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Abstract. Let G be a group with identity e. Let R be a graded ring, I
a graded ideal of R and M be a G-graded R-module. Let 1 : S9"(M) —
S97(M) U {0} be a function, where S9"(M) denote the set of all graded
submodules of M. In this article, we introduce and study the concepts
of graded 1-second submodules and graded I-second submodules of a
graded R-module which are generalizations of graded second submodules
of M and investigate some properties of this class of graded modules.

1 Introduction

The study of graded rings arises naturally out of the study of affine schemes
and allows them to formalize and unify arguments by induction [13]. How-
ever, this is not just an algebraic trick. The concept of grading in algebra,
in particular graded modules is essential in the study of homological aspect
of rings. Much of the modern development of the commutative algebra em-
phasizes graded rings. Graded rings play a central role in algebraic geometry
and commutative algebra. Gradings appear in many circumstances, both in
elementary and advanced level. In recent years, rings with a group-graded
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structure have become increasingly important and consequently, the graded
analogues of different concepts are widely studied (see [1, 4, 10, 11, 12, 14]).
Throughout this work, all graded rings are assumed to be commutative graded
rings with identity, and all graded modules are unitary graded R-modules. We
will denote the set of graded ideals of R by S9(R) and the set of all graded
submodules of M by S9"(M). Let G be a group with identity e and R be a ring.
Then R is said to be a G-graded if R = @geG Ry such that RgRy, C Rgp, for all
g,h € G, where Ry is an additive subgroup of R for all g € G. The elements
of Ry are homogeneous of degree g. Consider supp(R,G) ={g € G | Ry # 0}.
For simplicity, we will denote the graded ring (R,G) by R. If r € R, then r
can be written as deG Tg, where 14 is the component r in Ry. Moreover, R
is a subring of R and if R contains a unitary 1, then 1 € R.. Furthermore,
h(R) = UgEG Ry.

Let I be a left ideal of a graded ring R. Then I is said to be a graded ideal
of R,if I = @geG(I NRg), i e, forx eI, x = deG Xg, Where x4 € I for all
g € G. A proper graded ideal I of a graded ring R is said to be graded prime
if whenever r¢sy, € I for some 1g,sp € h(R), then rqy € I or s € I. Graded
primary (prime) ideals over commutative graded rings have been studied by
[14].

Assume that M is an R-module. Then M is said to be G-graded if M =
@geG Mgy with RgMy, € Mgy, for all g,h € G, where My is an additive sub-
group of M for all g € G. The elements of My are called homogeneous of
degree g. Also, we consider supp(M,G) ={g € G | Mg # 0}. It is clear that
My is an Re-submodule of M for all g € G. Moreover h(M) = UgeG Mgy. Let
N be an R-submodule of a graded R-module M. Then N is said to be a graded
R-submodule if N = ®96G(N NMg),i.e,formeN, m= deG mg, where
myg € N for all g € G. Moreover, M/N becomes a G-graded module with
g-component (M/N)g = (Mg + N)/N for g € G.

A proper graded submodule N of a graded R-module M is said to be graded
prime, if rgmy € N where vy € h(R) and my € h(M), then my, € N or
Ty € (N : M). A graded R-module M is called graded prime, if the zero graded
submodule is graded prime in M. For more information about graded prime
submodules over commutative graded rings see [3, 7, 9]. A graded R-module M
is called graded finitely generated if M = Rmg, +Rmg, +---+Rmg, for some
Mg, -, Mg, € h(M). Farshadifar and Ansari-Toroghy in [5, 6] introduced
the concepts of I-second submodules of M and 1-second submodules of M
which are two generalizations of second submodules of M. In the first section of
this paper, we introduce and study the notion of graded {-second submodules
of a graded R-module M and we investigate some properties of such graded
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submodules. For example, in Theorem 7, we characterize graded -second
submodules of a graded R-module M. In the second section, we introduce the
notion of graded I-second submodules of a graded R-module M and obtain
some related results. For example, we prove when a graded submodule of a
graded R-module is a graded I-second submodule.

