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Abstract. In this paper we define dual-complex numbers with general-
ized Jacobsthal coefficients. We introduce one-parameter generalization
of dual-complex Jacobsthal numbers - dual-complex r-Jacobsthal num-
bers. We investigate some algebraic properties of introduced numbers,
among others Binet type formula, Catalan, Cassini, d’Ocagne and Hons-
berger type identities. Moreover, we present the generating function, sum-
mation formula and matrix generator for these numbers. The results are
generalization of the properties for the dual-complex Jacobsthal numbers.

1 Introduction

The Jacobsthal sequence {Jn} is one of the special cases of sequences {an} which
are defined recurrently as a linear combination of the preceding k terms
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an = b1an−1 + b2an−2 + · · ·+ bkan−k for n ≥ k, (1)

where k ≥ 2, bi are integers, i = 1, 2, . . . , k and a0, a1, . . . , ak−1 are given
numbers.
By recurrence (1) for k = 2 we get (among others) definitions of the well-
known sequences:

Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1 (Fibonacci numbers)
Ln = Ln−1 + Ln−2, L0 = 2, L1 = 1 (Lucas numbers)
Jn = Jn−1 + 2Jn−2, J0 = 0, J1 = 1 (Jacobsthal numbers)
Pn = 2Pn−1 + Pn−2, P0 = 0, P1 = 1 (Pell numbers).

Sequences defined by (1) are called sequences of the Fibonacci type. The first
ten terms of the Jacobsthal sequence are 0, 1, 1, 3, 5, 11, 21, 43, 85, 171. This se-
quence is also given by formula Jn = 2n−(−1)n

3 , named as Binet type formula for
the Jacobsthal numbers. Many authors have generalized the recurrence of the
Jacobsthal sequence. In [4] a one-parameter generalization of the Jacobsthal
numbers was introduced. We recall this generalization.

Let n ≥ 0, r ≥ 0 be integers. The nth r-Jacobsthal number J(r, n) is defined
by the following recurrence relation

J(r, n) = 2rJ(r, n− 1) + (2r + 4r)J(r, n− 2) for n ≥ 2 (2)

with J(r, 0) = 1, J(r, 1) = 1+ 2r+1.
For r = 0 we have J(0, n) = Jn+2. By (2) we obtain

J(r, 0) = 1
J(r, 1) = 2 · 2r + 1
J(r, 2) = 3 · 4r + 2 · 2r
J(r, 3) = 5 · 8r + 5 · 4r + 2r
J(r, 4) = 8 · 16r + 10 · 8r + 3 · 4r
J(r, 5) = 13 · 32r + 20 · 16r + 9 · 8r + 4r.

In [4], it was proved that the r-Jacobsthal numbers can be used for counting
of independent sets of special classes of graphs. We will recall some useful
properties of the r-Jacobsthal numbers.

Theorem 1 [4] (Binet type formula) Let n ≥ 0, r ≥ 0 be integers. Then the
nth r-Jacobsthal number is given by

J(r, n) =

√
4 · 2r + 5 · 4r + 3 · 2r + 2
2
√
4 · 2r + 5 · 4r

λ1
n +

√
4 · 2r + 5 · 4r − 3 · 2r − 2
2
√
4 · 2r + 5 · 4r

λ2
n,



On a new one-parameter generalization of dual-complex Jacobsthal numbers 129

where

λ1 = 2
r−1 +

1

2

√
4 · 2r + 5 · 4r, λ2 = 2

r−1 −
1

2

√
4 · 2r + 5 · 4r.

Theorem 2 [4] Let n ≥ 1, r ≥ 0 be integers. Then

n−1∑
l=0

J(r, l) =
J(r, n) + (2r + 4r)J(r, n− 1) − 2− 2r

4r + 2r+1 − 1
. (3)

Theorem 3 [4] (Cassini type identity) Let n ≥ 1, r ≥ 0 be integers. Then

J(r, n+ 1)J(r, n− 1) − J2(r, n) = (−1)n(2r + 1)2(2r + 4r)n−1.

Proposition 1 [4] Let n ≥ 4, r ≥ 0 be integers. Then

J(r, n) = (3 · 8r + 2 · 4r)J(r, n− 3) + (2 · 16r + 3 · 8r + 4r)J(r, n− 4).

Theorem 4 [4] Let n,m, r be integers such that m ≥ 2, n ≥ 1, r ≥ 0. Then

J(r,m+ n) = 2rJ(r,m− 1)J(r, n) + (4r + 8r)J(r,m− 2)J(r, n− 1).

Theorem 5 [4] The generating function of the sequence of r-Jacobsthal num-
bers has the following form

f(x) =
1+ (1+ 2r)x

1− 2rx− (2r + 4r)x2
.

2 The dual-complex numbers and their properties

The set of dual numbers is defined in the following way

D = {d : d = u+ vε |u, v ∈ R, ε2 = 0, ε 6= 0}.

