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Abstract. In this paper we define dual-complex numbers with general-
ized Jacobsthal coefficients. We introduce one-parameter generalization
of dual-complex Jacobsthal numbers - dual-complex r-Jacobsthal num-
bers. We investigate some algebraic properties of introduced numbers,
among others Binet type formula, Catalan, Cassini, d’Ocagne and Hons-
berger type identities. Moreover, we present the generating function, sum-
mation formula and matrix generator for these numbers. The results are
generalization of the properties for the dual-complex Jacobsthal numbers.

1 Introduction

The Jacobsthal sequence {J,,} is one of the special cases of sequences {a, } which
are defined recurrently as a linear combination of the preceding k terms
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an =bjan_1+bran 2+ -+ bra, x forn >k, (1)

where k > 2, b; are integers, i = 1,2,...,k and ag,aj,...,ax_1 are given
numbers.

By recurrence (1) for k = 2 we get (among others) definitions of the well-
known sequences:

Fn=Fo1+Fr2,  Fo=0, F; =1 (Fibonacci numbers)
Lh=Ly1+Ly2 Li=2, L1 =1 (Lucas numbers)
Jn=TJn-1+2Jn—2, Jo=0, Ji =1 (Jacobsthal numbers)
Pn=2Pn1+Pry, Po=0, Py =1 (Pell numbers).

Sequences defined by (1) are called sequences of the Fibonacci type. The first
ten terms of the Jacobsthal sequence are O, 1 1, 1,3,5,11,21,43,85,171. This se-
quence is also given by formula J,, = z ———, named as Blnet type formula for
the Jacobsthal numbers. Many authors have generahzed the recurrence of the
Jacobsthal sequence. In [4] a one-parameter generalization of the Jacobsthal
numbers was introduced. We recall this generalization.

Let n > 0, r > 0 be integers. The nth r-Jacobsthal number J(r,n) is defined
by the following recurrence relation

Jor,n) =2"T(r,n—1)+ (2" +4")J(ry,n—2) forn > 2 (2)

with J(r,0) =1, J(r,1) = 142",
For r = 0 we have J(0,n) = J12. By (2) we obtain

J(T’,O):1

J(r1) =227+ 1

J(r,2) =3-47+2.27

J(r,3) =5-8"+5-47 427

J(r,4) =8-16"+10.8 +3-47

J(r,5) = 13327420 16" +9- 8 4 4.

In [4], it was proved that the r-Jacobsthal numbers can be used for counting
of independent sets of special classes of graphs. We will recall some useful
properties of the r-Jacobsthal numbers.

Theorem 1 [4] (Binet type formula) Let n > 0, v > 0 be integers. Then the
nth r-Jacobsthal number is given by
V4214547432742 V4214547 —3. 27 — 7\“

TN M+
o) = s & 2E- T 154 2
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where
ZT—] 1 ZT 5 T ZT—] ] zr 5 T

Theorem 2 [4] Let n > 1, v > 0 be integers. Then

3

_ I+ (27 +4)](hn—1) -2 -2
J(r, 1) = I : (3)

1

Il
o

Theorem 3 [4] (Cassini type identity) Let n > 1, v > 0 be integers. Then
Jnn+ D] —1) = (r,n) = (=1)"2"+ 1?27 + 47",
Proposition 1 [4] Let n >4, v > 0 be integers. Then
Jrym)=3-8"+2-4NJ(r,n—3)+(2-16"+3-8 +4")](r,n—4).
Theorem 4 [4] Let n,m,r be integers such that m >2,n > 1, v > 0. Then
Jirym+n)=2"J(r,m—1)J(r,n) + (4" +8")J(r,m —2)J(r,n—1).

Theorem 5 [4] The generating function of the sequence of r-Jacobsthal num-
bers has the following form

T4+ (1T+2")x

) = ae

2 The dual-complex numbers and their properties
The set of dual numbers is defined in the following way
D={d:d=u+ve|lu,veR, e =0, ¢ £0}.