2 Graded J-second submodules

In this section, we define and study graded \-second submodules of a graded
module over a commutative graded ring.

The following Lemma is known, but we write it here for the sake of refer-
ences.

Lemma 1 Let M be a graded module over a graded ring R. Then the following
hold:

(i) If 1 and ] are graded ideals of R, then I1+] and I(\] are graded ideals of
R.

(ii) If 1 is a graded ideal of R, N is a graded submodule of M, r € h(R) and
x € h(M), then Rx, IN, rN and (0 :m I) are graded submodules of M.

(iii) If N and K are graded submodules of M, then N 4+ K and N K are
also graded submodules of M and (N :x M) is a graded ideal of R. Also,
Anng(M) = (0 :x M) is a graded ideal of R.

(iv) Let {Nahen be a collection of graded submodules of M. Then ) , Ny and
() Na are graded submodues of M.

Definition 1 Let M be a graded R-module and let g € G.

(a) A non-zero submodule Ng of Re- module My is said to be g-second
submodule of My, if for each ve € Re, either TeNg =0 or reNg = Ng.

(b) A non-zero graded submodule N of M s said to be a graded second
submodule of M if for each vrg € h(R), either ryN =0 or rgN = N.

Definition 2 Let M be a graded R-module and let g € G. Let P : S(Mg) —
S(Mg)U{0} be a function, where S(My) is the set of all submodules of My. We
say that a non-zero submodule Ng of Re-module My is a g-\p-second submodule,
if Te € Re, K a submodule of Mg, 1eNg C K, and rep(Ng) € K, then Ng C K
or 1eNg = 0.
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Definition 3 Let M be a graded R-module, S9"(M) be the set of all graded
submodules of M, and let \ : SI"(M) — S9"(M) U {0} be a function. We say
that a non-zero graded submodule N of M is a graded \-second submodule of
M if rg € h(R), K a graded submodule of M, 1¢N C K, and rgp(N) € K, then
NCKorrgN=0

We use the following functions 1 : S9"(M) — S9"(M) U {0}.

PYm(N) =M, VN € S9"(M),
Pi(N) = (N Annk(N)), YN € S9"(M), Vi € N,

We(N) =D hi(N), YN € S (M).
i=1

Then it is clear that for any graded submodule and every positive integer
n, we have the following implications:

graded second = graded {1 — second = graded P, — second
= graded Y, — second

For functions 1, 0 : S9"(M) — S9"(M) U{D}, we write P < 0 if Pp(N) C 6(N)
for each N € S9"(M). So whenever < 0, any graded \-second submodule is
graded 0-second.

Theorem 1 Let M be a graded R-module and N be a graded submodule of R.
Then the following statements are equivalent:

(i) N is a graded second submodule of M.

ii) N # 0 and rgN C K, where vy € h(R) and K is a graded submodule of
9 9
M, implies either T¢gN =0 or N C K.

Proof. (i) = (ii) is obvious.
(ii) = (i) Let 1y € h(R) and rgN # 0. Since 1¢N C 1¢N, so N C r¢yN by
assumption. Therefore rgN = N, as needed. O

Theorem 2 Let M be a graded R-module, N a graded submodule of M and
let g € G. Let P : S(Mg) — S(Mg) U{0} be a function and Ng be a g--second
submodule of Re-module My such that Anng, (Ng)W(Ng) € Ng. Then Ng is a
g-second submodule of M.
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Proof. Let v. € Re and K be a submodule of My such that T.Ng C K. If
TeW(Ng) € K, then we are done because Ny is a g--second submodule of
Re- module My. Thus suppose that rep(Ng) C K. If rep(Ng) € Ng, then
TeW(Ng) € Ng N K. Since 1eNg CN NK, thenN CN ﬂKCKorreNg—
0, as requlred So let Te(N g) C . If Anng, (N g) g) € K, then (re +
Anng, (Ng))W(Ng) € K. Thus (re + AnnRe(Ng))Ng cK implies that Ng C K
or TeNg = (T6+AnnRe(Ng))Ng =0, as needed. Hence let Anng, (Ng)(Ng) C
K. Since AnnRe(Ng)lj) g) € Ng, there exists se € Anng,(Ng) such that
(seW(Ng) € Ng. Thus selb g) € Ng N K. Hence we have (e + se)(Ng) €
Ng ﬂK Therefore (e + Se )N C Ng N K implies that Ng € Ng N K C K or
(re +5¢)JNg =T1eNg = 0, as needed. O