Dual numbers were introduced by Clifford ([5]). Dual-complex numbers are
known generalization of complex and dual numbers. These numbers were in-
troduced by Majernik [8]. The set of dual-complex numbers, denoted by DC,
is defined as follows

DC = {w : w = z1 + εz2 | z1, z2 ∈ C, ε2 = 0, ε 6= 0}.
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If z1 = x1 + ix2 and z2 = y1 + iy2, x1, x2, y1, y2 ∈ R, then any dual-complex
number can be written as

w = x1 + ix2 + εy1 + iεy2.

Let w1, w2 be any dual-complex numbers, w1 = z1 + εz2, w2 = z3 + εz4.
Addition, subtraction and multiplication of them are defined by

w1 ±w2 = (z1 ± z3) + ε(z2 ± z4),

w1 ·w2 = z1z3 + ε(z1z4 + z2z3).

Table 1 presents multiplication scheme of dual-complex numbers.

· 1 i ε iε

1 1 i ε iε

i i −1 iε −ε
ε ε iε 0 0

iε iε −ε 0 0

Table 1.

Assuming that Re(w2) 6= 0, the division of two dual-complex numbers
w1, w2 is given by

w1
w2

=
z1 + εz2
z3 + εz4

=
(z1 + εz2)(z3 − εz4)

(z3 + εz4)(z3 − εz4)
=
z1
z3

+ ε
z2z3 − z1z4

z23
.

The dual-complex numbers form a commutative ring with characteristics 0.
Moreover, the multiplication of these numbers gives the dual-complex numbers
the structure of 2-dimensional complex Clifford algebra and 4-dimensional real
Clifford algebra.

Let w = z1 + εz2 = x1 + ix2 + εy1 + iεy2, z2 6= 0. There are five different
conjugations, denoted by w∗, of dual-complex number w:

w∗1 = (z1)
∗ + ε(z2)

∗ = (x1 − ix2) + ε(y1 − iy2) complex conjugation

w∗2 = z1 − εz2 = (x1 + ix2) − ε(y1 + iy2) dual conjugation

w∗3 = (z1)
∗ − ε(z2)

∗ = (x1 − ix2) − ε(y1 − iy2) coupled conjugation

w∗4 = (z1)
∗ ·
(
1− ε

z2
z1

)
= (x1 − ix2)

(
1− ε

y1 + iy2
x1 + ix2

)
dual − complex conjugation

w∗5 = z2 − εz1 = (y1 + iy2) − ε(x1 + ix2) anti − dual conjugation.
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Therefore, the norms of a dual-complex number w are defined as

N∗1
w = ||w ·w∗1|| =

√
|z21|+ 2εRe(z1(z2)

∗)

N∗2
w = ||w ·w∗2|| =

√
z21

N∗3
w = ||w ·w∗3|| =

√
|z21|− 2iεIm(z1(z2)∗)

N∗4
w = ||w ·w∗4|| =

√
|z21|

N∗5
w = ||w ·w∗5|| =

√
z1z2 + ε(z

2
2 − z

2
1).

In the literature there are a lot of studies about numbers of the Fibonacci
type. Many authors investigated quaternions, split quaternions, hyperbolic
numbers, dual-hyperbolic numbers and dual-complex numbers with Fibonacci,
Lucas, Pell, Jacobsthal coefficients, see [1, 2, 7, 9, 10]. In [6] dual-complex
Fibonacci and Lucas numbers were studied. In [3] many interesting properties
of dual-complex k-Pell quaternions were given. In this paper we introduce
dual-complex numbers with generalized Jacobsthal numbers coefficients. We
use one-parameter generalization of the Jacobsthal numbers - r-Jacobsthal
numbers.

3 The dual-complex rrr-Jacobsthal numbers

For nonnegative integers n and r the nth dual-complex r-Jacobsthal number
DCJ(r, n) is defined as

DCJ(r, n) = J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + iεJ(r, n+ 3), (4)

where J(r, n) is given by (2).
Note that for r = 0 we obtain DCJ(0, n) = DCJn+2, where DCJn denotes

the nth dual-complex Jacobsthal number.
Now we give five conjugations of dual-complex r-Jacobsthal numbers

1) complex conjugation

DCJ(r, n)∗1 = J(r, n) − iJ(r, n+ 1) + εJ(r, n+ 2) − iεJ(r, n+ 3),

2) dual conjugation

DCJ(r, n)∗2 = J(r, n) + iJ(r, n+ 1) − εJ(r, n+ 2) − iεJ(r, n+ 3),
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3) coupled conjugation

DCJ(r, n)∗3 = J(r, n) − iJ(r, n+ 1) − εJ(r, n+ 2) + iεJ(r, n+ 3),

4) dual-complex conjugation

DCJ(r, n)∗4 = (J(r, n) − iJ(r, n+ 1))

(
1− ε

J(r, n+ 2) + iJ(r, n+ 3)

J(r, n) + iJ(r, n+ 1)

)
,

5) anti-dual conjugation

DCJ(r, n)∗5 = J(r, n+ 2) + iJ(r, n+ 3) − εJ(r, n) − iεJ(r, n+ 1).