Dual numbers were introduced by Clifford ([5]). Dual-complex numbers are
known generalization of complex and dual numbers. These numbers were in-
troduced by Majernik [8]. The set of dual-complex numbers, denoted by DC,
is defined as follows

DC ={w:w =21 + €2y |21,z € C,e2 =0, € # 0}.
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If z1 = x1 +ixp and z; =y + iy2, x1,%2,Y1,Y2 € R, then any dual-complex
number can be written as

w =x1 +ix2 + eyj + ieys.

Let wi,wy be any dual-complex numbers, wy = z1 + €z, Wy = z3 + €24.
Addition, subtraction and multiplication of them are defined by

w1 £wy = (21 £23) + e(z £ 24),

wi Wy = 2123 + €(z124 + 2223).

Table 1 presents multiplication scheme of dual-complex numbers.

[ i e e |
111 i | ¢ | ie
il 1] —=1]1ie|—¢
elelie |00

ie|ie|—€| 0| O
Table 1.

Assuming that Re(w;) # 0, the division of two dual-complex numbers
w1, W, is given by

Wy z3+eza  (z3+€za)(z3 —eza) 23 z2

wr _zitez (z1 +ez0)(z3 —ez4) 2z n £2223 — 2124

The dual-complex numbers form a commutative ring with characteristics 0.
Moreover, the multiplication of these numbers gives the dual-complex numbers
the structure of 2-dimensional complex Clifford algebra and 4-dimensional real
Clifford algebra.

Let w = z1 + ezp = X1 + ix2 + ey7 + 1eyz,zp # 0. There are five different
conjugations, denoted by w*, of dual-complex number w:

W = (1) 4+ e(z2)* = (x1 —ixz) + e(yy — iyz) complex conjugation
w2 =z, —¢ezp = (x1 +ix2) — e(y1 +iyz) dual conjugation
W = (21)" —e(z2)" = (x1 —ixg) — e(yr —iyz) coupled conjugation

w = (z1)* - <1 — £22> = (x1 —1ix2) <1 — £W> dual — complex conjugation
Z1 X1+ 1X2

W =25 — ez = (y1 + 1y2) — €(x1 + ixz) anti — dual conjugation.
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Therefore, the norms of a dual-complex number w are defined as

Ni = lhw - il = /123 + 2¢Relz1(z2)%)

N2 =[w-w*| =/}

NS = [lw-w*|| = \/\z1| — 2ielm(z1(z2)*)

N =lw-w*| = /123

N;kf = |w-w*|| = \/2122 + s(z% —z%).

In the literature there are a lot of studies about numbers of the Fibonacci
type. Many authors investigated quaternions, split quaternions, hyperbolic
numbers, dual-hyperbolic numbers and dual-complex numbers with Fibonacci,
Lucas, Pell, Jacobsthal coefficients, see [1, 2, 7, 9, 10]. In [6] dual-complex
Fibonacci and Lucas numbers were studied. In [3] many interesting properties
of dual-complex k-Pell quaternions were given. In this paper we introduce
dual-complex numbers with generalized Jacobsthal numbers coefficients. We
use one-parameter generalization of the Jacobsthal numbers - r-Jacobsthal
numbers.

3 The dual-complex r-Jacobsthal numbers

For nonnegative integers n and r the nth dual-complex r-Jacobsthal number
DCJ(r,n) is defined as

DCJ(r,n) =J(ryn) +iJ(r,n+1)+eJ(r,n+2) +ief(rn+3), (4
where J(r,n) is given by (2).
Note that for r = 0 we obtain DCJ(0,n) = DCJ,;2, where DCJ,, denotes
the nth dual-complex Jacobsthal number.

