > 1 and let € > 0 be such
that B
(foo (8) — €) > Oo(6). There exists Ry > Ry such that f(t,e'w,ez) >
(fo (8) —€) (W+z) for all t € Jg and all w,z with |(w,z)] > R;. Let yo =
min {y(s)e ™ :s€Jo}, Rz = Ry/yo and Q, = {u€ E: |lul| <R;}. For all
u e PnNoQ,, and all t > 0 we have

0

[Tull, > e Tu(t) > e_ktj G(t,s)cl)(s)f(s, eks (e_ksu(s)), eks (e_ksu’(s)D ds
1/6

> (oo (0) — £)e™ L/e

0
(foo (6) — €)™ L/e G(t,s)dp(s)e ™ u(s)ds

G(t,s)P(s) (e*ksu(s) + e*ksu’(s)> ds

Y

0
> ] (foo (6) — )e L/e G(t, s)b(s)e oy (s) ds
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and

H(Tu)’Hk > e Kt JB (NS(‘L,s)d)(s)f(s,ekS <e_ksu(s)> ,exs (e_ksu’(s)» ds
1/0

0
> (fo, (0) —e)e ™ L/e Glt, s)d(s) (e_ksu(s) n e_ksu'(s)> ds

0

> (oo (6) — e)e‘“j G(t, s)b(s)e  uls)ds

1/6
]

> [l (foo (8) — e)ektj G(t, s)b(s)e ™y (s) ds.

1/0

The above estimates lead to

[MTufly = (foo (6) — €)O1,00(0) U],
[(Tw)'|], = (oo (8) — €)O2,00(8) [[u]

then to
ITul| > (oo () — ) (Oo(0)) " fJull > |-

We deduce from Assertion 1 of Theorem 2, that T admits a fixed point u € P
with
Ry < Jju|ly < Rz which is, by Lemma 3, a positive solution to Problem (5).

Step 2. Existence in the case where (8) holds

Suppose that fy(0) > ©y(0) for some 8 > 0 and let ¢ > 0 be such that
(fo (0) —€) > ©y(0). There exists Ry such that f(t,eXtw,ektz) > (fy(0) —
) (w+z) for all w,z with [(w,z)] < Ry. Let Q7 ={u € E: |Ju|]| < Ry}, for all
u e PNoQ; and all t > 0, we have

0
[Tull, > e ™Tu(t) > e_ktj
0

G(t,s)P(s) (e*ksu(s) + e*ksu’(s)> ds

G(t, s)d)(s)f(s, eks (e_ksu(s)),eks <e_k5u’(s))) ds
0

> (fo (0) — e)e‘“j
0

> (fo (8) —e)e ™ Je G(t,s)d(s)e u(s)ds
0

0
> ul (f (6) — e)e ™ L G(t, s)b(s)e ™y (s) ds
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and

0
H(Tu)/Hk > e MTu(t) > ektjoé(t, s)d)(s)f(s, eks<e’ksu(s)),ekS (eksu’(s))> ds
0

> (£, (0) — g)e X L G(t,s)db(s) (e_ksu(s) n e_ksu’(s)> ds

> (fo (0) — e)ektj
0

G(t, s)dp(s)e ™ u(s)ds

0
> || (fo (8) — e)e ™ L Glt,s)d(s)e ™ (s) ds.

The above estimates lead to

[Tul[, > (fo (8) —€)©1,0(0) [lul,
| (Tw)'|[, = (fo (8) — €)©2,0(6) ||

then to
ITul| > (o () — &) (©0(8)) " fluufl > [

Let € > 0 be such that (f*° + €) < T there exists Re > 0 such that
f(t, ew, e¥z) < (f° +e)(w +z) + Yr, (W,z), for all t,w,z >0,

where Wg_ is the functions given by Hypothesis (6) for R = Re.
Let
D (1) = Vg, (Reey(s), Ree 7(s))
~ Y.
Rp= ¢
S (f° + €)
with @c = sup;>o (e*kt f:{oo G(t,s)De (s) ds)

and notice that T (f° +e)R+ 20, <R for all R > R,.
Let R; > max(Ry,Rz,Re) and Q; ={u € E, ||u|| < Ry}. For all u € PN 2oQ,;
and all t > 0, we have