By simple calculations we can give the following relations

DCJ(r, n) · DCJ(r, n)∗1 = J2(r, n) + J2(r, n+ 1) + 2ε[J(r, n)J(r, n+ 2)
+J(r, n+ 1)J(r, n+ 3)],

DCJ(r, n) · DCJ(r, n)∗2 = J2(r, n) − J2(r, n+ 1) + 2iJ(r, n)J(r, n+ 1),
DCJ(r, n) · DCJ(r, n)∗3 = J2(r, n) + J2(r, n+ 1) + 2iε[J(r, n)J(r, n+ 3)

−J(r, n+ 1)J(r, n+ 2)],
DCJ(r, n) · DCJ(r, n)∗4 = J2(r, n) + J2(r, n+ 1),
DCJ(r, n) · DCJ(r, n)∗5 = J(r, n)J(r, n+ 2) − J(r, n+ 1)J(r, n+ 3)

+i[J(r, n)J(r, n+ 3) + J(r, n+ 1)J(r, n+ 2)]
+ε[−J2(r, n) + J2(r, n+ 1)
+J2(r, n+ 2) − J2(r, n+ 3)]
+2iε(J(r, n+ 2)J(r, n+ 3) − J(r, n)J(r, n+ 1)),

DCJ(r, n) + DCJ(r, n)∗1 = 2[J(r, n) + εJ(r, n+ 2)],
DCJ(r, n) + DCJ(r, n)∗2 = 2[J(r, n) + iJ(r, n+ 1)],
DCJ(r, n) + DCJ(r, n)∗3 = 2[J(r, n) + iεJ(r, n+ 3)],
DCJ(r, n) − εDCJ(r, n)∗5 = J(r, n) + iJ(r, n+ 1),
εDCJ(r, n) + DCJ(r, n)∗5 = J(r, n+ 2) + iJ(r, n+ 3).

Using the definition of the dual-complex r-Jacobsthal number we get the
following recurrence relations.

Proposition 2 Let n ≥ 0, r ≥ 0 be integers. Then

DCJ(r, n+ 2) = 2rDCJ(r, n+ 1) + (2r + 4r)DCJ(r, n)

with

DCJ(r, 0) = 1+ i(2r+1 + 1) + ε(3 · 4r + 2r+1) + iε(5 · 8r + 5 · 4r + 2r),
DCJ(r, 1) = 2r+1 + 1+ i(3 · 4r + 2r+1) + ε(5 · 8r + 5 · 4r + 2r)

+iε(8 · 16r + 10 · 8r + 3 · 4r).
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Proof. By formulas (4) and (2) we get

2rDCJ(r, n+ 1) + (2r + 4r)DCJ(r, n)
= 2r(J(r, n+ 1) + iJ(r, n+ 2) + εJ(r, n+ 3) + iεJ(r, n+ 4))

+ (2r + 4r)(J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + iεJ(r, n+ 3))

= J(r, n+ 2) + iJ(r, n+ 3) + εJ(r, n+ 4) + iεJ(r, n+ 5) = DCJ(r, n+ 2).

�

Proposition 3 Let n ≥ 4, r ≥ 0 be integers. Then

DCJ(r, n) = (3 · 8r + 2 · 4r)DCJ(r, n− 3) + (2 · 16r + 3 · 8r + 4r)DCJ(r, n− 4).

Proof. Let A = 3 · 8r+ 2 · 4r, B = 2 · 16r+ 3 · 8r+ 4r. By Proposition 1 we have

DCJ(r, n) = J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + iεJ(r, n+ 3)

= A · J(r, n− 3) + B · J(r, n− 4) + i(A · J(r, n− 2) + B · J(r, n− 3))

+ ε(A · J(r, n− 1) + B · J(r, n− 2)) + iε(A · J(r, n) + B · J(r, n− 1))

= A(J(r, n− 3) + iJ(r, n− 2) + εJ(r, n− 1) + iεJ(r, n))

+ B(J(r, n− 4) + iJ(r, n− 3) + εJ(r, n− 2) + iεJ(r, n− 1)).

Hence we get

DCJ(r, n) = A · DCJ(r, n− 3) + B · DCJ(r, n− 4).

�

Theorem 6 Let n ≥ 0, r ≥ 0 be integers. Then

DCJ(r, n) − iDCJ(r, n+ 1) − εDCJ(r, n+ 2) + iεDCJ(r, n+ 3) =
= J(r, n) + J(r, n+ 2).

Proof. By simple calculations we get

DCJ(r, n) − iDCJ(r, n+ 1) − εDCJ(r, n+ 2) + iεDCJ(r, n+ 3) =
= J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + iεJ(r, n+ 3)

−i (J(r, n+ 1) + iJ(r, n+ 2) + εJ(r, n+ 3) + iεJ(r, n+ 4))
−ε (J(r, n+ 2) + iJ(r, n+ 3) + εJ(r, n+ 4) + iεJ(r, n+ 5))
+iε (J(r, n+ 3) + iJ(r, n+ 4) + εJ(r, n+ 5) + iεJ(r, n+ 6))

= J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + iεJ(r, n+ 3)
−iJ(r, n+ 1) + J(r, n+ 2) − iεJ(r, n+ 3) + εJ(r, n+ 4)
−εJ(r, n+ 2) − iεJ(r, n+ 3) + iεJ(r, n+ 3) − εJ(r, n+ 4)

= J(r, n) + J(r, n+ 2),
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which ends the proof. �

In the next theorem we present the Binet type formula for the dual-complex
r-Jacobsthal numbers.