Now we give five conjugations of dual-complex r-Jacobsthal numbers
1) complex conjugation

DCJ(r,n)*! =J(r,n) —iJ(r,n+ 1) + eJ (r,n + 2) — ieJ(r,n + 3),
2) dual conjugation

DCJ(r, n)* = Jor,n) +iJ(r,n+1) —eJ(r,n+2) —ieJ(r,n + 3),
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3) coupled conjugation
DCJ(r,n)* =J(r,n) —iJ(r,n+ 1) — eJ(r,n +2) + ieJ(r,n + 3),

4) dual-complex conjugation

]D)(C](T)n)% — U(r)n) _iI(T,TL—i— 1)) (1 . s](r)n-i-Z) + i](r,n+3)) )

Jory,m) +iJ(ry,m+1)
5) anti-dual conjugation

DCJ(r,n)* = J(r,n+2) +iJ(r,n +3) — eJ(r,n) —ie](r,n + 1).
By simple calculations we can give the following relations

DCJ(r,n) - DCJ(r,n)*! P(ryn) +J2(ry,n+ 1) + 2e[J(r,n)] (r,n + 2)
+J(rn+1)J(r,n+3)],

J2(ryn) — J2(ryn 4+ 1) + 2i] (v, )] (r,n + 1),
J2(r,n) + J2(ry,n 4+ 1) + 2ielJ (r, )] (r,n + 3)
—I(T,Tl—i— ])I(T,Tl—i—Z)],

J2(ryn) 4 J2(r,n 4 1),

](T,Tl)](T,Tl—i—Z) - ](T,Tl+ 1)I(T,Tl—|—3)
+HiJ(r,)J(ry,n+3)+ J(r,n+ 1)J(r,n + 2)]
+e[-J*(r,n) + JA(r,n + 1)

+3(ryn+2) = JA(r,n + 3)]

—i—ZiS(](T,TL + Z)I(T,TL + 3) - ](r,n)](r,n + 1)))

DC](T, Tl) : DC](T’ n)*Z
D(CJ(T‘, Tl) : DCJ(T, Tl)*3

DCJ(T‘, Tl.) : DC](T‘, Tl.)*4
DCJ(T) Tl) : DCI(T, n)*S

DCJ(r,n) + DCJ(r,n)*' = 2[J(r,n) + ¢J(r,n +2)],
DCJ(r,n) + DCJ(r,n)** = 2[J(r,n) +iJ(r,n+1)],
DCJ(r,n) + DCJ(r,n)** = 2[J(r,n) +ieJ(r,n + 3)],
DCJ(r,n) — eDCJ(r,n)* = J(r,n)+iJ(r,n+1),
eDCJ(r,n) + DCJ(r,)*® = J(r,n+2)+1iJ(r,n+3).

Using the definition of the dual-complex r-Jacobsthal number we get the
following recurrence relations.

Proposition 2 Letn >0, v > 0 be integers. Then
DCJ(ry,n+2) =2"DCJ(r,n+ 1) + (2" +4")DCJ(r,n)
with

DCJ(r,0) = 1T4+1(2™ +1)+¢(3-4"+2"1) +1ie(5-8"+5-47 4+ 21),
DCJ(r,1) = 21 41 4+i(3-4"+21) +-¢(5-8" +5-4" +27)
+ie(8-16"+10- 8"+ 3-4").



On a new one-parameter generalization of dual-complex Jacobsthal numbers 133

Proof. By formulas (4) and (2) we get

2'DCJ(ry,m+1) + (2" +4")DCJ(r,n)
=2"(J(ry,n+1) +iJ(r,n+2) + ¢J(r,n + 3) + ieJ(r,n + 4))
+ 2"+ Jryn) +iJ(rymn 4+ 1)+ eJ(ry,n+2) +ief(r,n + 3))
=J(r,n+2)+1iJ(r,n+3) +eJ(r,n+4) +ie]J(r,n+5) = DCJ(r,n + 2).

O

Proposition 3 Letn >4, v > 0 be integers. Then
DCJ(r,m)=(3-8+2-4"DCJ(r,n—3)+(2-16"+3-8 +4")DCJ(r,n —4).
Proof. Let A=3-8"+2-4"B=2-16"+3-8"+4". By Proposition 1 we have

DCJ(r,n) =J(r,n) +iJ(r,n+ 1) + ¢J(r,n + 2) + ie](r,n + 3)
=A-Jr,n=3)+B-J(ry,n—4)+i(A-J(ry,n—=2)+B-J(r,n—3))
+e(A-Jrym—1)+B-J(ryn—2)) +1ie(A-J(ry,n)+B-J(r,n—1))
=A(Jry,n—=3)+1iJ(r,n—2) + ¢J(r,n— 1) + ie]J(r,n))
+B(J(ryn—4) +iJ(ry,n—3) + ¢J(ry,n—2) +ieJ(r,n—1)).