Corollary 1 Let M be a graded R-module, N a graded submodule of M and
g€ G. Let P : S(Mg) — S(Mg) U{0} be a function and Ng be a g-\p-second
submodule of Re-module Mg such that (Ng :m, Anane(Ng)tp(Ng) C WP(Ng).
Then Ng is a g-\bg-second submodule of M.

Proof. If Ny is a g-second submodule of My, then the result is clear. So
assume that Ng is not g-second submodule of My. Then by Theorem 2, we
have Anng, (Ng)P(Ng) € Ng. Therefore, by assumption,

(Ng :m, Anng, (Ng)) € B(Ng) € (Ng :p, Anng, (Ng)).

We conclude that W(Ng) = (Ng :m, AnnR (Ng)) = (Ng :m, Anng,(Ng)),
because (Ng v, Anng, ( g)) € (Ng M, AnnR (Ng)) So we get

(Ng ‘Mg ATLTL%C(NQ)) = (((Ng ‘Mg Anane(Ng)) ‘Mg AnnRe(w(Ng))) =

((Ng ‘Mg AnnRe(Ng)) ‘Mg AnnRe(Ng)) = (Ng ‘Mg Anane(Ng)) :ll)(Ng)-

By continuing, we get that {(Ng) = (Ng v, AnnR (Ng)) for all i > 1. Hence
P(Ng) = Ws(Ng), as needed. O

Theorem 3 Let M be a graded R-module and P : S9"(M) — S9"(M) U {0} be
a function. Let N be a graded submodule of M such that for all graded ideals 1
and J of R, (N:m I) € (N :m J) implies that ] C 1. If N is not a graded second
submodule of M, then N is not a graded \1-second submodule of M.

Proof. Since N is not a graded second submodule of M, there exists rq € h(R)
and a graded submodule K of M such that rgN # 0 and N € K, but rgN C K
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by Theorem 1. We have N ¢ NNK and rgN € NNK. If rg(N :p Anng(N)) €
N NK, then N is not a graded {i-second submodule of M. Hence let r4(N :m
Anng(N)) € N N K. Thus 1g(N iy Anng(N)) € NN K C N. Therefore,
(N :m Anng(N)) € (N :pm 7g) and so by assumption, rg € Anng(N), which is
a contradiction. O

Corollary 2 Let M be a graded R-module and \ : S9" (M) — S9"(M) U {0} be
a function. Let N be a graded submodule of M such that for all graded ideals 1
and ] of R, (N:m I) € (N :m ) implies that ] C 1. Then N is a graded second
submodule of M if and only if N is a graded \1-second submodule of M.

A graded R-module M is said to be a graded multiplication module if for
every graded submodule N of M, there exists a graded ideal I of R such that
N = IM. It is easy to see that M is a graded multiplication module if and
only if N = (N : M)M for each graded submodule N of M [8].

A graded R-module M is said to be a graded comultiplication module if for
every graded submodule N of M, there exists a graded ideal I of R such that
N = (O ‘M I) [2]

Definition 4 Let R be a graded ring and ¢ : S9"(R) — S9"(R) U {0} be a
function. A proper graded ideal P of R is called graded @-prime, if for ag, by €
h(R), agby, € P — @(P), then ag € P or by, € P.

Definition 5 Let M be a graded R-module and ¢ : S9"(M) — S9"(M) U{D} be
a function. A proper graded submodule N of M is said to be graded @-prime,
if for each vy € h(R) and mg € h(M), rgmy € N\ @(N), then my € N or
Tg € (N x M).