Theorem 7 Let n ≥ 0, r ≥ 0 be integers. Then the nth dual-complex r-
Jacobsthal number is given by

DCJ(r, n) = C1λ̂1λn1 + C2λ̂2λn2 , (5)

where

λ1 = 2
r−1 +

1

2

√
4 · 2r + 5 · 4r, λ2 = 2

r−1 −
1

2

√
4 · 2r + 5 · 4r,

λ̂1 = 1+ iλ1 + ελ
2
1 + iελ

3
1, λ̂2 = 1+ iλ2 + ελ

2
2 + iελ

3
2,

C1 =

√
4 · 2r + 5 · 4r + 3 · 2r + 2
2
√
4 · 2r + 5 · 4r

, C2 =

√
4 · 2r + 5 · 4r − 3 · 2r − 2
2
√
4 · 2r + 5 · 4r

.

Proof. By Theorem 1 we get

DCJ(r, n) = J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + iεJ(r, n+ 3)

= C1λ
n
1 + C2λ

n
2 + i(C1λ

n+1
1 + C2λ

n+1
2 )

+ε(C1λ
n+2
1 + C2λ

n+2
2 ) + iε(C1λ

n+3
1 + C2λ

n+3
2 )

= C1λ
n
1

(
1+ iλ1 + ελ

2
1 + iελ

3
1

)
+ C2λ

n
2

(
1+ iλ2 + ελ

2
2 + iελ

3
2

)
= C1λ̂1λ

n
1 + C2λ̂2λ

n
2 ,

which ends the proof. �

Corollary 1 (Binet type formula for dual-complex Jacobsthal numbers) Let
n ≥ 0 be an integer. Then

DCJn =
1

3

[
2n(1+ 2i+ 4ε+ 8iε) − (−1)n(1− i+ ε− iε)

]
.

Proof. By formula (5), for r = 0 we obtain λ1 = 2, λ2 = −1, C1 =
4
3 , C2 = −1

3 .
Moreover,

DCJ(0, n) =
4

3
· 2n(1+ 2i+ 4ε+ 8iε) − 1

3
(−1)n(1− i+ ε− iε)

=
1

3
· 2n+2(1+ 2i+ 4ε+ 8iε) − 1

3
(−1)n+2(1− i+ ε− iε)

= DCJn+2.

�
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4 Some identities involving the dual-complex
rrr-Jacobsthal numbers

In this section we give some identities such as Catalan, Cassini and d’Ocagne
type identities for the dual-complex r-Jacobsthal numbers. These identities
can be proved by using formula (5). We will need the following lemma.

Lemma 1 Let λ̂1 = 1+ iλ1 + ελ
2
1 + iελ

3
1, λ̂2 = 1+ iλ2 + ελ

2
2 + iελ

3
2, where

λ1 = 2
r−1 +

1

2

√
4 · 2r + 5 · 4r, λ2 = 2r−1 −

1

2

√
4 · 2r + 5 · 4r.

Then

λ̂1λ̂2 = λ̂2λ̂1 = 1+ 4r + 2r + 2ri+ (2r+1 + 5 · 4r + 5 · 8r + 3 · 16r)ε
+(3 · 8r + 2 · 4r)iε. (6)

Proof. By simple calculations we get

λ̂1λ̂2 = 1+ iλ2 + ελ
2
2 + iελ

3
2 + iλ1 − λ1λ2 + iελ1λ

2
2

−ελ1λ
3
2 + ελ

2
1 + iελ

2
1λ2 + iελ

3
1 − ελ

3
1λ2

= 1− λ1λ2 + (λ1 + λ2)i+ (λ21 + λ
2
2)(1− λ1λ2)ε

+(λ31 + λ
3
2 + λ1λ2(λ1 + λ2))iε.

Using the equalities

λ1λ2 = −(4r + 2r),

λ1 + λ2 = 2
r,

λ21 + λ
2
2 = (λ1 + λ2)

2 − 2λ1λ2 = 3 · 4r + 2r+1,
λ31 + λ

3
2 = (λ1 + λ2)

3 − 3λ1λ2(λ1 + λ2) = 4 · 8r + 3 · 4r,

we get the result. �

Theorem 8 (Catalan type identity for dual-complex r-Jacobsthal numbers)
Let n ≥ 0, m ≥ 0, r ≥ 0 be integers such that n ≥ m. Then