Hence we get

DCJ(r,n) =A-DCJ(r,n—3)+ B -DCJ(r,n—4).

Theorem 6 Letn >0, v > 0 be integers. Then

DCJ(r,n) —iDCJ(r,n+ 1) — eDCJ(r,n + 2) + ieDCJ(r,n + 3) =
= ](T‘,TL) + ](T,TL—{—Z).

Proof. By simple calculations we get

DCJ(r,n) —iDCJ(r,n+ 1) — eDCJ(r,n + 2) + ieDCJ(r,n 4+ 3) =

= ](T,Tl) +iI(T,Tl+ ]) + EI(T,TL-i—Z) +i€I(r)n+3)
—i(](T,TL—{— 1) +i](r,n+2) + EJ(T,TL+3) +i£J(rvn+4))
—e(Jryn+2) +iJ(ry,n+3) + ¢J(r,n+4) +ieJ(r,n+5))
+ie (J(ryn+3) +1iJ(ry,n+4) + e]J(r,n+5) + ie]J(r,n +6))

= ](T,Tl) —i—iI(T,TL—i- ]) + E](T,Tl—i—Z) +i€](T,Tl+3)
—iJ(r,n+1)+J(r,n+2) —ieJ(r,n+3) + eJ(r,n+4)
—eJ(ry,n+2) —iegJ(ryn+3) +ieJ(r,n+3) —eJ(r,n +4)

= ](T,Tl) + I(T,Tl+2),
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which ends the proof. O
In the next theorem we present the Binet type formula for the dual-complex

r-Jacobsthal numbers.

Theorem 7 Let n > 0, v > 0 be integers. Then the nth dual-complex T-
Jacobsthal number is given by

DCJ(r,n) = CIAAT + C2XAT, (5)
where
1
M= VAT RS A, a=2T LT s,
X =1 +iM 4 eA] +ierd, X2 =1 +1iA + eA] +ieAd,
o VETHS 43742 VATH5 430
N 7w L e W/ py L. S

Proof. By Theorem 1 we get

DCJ(r,n) = Jrn)+iJ(ry,n+1)+¢€J(r,n+2)+icf(r,n+3)
= CIAT + CoA} +1(CIATT + CoAY )
+e(CIATT + CoAY™2) 4+ 1e(CIATT + CoAT )
= CIAT (1 +1A1 + eA] + 1eA3) + CoAT (1 + 1Ay + €A + ieA3)
= CINAT + CAAT,

which ends the proof. O

Corollary 1 (Binet type formula for dual-complex Jacobsthal numbers) Let
n > 0 be an integer. Then

1
DCJ, = g[znm +2i 4 4e + 8ie) — (—1)"(1 — i+ e —ie)].
Proof. By formula (5), for r = 0 we obtain Ay =2, A\; = —1, Cy = 1 C=—

1
37 3°
Moreover,

DCJ(0,n) = % 21 +Zi+45+81£)—%(—1)“(1 —1i4¢e—1e)
% 221 4 21 + 4e + 8ie) — %(—1)'1*2(1 —i4¢e—1ig)
= DCJn+2.
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4 Some identities involving the dual-complex
r-Jacobsthal numbers
In this section we give some identities such as Catalan, Cassini and d’Ocagne

type identities for the dual-complex r-Jacobsthal numbers. These identities
can be proved by using formula (5). We will need the following lemma.

Lemma 1 Let A7 = 1+ iA; + eM +1ieAd, Ay =1+ 1Ay + eA] + ieA], where

?\1:2T_1+% 4.274+5-47, ?\222’”_]—% 4.27 4541,

Then

N =K1 = 144" +27 424 (277 +5-4"4+5-8"+3-167)¢ ©)
(3-8 42 4)ie.