Theorem 4 Let M be a graded R-module, ¢ : S9"(R) — S9"(R) U {0}, and
0 :SI" (M) — SI"(M) U{D} be functions such that O(P) = @((P :x M))M. The
following statements hold:

(i) If P is a graded O-prime submodule of M such that (0(P) :x M) C @((P :r
M)), then (P :x M) is a graded @-prime ideal of R.

(ii) If M is a graded multiplication R-module and (P :x M) is a graded @-
prime ideal of R, then P is a graded 0-prime submodule of M.

Proof. (i) Let agbn € (P :x M)\ @((P :;x M)) for some ag,br € h(R). If
agbpM C 6(P), then agbp € @((P :x M)), a contradiction. Thus agbpM ¢
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O(P). Therefore, agM C P or byM C P because P is a graded 6-prime sub-
module of M. Thus ag € (P :x M) or by, € (P ;g M), as needed.

(ii) Let agmy € P\O(P) = P\ @((P :x M))M. Then aq4((Rmy ;x M))M C P. If
ag((P:r M)) € @((Rmy g M)), then ag((Rmy ;g M)IM C @((P ;g M))M. As
M is a graded multiplication R-module, we have agmy € Rmy, = (Rmy, R
M)M. Therefore, agmy € @((P :x M))M which is a contradiction. Thus
ag((Rmy x M)) € @((P ;x M)) and so by assumption, ag € (P ;x M) or
(Rmy, :m M) C (P :g M), as needed. O

Theorem 5 Let M be a graded R-module, ¢ : S9"(R) — S9"(R) U {0}, and
P :SI"(M) — SI"(M) U{0} be functions. Then the following hold:

(i) If S is a graded \P-second submodule of M such that Anng(Pp(S)) C
©(Anng(S)), then Anng(S) is a graded @-prime ideal of R.

(ii) If M is a graded comultiplication R-module, S is a graded submodule
of M such that P(S) = (0 :m @ (Anng(S))), and Anng(S) is a graded
@-prime ideal of R, then S is a graded \-second submodule of M.

Proof. (i) Let agbp € Anng(S) \ @(Anng(S)) for some ag, by, € h(R). Then
agbp(S) # 0 by assumption. If ag(S) € (0 :m by), then agbpp(S) =0, a
contradiction. Thus ag(S) € (0 :m br). Therefore, S C (0 :pm bp) or agS =0
because S is a graded \-second submodule of M. Hence ag € Anng(S) or
bn € Anng(S), as required.

(ii) Let ag € h(R) and K be a graded submodule of M such that a4S C K and
agp(S) € K. As agS C K, we have S C (K :m ag). It follows that

S C ((0:m Anng(K)) :m ag) = (0:m agAnng(K)).

This implies that agAnng(K) € Anng((0:m agAnng(K))) € Anng(S). Hence
agAnng(K) € Anng(S). If agAnng(K) C @(Anng(S)), then

B(S) = ((0:m @(Anng(S)) = ((0 :m Anng(K)) :m ag).

As M is a graded comultiplication R-module, we have ag(S) C K, a con-
tradiction. Thus agAnng(K) ¢ @(Anng(S)) and so as Anng(S) is a graded
@-prime ideal of R, we conclude that aygS =0 or

S= (0 ‘M AnnR(S)) - (O ‘M ATLTIR(K)) =K

as needed. O
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Example 1 Let G = Z; and R = Z be a G-graded ring with Ry = Z and
Ry ={0}. Let M =7Z x Z. Then M is a G-graded R-module with My = Z x {0}
and My = {0} x Z. Consider the graded submodule S = (27 x {0}) & ({0} x
27). Clearly, M is not a graded comultiplication R-module. Suppose that @ :
SI"(R) — SI"(R) U{D} and P : SI" (M) — SI"(M) U {0} be functions such that
@(I) =1 for each graded ideal 1 of R and 11)(5) = M. Then Anng(S) =0 is
a graded @-prime ideal of R and P(S) = M = (0 :m @(Anng(S))). But since
4S C (8Z x{0})) @ ({0} x 8Z), S ¢ (8Z x {0}) ({0} x 8Z), and 4S # 0, we have
S is not a graded \-second submodule of M..