(DCJ(r, n))2 − DCJ(r, n−m) · DCJ(r, n+m) =

= −
(−4r − 2r)n(1+ 2r)2

4 · 2r + 5 · 4r

(
2−

(
λ1
λ2

)m
−

(
λ2
λ1

)m)
λ̂1λ̂2,

where λ̂1λ̂2 is given by (6).
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Proof. By formula (5) we get

(DCJ(r, n))2 − DCJ(r, n−m) · DCJ(r, n+m)

= (C1λ̂1λ
n
1 + C2λ̂2λ

n
2 )(C1λ̂1λ

n
1 + C2λ̂2λ

n
2 )

− (C1λ̂1λ
n−m
1 + C2λ̂2λ

n−m
2 )(C1λ̂1λ

n+m
1 + C2λ̂2λ

n+m
2 )

= 2C1C2λ̂1λ̂2(λ1λ2)
n − C1C2λ̂1λ̂2λ

n+m
1 λn−m2 − C1C2λ̂1λ̂2λ

n−m
1 λn+m2

= C1C2λ̂1λ̂2(λ1λ2)
n

(
2−

(
λ1
λ2

)m
−

(
λ2
λ1

)m)
.

Since λ1λ2 = −(4r + 2r) and C1C2 = − (1+2r)2

4·2r+5·4r , we have

(DCJ(r, n))2 − DCJ(r, n−m) · DCJ(r, n+m) =

= C1C2(−4
r − 2r)nλ̂1λ̂2

(
2− (

λ1
λ2

)m −

(
λ2
λ1

)m)
= −

(−4r − 2r)n(1+ 2r)2

4 · 2r + 5 · 4r

(
2− (

λ1
λ2

)m −

(
λ2
λ1

)m)
λ̂1λ̂2,

which ends the proof. �

Corollary 2 (Cassini type identity for dual-complex r-Jacobsthal numbers)
Let n ≥ 1, r ≥ 0 be integers. Then

(DCJ(r, n))2 − DCJ(r, n− 1) · DCJ(r, n+ 1) = (−4r − 2r)n−1(1+ 2r)2λ̂1λ̂2.

In particular, by Theorem 8, we obtain the following formulas for the dual-
complex Jacobsthal numbers.

Corollary 3 (Catalan type identity for dual-complex Jacobsthal numbers) Let
n ≥ 0, m ≥ 0, be integers such that n ≥ m. Then

(DCJn)2 − DCJn−m · DCJn+m =
4

9
(−2)n−m ((−2)m − 1))2 (3+ i+ 15ε+ 5iε).

Corollary 4 (Cassini type identity for dual-complex Jacobsthal numbers) Let
n ≥ 1 be an integer. Then

(DCJn)2 − DCJn−1 · DCJn+1 = 4(−2)n−1(3+ i+ 15ε+ 5iε).



On a new one-parameter generalization of dual-complex Jacobsthal numbers 137

Theorem 9 (Vajda type identity for dual-complex r-Jacobsthal numbers) Let
n ≥ 0, m ≥ 0, k ≥ 0, r ≥ 0 be integers such that n ≥ k. Then

DCJ(r,m+ k) · DCJ(r, n− k) − DCJ(r,m) · DCJ(r, n) =

= −
(1+ 2r)2(−4r − 2r)m

4 · 2r + 5 · 4r

(
λn−m2

[(
λ1
λ2

)k
− 1

]
+ λn−m1

[(
λ2
λ1

)k
− 1

])
λ̂1λ̂2,

where λ̂1λ̂2 is given by (6).

Proof. By (5) we get

DCJ(r,m+ k) · DCJ(r, n− k) − DCJ(r,m) · DCJ(r, n) =
= (C1λ̂1λ

m+k
1 + C2λ̂2λ

m+k
2 )(C1λ̂1λ

n−k
1 + C2λ̂2λ

n−k
2 )

− (C1λ̂1λ
m
1 + C2λ̂2λ

m
2 )(C1λ̂1λ

n
1 + C2λ̂2λ

n
2 )

= C1C2λ̂1λ̂2

(
λm+k
1 λn−k2 + λn−k1 λm+k

2 − λm1 λ
n
2 − λ

n
1 λ
m
2

)
= C1C2λ̂1λ̂2(λ1λ2)

m

(
λn−m2

[(
λ1
λ2

)k
− 1

]
+ λn−m1

[(
λ2
λ1

)k
− 1

])

= −
(1+ 2r)2(−4r − 2r)m

4 · 2r + 5 · 4r

(
λn−m2

[(
λ1
λ2

)k
− 1

]
+ λn−m1

[(
λ2
λ1

)k
− 1

])
λ̂1λ̂2.

�

Theorem 10 (Vajda type identity for dual-complex Jacobsthal numbers) Let
n ≥ 0, m ≥ 0, k ≥ 0 be integers such that n ≥ k. Then

DCJm+k · DCJn−k − DCJm · DCJn =

= −
4

9
(−2)m

(
(−1)n−m[(−2)k − 1] + 2n−m[(−

1

2
)k − 1]

)
(3+ i+ 15ε+ 5iε).