Proof. By simple calculations we get

N = 1A+ Al + 1eAd +ih — MiA2 + e AS
—€eMAS + €A} + LeAfA; + 1A — eAIA;
= T—MA2+ A+ M)+ M+ M) (1 —MAy)e
(A 4+ A+ M (A +A))ie.

Using the equalities

)\17\2 = *(4T Jrzr))
AM+HA = ZT,
MaA =M+ =200 =347 427
M+A= A +M)° =3 +A) =4-8+3-47,

we get the result. ]

Theorem 8 (Catalan type identity for dual-complex r-Jacobsthal numbers)
Letn >0, m >0, r >0 be integers such that n > m. Then

(DCJ(r,n))*> = DCJ(r,n —m) - DCJ(r,n +m) =
(A=) (14272 MY A\
e () () )

where NXs is given by (6).
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Proof. By formula (5) we get

(DCJ(r,n))* —DCJ(r,n —m) - DCJ(r,n + m)
= (CIAAT + CRAD (CIAAT + C2X5A7)
— (CIRAT™ + CAAT ™) (CIAATT™ + CAN ™)
= 2C1 AN = CICATATFMAT ™™ — €y CoA AT ™A™

-sessonr (- ()" (3)')

Since AMfAy = —(4"+2") and C1C; = —%, we have

(DCJ(r, n))2 —DCJ(ryn—m) -DCJ(r,n+m) =

G4 — 2R <2— (;;)’“ - (?j) )

(AT =2 (14272 Mo (A"
T 42454 (2_(7\2) _(> )AA‘}‘AZ’

which ends the proof. O

Corollary 2 (Cassini type identity for dual-complex v-Jacobsthal numbers)
Letn>1, 1> 0 be integers. Then

(DCJ(r,n))* = DCJ(r,n—1) - DCJ(r,n+ 1) = (=47 — 2" (1 + 22K\ K.

In particular, by Theorem 8, we obtain the following formulas for the dual-
complex Jacobsthal numbers.

Corollary 3 (Catalan type identity for dual-complex Jacobsthal numbers) Let
n >0, m > 0, be integers such that n > m. Then

(DCJn)* = DCJnm - DClsm = g(—z)“*‘“ ((=2)™—=1))? (3 +1i+ 15¢ + 5ie).

Corollary 4 (Cassini type identity for dual-complex Jacobsthal numbers) Let
n > 1 be an integer. Then

(DCJn)* — DCJp_1 - DCJpyq = 4(—2)™"(3 4 i+ 15¢ + 5ie).
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Theorem 9 (Vajda type identity for dual-complex r-Jacobsthal numbers) Let
n>0,m>0,k>0, >0 be integers such that n > k. Then

DCJ(r,m + k) - DCJ(r,n — k) — DC]J(r,m) - DCJ(r,n) =
A AL L SN VO VA A2\
e (' e[

where \jXs is given by (6).

Proof. By (5) we get

DCJ(r,m + k) - DCJ(r,n — k) — DC]J(r,m) - DCJ(r,n) =
= (CIRATTE + CRAT ) (CIRAAT* + CXoA )
— (CIAAT + CRAT) (CIAAT + C2A0AT)
= CICAR (AHATTR - ATTRATE — ATAR — ATAT)

-ccnsonr (s[(2) o[

RO A L AL L SN O VA T/\E
I (o) o [ o

O

Theorem 10 (Vajda type identity for dual-complex Jacobsthal numbers) Let
n >0, m>0, k>0 be integers such that n > k. Then

DCJmsx - DCJn — DCJp - DCJy, =
4

= —§(—2)‘“ ((—1 m(—2)k — 1] + 2“*’“[(—%)k — 1]) (3 41+ 15¢ + 5i¢).