Let R be a G-graded ring and S C h(R) be a multiplicatively closed subset of
R. Then the ring of fractions S™'R is a graded ring which is called the graded
ring of fractions. Indeed, S7'R = @QGG(S_]R)Q where (S_]R)g ={r/s:r €
R,s € Sand g = (degs)~'(degr)}. We write h(S'R) = UQGG(S*1R)9 8].

Proposition 1 Let M be a graded R-module, P : S9" (M) — S9"(M) U {0} be
a function and N be a graded P-second submodule of M. Then we have the
following statements.

(i) If K is a graded submodule of M with K C N and Pg : SI"(M/K) —
SI"(M/K) U{D} be a function such that Y (N/K) = Pp(N)/K, then N/K
s a graded Py -second submodule of M /K.

(ii) Let N be a graded finitely generated submodule of M, S be a multiplica-
tively closed subset of R with Anng(N)NS =0, and S~ : SI"(S™TM) —
SI"(STTM)U{0} be a function such that (S~P)(S™IN) = S~ "Pp(N). Then
S7'N is a graded S~"p-second submodule of S™'M.

Proof. (i) Since K C N, then N/K # 0. Let ry € h(R), L/K be a graded
submodule of M/K, 74(N/K) C L/K and rgp(N/K) € L/K. We get rgN C L
and T4 (N ) ¢ L. Therefore, TgN =0 or N C L since N is a graded -second
submodule of M. Hence 14(N/K) =0 or N/K C L/K, as needed.
(ii) Since N is graded ﬁnitely generated and AnnR(N)ﬂS =0, we get STT(N) #
0.Let I € h(S7'R), ST(K) be a graded submodule of S* M and E(S*]ll))(sle)
Z S ]K Thus we get TN C K and mp(N) € K ( )(STIN) = STTP(N)).
Hence N C K or rN = 0 since N is a graded - second submodule of M. There-
fore, STIN C S7'K or gll)(S_]N) =0, and so S7'N is a graded S~'-second
submodule of S™TM. O
Let R = @gegRg and S = PyegSq be two graded ring. The function
f:R — S is called a graded homomorphism, if
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(i) for any a,b € R, f(a+ b) = f(a) + f(b),
(ii) for any a,b € R, f(ab) = f(a)f(b), and
(iii) f(Rg) € Sq for any g € G.

Proposition 2 Let M and M’ be graded R-modules and f : M — M’ be a
graded monomorphism. Let \ : S9"(M) — S9"(M) U {0} and P’ : S"(M') —
SI"(M")U{0} be functions such that Pp(f~1(N’)) = 1 (p’(N")), for each graded
submodule N’ of M. If N is a graded \-second submodule of M’ such that
N’ C Im(f), then f~1(N’) is a graded \p-second submodule of M.

Proof. Since N’ # 0 and N’ C Im(f), we have fT(N’) # 0. Let ag € h(R) and
K be a graded submodule of M such that agf ' (N’) C K and agp(f'(N')) £
K. Then by assumptions, agN’ C f(K) and agp’(N’) € f(K). Thus agN’ =0
or N/ C f(K). Therefore, agf~'(N’) =0 or f~1(N’) C K, as required. O

A proper graded submodule N of a graded R-module M is said to be graded
completely irreducible if N = ();c; Ni, where {Ni}icr is a family of graded
submodules of M, implies that N = Nj for some i € [. It is easy to see
that every graded submodule of M is an intersection of graded completely
irreducible submodules of M.

Remark 1 Let N, K be graded submodules of a graded R-module M. To prove
N C K, it is enough to show that if L is a graded completely irreducible sub-
module of M such that K C L, then N C L.

Proposition 3 Let M be a graded R-module, P : SI"(M) — S9"(M) U{D} be a
function and let N be a graded \1-second submodule of M . Then we have the
following statements:

(i) If for ag € h(R), agN # N, then (N :;m Anng(N)) € (N im ag).

(ii) If ] is a graded ideal of R such that Anng(N) C J and JN # N, then
(N ;M Anng(N)) = (N v J).