+o00

e MTu(t) = J

0

G(t,s)Pp(s)f (s,eks (e_ksu(s)> ,exs (e_ksu’(s))> ds

<e ™ J:OO G(t,s)db(s) ((f"o +€) (e_ksu(s) - e_ksu’(s)>
+V¥, (e_ksu(s), e_ksu’(s)>> ds
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+0o0 -
< (f° +€) |Jul ektj G(t,s)Pp(s)ds + W,
0
< (4 €) [lull Ty + ¥,
leading to
[Tull, < (F° +€) [Jul| Ty + Y. (17)
Similarly, we have
+00

e M (Tw' (1) = J

0

é(t,s)cb(s)f<s, eks (e’ksu(s)> , ek (eksu’(s))> ds

<e rm Glt, $)o(s) (1 + &) (e uls) + e ()

0

+V¥, (eiksu(s), e*ksu’(s))) ds
< el G s)(s)as +
0

< (f° 4 €) Ju| Ty + W,

leading to
[(Tw)'[l, < (F° 4+ €) T2 fJu]| + Ve, (18)

Summing (17) with (18), we obtain
Tl < (£ + ) T Jull + 2% < Jlu].

We deduce from Assertion 2 of Theorem 2, that T admits a fixed point u € P
with Ry < [Ju|| < R, which is, by Lemma 3, a positive solution to Problem (5).
Thus, the proof of Theorem 1 is complete.

6 Comments

1. Notice that the obtained positive solution in Theorem 1 is nondecreasing
and bounded. Indeed, if u € P ~ {0} is a fixed point of T with |ju| =R,
then for all t > 0

u(t) = (Tw) (t) = J'H)o (~5(t,s)d)(s)f(s,u(s),u'(s))ds >0

0
and Hypothesis (6) leads to

u(t) = Tu(t)= J:Oo G(t,s)d(s)f(s,uls), u'(s))ds
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+o00
G , \y —ks , —ks. 7 >
< L (t, s)b(s) R<(e uls)), (e u(s)) ds
1 oo —ks —ksz
< kzL o(s)¥r(Re ™ y(s), Re 7 (s))ds < oo.

2. From the above comment arise the following question. Why we looked
for solutions in the space E instead of looking for them in the natural
space
F= {u € C'(RY) : max (supyq [u(t)], sup-o W' (t)]) < oo}?

The answer is: There is no cone in F where we can realize the inequality
|Tu|| > ||u|| in Theorem 2.

3. Notice that for 6 > 1, ' < Og(0) < O (0) and let the interval Z =
(T; O (0)). In the particular case where the limits

f(t, e¥tw, e*'z)

= lim - = filt, ew, e2)

im
[(w,z)|—0 w+z [(w,z)|—0 w+z
exist, then Theorem 1 claims that the bvp (5) admits a positive solution
if f© and f°° are oppositely located relatively to the interval Z, that is the
ratio (f (t, edtw, ektz) /w + z) crosses the interval I Two questions arise
from this observation; what happens if ( (t, e¥tw, etz) /w + z) > O (0)
r (f(t,e"w,e z)/w+z) < T for all t,w,z > 0?

The second question is: are the constants I, ©y(0), O (0) the best ones?
In an other manner, does exist two positive constants « and 3 with I' <
x < B < ©y(0) such that if f© and > are oppositely located relatively
to the interval (&, 3), then the bvp (5) admits a positive solution?

4. Let p > 1 and consider the case where E is equipped with the norm
[ull, = {/||u||£ + [[u/|}. In this case, under Hypothesis (6), we prove
by the same arguments that the bvp (5) admits a positive solution if
O < My < ©5(0) < foo (8) for some 6 > 1 or * < T'< BF(0) < fo (6)
for some 6 > 0, where

M= (NP +(m)P) 77,

O} (8) = ((©1,0(8))" + (©2,0(8))") /P for 8 >0,

08 (8) = ((01,00(8)) + (©3,0(8))P) ™/ for 6 > 0.
Noticing that T, > T, ©F(8) > ©y(0) and ©5,(0) > Op (0) we under-
stand that the problem posed in the above comment is a serious problem.
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