Theorem 11 (d’Ocagne type identity for dual-complez r-Jacobsthal numbers)
Letn >0, m>0, r>0 be integers such that n > m. Then

DCJ(r,n) - DCJ(r,m+ 1) —DCJ(r,n+1) - DCJ(r,m) =

(1+2)2V4- 27454 e
- 4?zr+5-4r (=2 (T AT s

where X\ A, is given by (6).
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Proof. Using the Binet type formula (5) we get

DCJ(r,n) - DCJ(r,m+1) = DCJ(r,n+ 1) - DCJ(r,m) =
= (CIAAT + CIRAD) (CIAGATHT + oA
— (CIAATMT - CROAT T (CIAAT + CAOATY)
= CICAK (ATFTAT + APATT - APATHT — ATTAR)
= CICAR(MA) ™ (MAF ™+ ATTMA — AT A
= C1Ca(A — AN MA)™ A K (A ™ —AF™)
(1422427 +5 -4

= 4.2 15 4 (=47 —2m)™ (A?—m _ )\El—m) X]X\z

O

Corollary 5 (d’Ocagne type identity for dual-complex Jacobsthal numbers)
Letn >0, m > 0 be integers such that m > m. Then

]D)Cln : DC]m—H - DCJn—H : D(Clm =

= g(—z)m (2" ™ — (=1)™ ™) (3 +1i+ 15¢ + 5ie).

Now we give a summation formula for the dual-complex r-Jacobsthal numbers.

Theorem 12 Letn > 1, v > 0 be integers. Then

E ] T T

—(1+i+e+1ie)2+27)
A (2427 e — (272 4347 4 2)ie.

Proof. By formula (3) we have

(Jr, ) +iJ(r, T+ 1) + eJ(r, 1+ 2) +ieJ(r, 1+ 3))

M

> DCJ(r,1) =
1=0

L

Il
[

n n

JD+ ) AJmU+D+ ) e l+2)+ ) ie(r,1+3)

I
M=

L

I
o

1

- m[](r,n—i— D+ @2 +4)](rymn)—2-2"
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+i(J(ry,n+2)+ 2" +4")J(r,n+1)—2-2")
+e(Jry,m+3)+2"+4)J(r,n+2)—2-2")
+ie(J(ryn+4)+ (2" +4")J(r,n+3)—2-2")]

—J(r,0) —e(J(r,0) + J(r, 1)) — ie(J(r, 0) + J(r, 1) + J(r, 2)).

— >

By simple calculations we get

. 1
1=0

+eJ(ryn+3) +ieJ(ry,n+4)

+ 2" +4)Jryn) +iJ(rym+ 1)+ eJ(ry,n+2) +ieJ(r,n+ 3))

— 24+ +i+e+ie) —i— (2™ +2)e— (2" 434" + 2)ie
_ DCJ(ryn41) + (2" +4")DCJ(r,n) — (1 + 1+ € +ie)(2 +27)
N 4r 4 2v+1 1

1= (242" Ne— (22 + 34" 4 2)ie.

g

In particular, we obtain the following formula for the dual-complex Jacob-
sthal numbers.

Corollary 6 Letn > 1 be an integer. Then

Z DCJ[ — DCITI+2 - DC]] .

2
1=0

Proof. By Theorem 12 for r = 0 we have

> DCJ(o,1) = DCJ(O’n+1)+2DC](§’n)—3(1 +i4 e+ ie)
1=0

—(i+4e + 9ie)

DCJ(0,n +2) — (34 5i+ 11e + 211e)

2
Using fact that J(0,n) = Jn42 and DCJy = i+ ¢+ 3ie, DCJ; = 14+1i4 3¢+ 5ie,
we get

0 B . .
S DCj, = DCJni2 — (34 51+ 11e + 21ie) +DCJo + DT,
1=0

2
DCJni2 — (3 + 5+ e + 2Tie) + 2(1 + 2i + 4¢ + 8ie)

2
DCJni2 — (1414 3e+5i)  DCJnyz — DCJy
2 B 2 :
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which ends the proof. O

The next theorem gives the Honsberger type identity for the dual-complex
r-Jacobsthal numbers.

Theorem 13 Let m>2n>1, 1 >0 be integers. Then

2'DCJ(ry,m—1) - DCJ(r,n) + (4" + 8" )DCJ(r,m —2) - DCJ(r,n—1) =
=2DCJ(r,m+n)—J(r,m+n)—J(r,m+n+2)
—2eJ(rym+n+4) 4+ 2ieJ(r,m+n+3).