Proof. (i) By Remark 1, there exists a graded completely irreducible submod-
ule L of M such that agN € L and N ¢ L. If agN = 0, then we get (N
Anng(N)) € (N :pm ag). Hence let agN # 0. Since N is a graded q-second
submodule of M, we have ag(N :m Anng(N)) € L. Now let H be a graded
completely irreducible submodule of M such that N C H. Then N € LN H
and agN € LN H. Thus as N is a graded {y-second submodule of M, we
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have ag(N :;m Anng(N)) € LN H. Hence ag(N :m Anng(N)) € H. Therefore,
ag(N :m Anng(N)) € N by Remark 1. Hence (N :p Anng(N)) C (N :pm ag).
(ii) This follows from (i). O

Theorem 6 Let M be a graded R-module, \ : S9"(M) — S9"(M) U {0} be a
function and let g € G. If (0 ‘M, ae) 1s a g-\p1-second submodule of Re-module
My such that (0 :m, ae) C ae(0:m, aeAnng(0 :im, ae)), then (0:m, ac) is a
g-second submodule of M.

Proof. Let N = (0 :m, ae) be a g-ij-second submodule of M. Then (0 :m,
ae) # 0. Let be € Re and K be a submodule of My such that be(0 :m,
ae)CKIfb(NMATlTlRE QKthenb(OM a.) = 0 or (0 Mg
ae) C K since (0 :m, ae) is a g-ipy-second submodule of Mg. So let be(N v,
Anng,(N)) C K. Now we have (ae + be)(0 :m, ac) C K. If (ae +be) (N v,
Anng,(N)) € K, then as (0 My Q) is a g-lln-second submodule of My, then
(ae+be)(0:m, ae) =0o0r (0:m, ac) € K and we are done. Hence assume that
(e + be)(N :my; Anng, (N)) C K. Then be(N :pm,; Anng, (N)) C K gives that
ae(N :m, Anng,(N)) C K. Therefore by assumption, (0 :m, a.) € K and the
result follows from Theorem 1. ]

Theorem 7 Let M be a graded R-module, 1 : S9"(M) — S9"(M) U {0} be a
functions, and N be a non-zero graded submodule of M. Then the following
are equivalent:

(i) N is a graded \P-second submodule of M;

(i) For graded completely irreducible submodule L of M with N € L, we have
(L:r N) = Anng(N) U (L g $(N));

(iii) For graded completely irreducible submodule L of M with N € L, we have
(L:r N) = Anng(N) or (L:x N) = (L:r Y(N));

(iv) For any gmded ideal I of R and any graded submodule K of M, if IN C K
and TP(N) € K, then IN =0 or N C K.

(v) For each ag € h(R) with agp(N) € agN, we have agN =N or agN = 0.

Proof. (i) = (ii) Let for a graded completely irreducible submodule Lof M
with N ¢ L, we have ag € (L ;g N)\ (L g PY(N)). Then agp(N) ¢ L. Since
N is a graded -second submodule of M, we have ag € Anng(N). As we may
assume that P(N) C N, the other inclusion always holds.
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(ii) = (iii) This follows from the fact that if a graded ideal is a union of two
graded ideals, it is equal to one of them.

(iii) = (iv) Let I be a graded ideal of R and K be a graded submodule of M
such that IN C K and I{(N) ¢ K. Suppose I € Anng(N) and N ¢ K. We
show that IWp(N) C K. Let a € T and L is a graded completely irreducible
submodule of M with K C L. First, let a € Anng(N). Then since aN C L, we
have (L :;g N) # Anng(N). Hence by assumption (L :;x N) = (L :x Y(N)). So
aPp(N) C L. Now let a € IN Anng(N). Let b € I\ Anng(N). Then a+b €
I\ Anng(N). Hence by the first case, for each graded completely irreducible
submodule L of M with K C L we have bip(N) C L and (b + a)p(N) C L.
This gives that ap(N) C L. Thus in any case alp(N) C L. Thus Ip(N) C L.
Therefore, alp(N) C K by Remark 1.