Theorem 11 (d’Ocagne type identity for dual-complex r-Jacobsthal numbers)
Let n ≥ 0, m ≥ 0, r ≥ 0 be integers such that n ≥ m. Then

DCJ(r, n) · DCJ(r,m+ 1) − DCJ(r, n+ 1) · DCJ(r,m) =

=
(1+ 2r)2

√
4 · 2r + 5 · 4r

4 · 2r + 5 · 4r
(−4r − 2r)m

(
λn−m1 − λn−m2

)
λ̂1λ̂2,

where λ̂1λ̂2 is given by (6).
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Proof. Using the Binet type formula (5) we get

DCJ(r, n) · DCJ(r,m+ 1) − DCJ(r, n+ 1) · DCJ(r,m) =

= (C1λ̂1λ
n
1 + C2λ̂2λ

n
2 )(C1λ̂1λ

m+1
1 + C2λ̂2λ

m+1
2 )

− (C1λ̂1λ
n+1
1 + C2λ̂2λ

n+1
2 )(C1λ̂1λ

m
1 + C2λ̂2λ

m
2 )

= C1C2λ̂1λ̂2

(
λm+1
1 λn2 + λ

n
1 λ
m+1
2 − λm1 λ

n+1
2 − λn+11 λm2

)
= C1C2λ̂1λ̂2(λ1λ2)

m(λ1λ
n−m
2 + λn−m1 λ2 − λ

n−m+1
2 − λn−m+1

1 )

= C1C2(λ2 − λ1)(λ1λ2)
mλ̂1λ̂2

(
λn−m1 − λn−m2

)
=

(1+ 2r)2
√
4 · 2r + 5 · 4r

4 · 2r + 5 · 4r
(−4r − 2r)m

(
λn−m1 − λn−m2

)
λ̂1λ̂2.

�

Corollary 5 (d’Ocagne type identity for dual-complex Jacobsthal numbers)
Let n ≥ 0, m ≥ 0 be integers such that n ≥ m. Then

DCJn · DCJm+1 − DCJn+1 · DCJm =

=
4

3
(−2)m

(
2n−m − (−1)n−m

)
(3+ i+ 15ε+ 5iε).

Now we give a summation formula for the dual-complex r-Jacobsthal numbers.

Theorem 12 Let n ≥ 1, r ≥ 0 be integers. Then

n∑
l=0

DCJ(r, l) =
1

4r + 2r+1 − 1
[DCJ(r, n+ 1) + (2r + 4r)DCJ(r, n)

−(1+ i+ ε+ iε)(2+ 2r)]
−i− (2+ 2r+1)ε− (2r+2 + 3 · 4r + 2)iε.

Proof. By formula (3) we have

n∑
l=0

DCJ(r, l) =
n∑
l=0

(J(r, l) + iJ(r, l+ 1) + εJ(r, l+ 2) + iεJ(r, l+ 3))

=

n∑
l=0

J(r, l) +

n∑
l=0

iJ(r, l+ 1) +

n∑
l=0

εJ(r, l+ 2) +

n∑
l=0

iεJ(r, l+ 3)

=
1

4r + 2r+1 − 1
[J(r, n+ 1) + (2r + 4r)J(r, n) − 2− 2r
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+ i(J(r, n+ 2) + (2r + 4r)J(r, n+ 1) − 2− 2r)

+ ε(J(r, n+ 3) + (2r + 4r)J(r, n+ 2) − 2− 2r)

+ iε(J(r, n+ 4) + (2r + 4r)J(r, n+ 3) − 2− 2r)]

− iJ(r, 0) − ε(J(r, 0) + J(r, 1)) − iε(J(r, 0) + J(r, 1) + J(r, 2)).

By simple calculations we get

n∑
l=0

DCJ(r, l) =
1

4r + 2r+1 − 1
[J(r, n+ 1) + iJ(r, n+ 2)

+ εJ(r, n+ 3) + iεJ(r, n+ 4)

+ (2r + 4r)(J(r, n) + iJ(r, n+ 1) + εJ(r, n+ 2) + iεJ(r, n+ 3))

− (2+ 2r)(1+ i+ ε+ iε)] − i− (2r+1 + 2)ε− (2r+2 + 3 · 4r + 2)iε

=
DCJ(r, n+ 1) + (2r + 4r)DCJ(r, n) − (1+ i+ ε+ iε)(2+ 2r)

4r + 2r+1 − 1

− i− (2+ 2r+1)ε− (2r+2 + 3 · 4r + 2)iε.

�

In particular, we obtain the following formula for the dual-complex Jacob-
sthal numbers.

Corollary 6 Let n ≥ 1 be an integer. Then

n∑
l=0

DCJl =
DCJn+2 − DCJ1

2
.

Proof. By Theorem 12 for r = 0 we have

n∑
l=0

DCJ(0, l) =
DCJ(0, n+ 1) + 2DCJ(0, n) − 3(1+ i+ ε+ iε)

2

−(i+ 4ε+ 9iε)

=
DCJ(0, n+ 2) − (3+ 5i+ 11ε+ 21iε)

2
.