Proof. By simple calculations we have

2'DCJ(r,m—1) - DCJ(r,n) =

=2"[J(r,m—1)J(r,n) +iJ(r,m—1)J(r,n +1)
+eJ(rym—1NJ(ryn+2)+iefJ(ry,m—1)J(r,n+3)
-I-i](T, m)](r) Tl) - ](T> TTL)](T,TL + 1) + ig](T, TTL)I(T,TL + 2)
—eJ(r,m)J(r,n+3) + eJ(r,m+1)J(r,n) +ieJ(r,m+1)J(r,n+1)
—l—ie](r,m—l—Z)](r,n) - s](r,m+2)](r,n+ ])])

(4" + 8")DCJ(r,m—2) -DCJ(r,n—1) =

= (4" +8N)[J(r,m—2)](r,n—1) +{J(r,m —2)J(r,n)
+eJ(ry,m—2)J(ry,n+ 1) +ief(r,m—2)J(r,n+ 2)
+i](r)m_1)](r7n_” —](r,m—U](r,n)
+HeJ(rym—=1DJr,n+1)—¢J(ry,m—1)J(r,n+2)
+£J(T> m)](r,n - ]) + iEJ(T‘, m)](r)n)
+He](r,m+ 1)J(r,n—1) —¢J(r,m + 1)J(r,n)].

Hence

2" -DCJ(ry,m—1)-DCJ(r,n) + (4" + 8")DCJ(r,m —2) - DCJ(r,n— 1) =

=2"J(r,m—1)J(r,n) + (4" +8")J(r,m —2)J(r,n — 1)
HR2"J(rym—1DJ(r,n+1)+ 4"+ 8)](r,m—2)](r,n)
+2"J(r,m)J(rym) + (4" 4+ 8")J(ry,m —1)J(ry,n1 — 1)]
+5[ TI(T7m_ ])J(T,TL—I—Z) + (4T +8T)](T7m_2)l(ryn+ ])
+2"J(r,m+ DJ(r,n) + (4" 4+ 8)J(r,m)J(r,m. — 1)]
+1el2"J(r,m —1)J(r,n +3) + (4" + 8")J(r,m — 2)J(r,n + 2)
+2"J(r,m)J (v, 4+ 2) + (4" + 8T)J(r,m — 1)J(r,n 4 1)]
=2"J(r,m)J(r,n+ 1) — (4" + 8")J(r,m — 1)](r,n)
—e2"J(r,m)J(r,+3) + (4" + 8T)J(r,m — 1)J(r,n + 2)
+2" J(r,m + 2)](r,n + 1) + (4" + 8")J(r, m + 1) ] (1, )]
+Hiel2"J(r,m+ DJ(r,n+1)+ (4" + 8)J(r,m)](r,n)
+2"J(ry,m+2)](ryn) + (4" + 8)J(r,m+ 1)J(r,n —1)].
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Using Theorem 4, we get

2'DCJ(r,m —1) - DCJ(r,n) + (4" + 8")DCJ(r,m — 2) - DCJ(r,n—1) =
=Jrym+n)+2[iJ(r,m+n+1)+¢J(r,m+n+2)

+HeJ(rym4+n+3)]—Jr,m+n+2)

—2eJ(rym+n+4)e+ 2ieJ(r,m+n+3)
=2DCJ(r,m+n)—J(r,m+n)—J(r,m+n+2)

—2eJ(rym+n+4)+ 2ieJ(r,m+n+ 3).

5 Generating functions and matrix generators

Now we give the generating function of the dual-complex r-Jacobsthal num-
bers.

Theorem 14 The generating function of the dual-complex r-Jacobsthal num-
bers has the following form

_ DCJ(r,0) + (DCJ(r, 1) — 27DC(r, 0))x
N 1—2"x — (2" +47)x2 )

g(x)

Proof. Let
g(x) = DCJ(r,0) + DCJ(r, 1)x 4+ DCJ(r,2)x* + - - - + DCJ (r,n)x™ + - - -
be the generating function of the dual-complex r-Jacobsthal numbers. Then

2'xg(x) = 2'DCJ(r,0)x + 2'DCJ(r, 1)x* 4+ 2'DCJ(r, 2)x>
+---4+2DCJ(rym — 1)x™ 4 - - -
(2" +4")x?g(x) = (2" +4")DCJ(r,0)x? + (2" +4")DC]J(r, 1)x3
+(2" +4")DCT (1, 2)x* + - -
+(2"+4")DCJ(ryn — 2)x™ 4 - - - .

By Proposition 2 we get

g(x) — 2"xg(x) — (2" + 47)x*g(x)
= DCJ(r,0) 4+ (DCJ(r, 1) — 2'DCJ(r, 0))x

+(DCJ(r,2) — 2'DCJ(r, 1) — (2" + 4")DCJ(r,0))x* + - - -
= DCJ(r,0) 4+ (DCJ(r, 1) — 2'DCJ(r, 0))x.



142 D. Bréd, A. Szynal-Liana, 1. Wioch

Thus
_ DCJ(r,0) + (DCJ(r, 1) — 2'DCJ(r,0))x

gx) 1—2x— (27 +47)x2

Moreover,

DCJ(r,0) = 14+ 2" +1)i+(3-4"+2")e
+(5-8" +5-4" + 2")ig,
DCJ(r,1) = 2'DCJ(1,0) = 2"+ 14+ (4" +2")i+(2-8 +3-4"+2")¢
+(3-16"+5- 8" +2-4")ic.

O

Corollary 7 The generating function of the dual-complex Jacobsthal sequence

1S
_ide+3le+ (14 2e + 2ie)x

1—x—2x2

g(x)

At the end we give the matrix representation of the dual-complex r-Jacobsthal
numbers.

Theorem 15 Letn > 1, v > 0 be integers. Then

[ DCJ(r,n+1) DCJ(r,n) ]

| DCJ(r,2) DCJ(r,1) ot 1 n—1
DCJ(r,n) DCJ(r,n—1) ]

_[]D)(C](r,]) D@](T,O)]'[zwm 0
(7)

Proof. (by induction on n) It is easy to check that for n =1 the result holds.
Assume that the formula (7) is true for n > 1. We will show that

DCJ(r,n+2) DCJ(r,n+1)] [ DCJ(r,2) DCJ(r,1) 2" 11"
{DCJ(r,nH) DCJ(r,n) }_[]DXCI(r,U DCJ(r,O)Hzr+4r o]

By induction’s hypothesis and simple calculations we have

[DC](r,Z) DCJ(r, 1) ] _ [ 2 1 r‘ _ [ 2 1 }

DCJ(r,1) DCJ(r,0) 2447 0 2N 44" 0
_ [ DCJ(r,n+1) DCJ(r,n) 2 1
~ | DCJ(r,n) DCJ(r,n—1) | | 2"+4" 0

[ 2’DCJ(r,n+1) + (2" +4")DCJ(r,n) DCJ(r,n+1)
_[2f1D><C](r,n)+(2T+4T)1D>C](r,n—1) DCJ(r,n) ]
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DCJ(ry,n+1) DCJ(r,n) ’
which ends the proof. O

_ { DCJ(r,n+2) DCJ(r,n+1)

Calculating the determinants in formula (7) we obtain the Cassini type
identity for the dual-complex r-Jacobsthal numbers. We have

‘ B Dm—1) ‘ = DCJ(r,n+1)-DCJ(r,n—1)—(DC](r,n) ?,
‘DCJ(r,Z) DCJ(r, 1)

DCJ(r,1) DCJ(r,0) ' = DCJ(r,2) - DCJ(r,0) — (DCJ(r, 1))*.

n—1

— (_ (zr +4r))nf1 .

2" 1
2N 44" 0

Consequently,
DCJ(r,n+ 1) -DCJ(r,n — 1) — (DCJ(r,n))* =
= (— (2" +47))" " (DCJ(r,2) - DCJ(r,0) — (DCJ(r, 1))?).
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