Using fact that J(0, n) = Jn+2 and DCJ0 = i+ ε+ 3iε, DCJ1 = 1+ i+ 3ε+ 5iε,
we get

n∑
l=0

DCJl =
DCJn+2 − (3+ 5i+ 11ε+ 21iε)

2
+ DCJ0 + DCJ1

=
DCJn+2 − (3+ 5i+ 11ε+ 21iε) + 2(1+ 2i+ 4ε+ 8iε)

2

=
DCJn+2 − (1+ i+ 3ε+ 5iε)

2
=

DCJn+2 − DCJ1
2

,

.
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which ends the proof. �

The next theorem gives the Honsberger type identity for the dual-complex
r-Jacobsthal numbers.

Theorem 13 Let m ≥ 2, n ≥ 1, r ≥ 0 be integers. Then

2rDCJ(r,m− 1) · DCJ(r, n) + (4r + 8r)DCJ(r,m− 2) · DCJ(r, n− 1) =

= 2DCJ(r,m+ n) − J(r,m+ n) − J(r,m+ n+ 2)

− 2εJ(r,m+ n+ 4) + 2iεJ(r,m+ n+ 3).

Proof. By simple calculations we have

2rDCJ(r,m− 1) · DCJ(r, n) =
= 2r[J(r,m− 1)J(r, n) + iJ(r,m− 1)J(r, n+ 1)
+εJ(r,m− 1)J(r, n+ 2) + iεJ(r,m− 1)J(r, n+ 3)
+iJ(r,m)J(r, n) − J(r,m)J(r, n+ 1) + iεJ(r,m)J(r, n+ 2)
−εJ(r,m)J(r, n+ 3) + εJ(r,m+ 1)J(r, n) + iεJ(r,m+ 1)J(r, n+ 1)
+iεJ(r,m+ 2)J(r, n) − εJ(r,m+ 2)J(r, n+ 1)],

(4r + 8r)DCJ(r,m− 2) · DCJ(r, n− 1) =
= (4r + 8r)[J(r,m− 2)J(r, n− 1) + iJ(r,m− 2)J(r, n)
+εJ(r,m− 2)J(r, n+ 1) + iεJ(r,m− 2)J(r, n+ 2)
+iJ(r,m− 1)J(r, n− 1) − J(r,m− 1)J(r, n)
+iεJ(r,m− 1)J(r, n+ 1) − εJ(r,m− 1)J(r, n+ 2)
+εJ(r,m)J(r, n− 1) + iεJ(r,m)J(r, n)
+iεJ(r,m+ 1)J(r, n− 1) − εJ(r,m+ 1)J(r, n)].

Hence

2r · DCJ(r,m− 1) · DCJ(r, n) + (4r + 8r)DCJ(r,m− 2) · DCJ(r, n− 1) =
= 2r J(r,m− 1)J(r, n) + (4r + 8r)J(r,m− 2)J(r, n− 1)
+i[2r J(r,m− 1)J(r, n+ 1) + (4r + 8r)J(r,m− 2)J(r, n)
+2r J(r,m)J(r, n) + (4r + 8r)J(r,m− 1)J(r, n− 1)]
+ε[2r J(r,m− 1)J(r, n+ 2) + (4r + 8r)J(r,m− 2)J(r, n+ 1)
+2r J(r,m+ 1)J(r, n) + (4r + 8r)J(r,m)J(r, n− 1)]
+iε[2r J(r,m− 1)J(r, n+ 3) + (4r + 8r)J(r,m− 2)J(r, n+ 2)
+2r J(r,m)J(r, n+ 2) + (4r + 8r)J(r,m− 1)J(r, n+ 1)]
−2r J(r,m)J(r, n+ 1) − (4r + 8r)J(r,m− 1)J(r, n)
−ε[2r J(r,m)J(r, n+ 3) + (4r + 8r)J(r,m− 1)J(r, n+ 2)
+2r J(r,m+ 2)J(r, n+ 1) + (4r + 8r)J(r,m+ 1)J(r, n)]
+iε[2r J(r,m+ 1)J(r, n+ 1) + (4r + 8r)J(r,m)J(r, n)
+2r J(r,m+ 2)J(r, n) + (4r + 8r)J(r,m+ 1)J(r, n− 1)].
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Using Theorem 4, we get

2rDCJ(r,m− 1) · DCJ(r, n) + (4r + 8r)DCJ(r,m− 2) · DCJ(r, n− 1) =
= J(r,m+ n) + 2[iJ(r,m+ n+ 1) + εJ(r,m+ n+ 2)
+iεJ(r,m+ n+ 3)] − J(r,m+ n+ 2)
−2εJ(r,m+ n+ 4)ε+ 2iεJ(r,m+ n+ 3)

= 2DCJ(r,m+ n) − J(r,m+ n) − J(r,m+ n+ 2)
−2εJ(r,m+ n+ 4) + 2iεJ(r,m+ n+ 3).

�

5 Generating functions and matrix generators

Now we give the generating function of the dual-complex r-Jacobsthal num-
bers.

Theorem 14 The generating function of the dual-complex r-Jacobsthal num-
bers has the following form

g(x) =
DCJ(r, 0) + (DCJ(r, 1) − 2rDCJ(r, 0))x

1− 2rx− (2r + 4r)x2
.

Proof. Let

g(x) = DCJ(r, 0) + DCJ(r, 1)x+ DCJ(r, 2)x2 + · · ·+ DCJ(r, n)xn + · · ·

be the generating function of the dual-complex r-Jacobsthal numbers. Then

2rxg(x) = 2rDCJ(r, 0)x+ 2rDCJ(r, 1)x2 + 2rDCJ(r, 2)x3
+ · · ·+ 2rDCJ(r, n− 1)xn + · · ·

(2r + 4r)x2g(x) = (2r + 4r)DCJ(r, 0)x2 + (2r + 4r)DCJ(r, 1)x3
+(2r + 4r)DCJ(r, 2)x4 + · · ·
+(2r + 4r)DCJ(r, n− 2)xn + · · · .

By Proposition 2 we get

g(x) − 2rxg(x) − (2r + 4r)x2g(x)
= DCJ(r, 0) + (DCJ(r, 1) − 2rDCJ(r, 0))x
+(DCJ(r, 2) − 2rDCJ(r, 1) − (2r + 4r)DCJ(r, 0))x2 + · · ·

= DCJ(r, 0) + (DCJ(r, 1) − 2rDCJ(r, 0))x.
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Thus

g(x) =
DCJ(r, 0) + (DCJ(r, 1) − 2rDCJ(r, 0))x

1− 2rx− (2r + 4r)x2
.

Moreover,

DCJ(r, 0) = 1+ (2r+1 + 1)i+ (3 · 4r + 2r+1)ε
+(5 · 8r + 5 · 4r + 2r)iε,

DCJ(r, 1) − 2rDCJ(r, 0) = 2r + 1+ (4r + 2r)i+ (2 · 8r + 3 · 4r + 2r)ε
+(3 · 16r + 5 · 8r + 2 · 4r)iε.

�

Corollary 7 The generating function of the dual-complex Jacobsthal sequence
is

g(x) =
i+ ε+ 3iε+ (1+ 2ε+ 2iε)x

1− x− 2x2
.

At the end we give the matrix representation of the dual-complex r-Jacobsthal
numbers.

Theorem 15 Let n ≥ 1, r ≥ 0 be integers. Then[
DCJ(r, n+ 1) DCJ(r, n)
DCJ(r, n) DCJ(r, n− 1)

]
=

[
DCJ(r, 2) DCJ(r, 1)
DCJ(r, 1) DCJ(r, 0)

]
·
[
2r 1

2r + 4r 0

]n−1
.

(7)

Proof. (by induction on n) It is easy to check that for n = 1 the result holds.
Assume that the formula (7) is true for n ≥ 1. We will show that[
DCJ(r, n+ 2) DCJ(r, n+ 1)
DCJ(r, n+ 1) DCJ(r, n)

]
=

[
DCJ(r, 2) DCJ(r, 1)
DCJ(r, 1) DCJ(r, 0)

]
·
[
2r 1

2r + 4r 0

]n
.

By induction’s hypothesis and simple calculations we have[
DCJ(r, 2) DCJ(r, 1)
DCJ(r, 1) DCJ(r, 0)

]
·
[
2r 1

2r + 4r 0

]n−1
·
[
2r 1

2r + 4r 0

]

=

[
DCJ(r, n+ 1) DCJ(r, n)
DCJ(r, n) DCJ(r, n− 1)

]
·
[
2r 1

2r + 4r 0

]
=

[
2rDCJ(r, n+ 1) + (2r + 4r)DCJ(r, n) DCJ(r, n+ 1)
2rDCJ(r, n) + (2r + 4r)DCJ(r, n− 1) DCJ(r, n)

]
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=

[
DCJ(r, n+ 2) DCJ(r, n+ 1)
DCJ(r, n+ 1) DCJ(r, n)

]
,

which ends the proof. �

Calculating the determinants in formula (7) we obtain the Cassini type
identity for the dual-complex r-Jacobsthal numbers. We have∣∣∣∣ DCJ(r, n+ 1) DCJ(r, n)
DCJ(r, n) DCJ(r, n− 1)

∣∣∣∣ = DCJ(r, n+1) ·DCJ(r, n−1)−(DCJ(r, n))2,

∣∣∣∣ DCJ(r, 2) DCJ(r, 1)
DCJ(r, 1) DCJ(r, 0)

∣∣∣∣ = DCJ(r, 2) · DCJ(r, 0) − (DCJ(r, 1))2.

∣∣∣∣ 2r 1

2r + 4r 0

∣∣∣∣n−1 = (− (2r + 4r))n−1 .

Consequently,

DCJ(r, n+ 1) · DCJ(r, n− 1) − (DCJ(r, n))2 =
= (− (2r + 4r))n−1 (DCJ(r, 2) · DCJ(r, 0) − (DCJ(r, 1))2).
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