(iv) = (i) The proof is straightforward.

(i) = (v) Let ag € h(R) such that agp(N) € agN. Then agN C agN implies
that N C agN or agN = 0 by part (i). Thus N = agN or agN = 0, as
required. (v) = (i) Let ag G h(R) and K be a graded submodule of M such
that agN C K and agp(N) € K. If agp(N) C agN, then agN C K implies
that agp(N) C K, a contradiction. Thus by part (v), agN = N or agN = 0.
Therefore, N C K or agN = 0, as needed. O

Example 2 Let N be a non-zero graded submodule of a graded R-module M
and let P : SI"(M) — SI"(M) U {0} be a function. If P(N) = N, then N is a
graded \P-second submodule of M by Theorem 7 (v) = (i).

Let Ry and R, be two G-graded rings. Then R = Ry x R; becomes a G-graded
ring with homogeneous elements h(R) = UgeG Ry, where Rg = (Ry)g x (R2)q
for all g € G. Let M; be a graded Rj-module and M; be a graded Ry-module.
Then M = M; x M; is a graded R = Ry x Ry-module.

Theorem 8 Let R =Ry xRy be a graded ring and M = My x M be a graded
R-module where My is a graded Ri-module and My is a graded Ry-module.
Suppose that Pt : S(My) — S(M;) U {0} be a function fori=1,2. Then S; x 0
is a graded ' x pZ-second submodule of M, where Sy is a graded \'-second
submodule of My and Pp?(0) =

Proof. Let (rg, g) € h(R) and K; x K; be a graded submodule of M such that
(1‘9, 9)(31 x 0) C Ky x K; and

(rg, Tg) (W' X W?)(S1 x 0)) = g (S1) x 1g?(0) = 1 (S1) x 0 & Ky x K,
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Then 14S; € Ky and rglj)1(51) ¢ Kj. Hence 1457 = 0 or S; C K; since Sy is
a graded '-second submodule of M;. Therefore, (rg,ré)(Sq x0)=0x0or
S; x 0 C Ky x Ky, as needed. O

3 Graded I-second submodules

Definition 6 Let R be a graded ring, M be a graded R-module and 1 be a
graded ideal of R.

(a) A proper graded ideal P of R is called graded I-prime, if agb, € P\ IP,
then ag € P or by € P.

(b) A proper graded submodule N of M is called graded I-prime, if rgmy €
N\ IN, then my € N or g € (N x M).

Theorem 9 Let I be a graded ideal of a graded ring R. For a non-zero graded
submodule S of a graded R-module M the following statements are equivalent:

(i) For each vq € h(R), a submodule K of M, 14 € (K:x S)\ (K (S:m I))
implies that S C K or g € Anng(S);

(ii) For each vy & (14S =k (S:m 1)), we have 1S =S or14S =0;

(iii) (K:x S) = Anng(SU (K x (S :m 1)), for any submodule K of M with
SZK;

(iv) (K:x S) = Anng(S) or (K S) = (KR (S:m 1)), for any submodule K
of M with S € K.

Proof. (i) = (ii) Let vy & (1¢S x (S :m I)). Then as 14S C 14S, we have
S CryS or ryS =0 by part (i). Thus r4S =S or 14S = 0.

(ii) = (i) Let 7y € h(R) and K be a graded submodule of M such that 14 €
(KR S)IN(K R (S:m I)). Thenif rg € (rgS R (S:m 1)), then g € (K (S :m 1))
which is a contradiction. Thus vg & (1¢S :r (S :m I)). Now by part (ii), rgS = S
or 1gS = 0. So § € Kor 14S =0, as needed.

(i) = (iii) Let rg € (K ;g S) and S € K. If vy & (K x (S :m 1)), then
Ty € Anng(S) by part (i). Hence, (K :x S) € Anng(S). If g € (K (S:m 1)),
then (K:x §) C (K (S :m I)). Therefore, (K:x S) € Anng(S)U(K g (S:m D).
The other inclusion always holds.

(iii) = (iv) and (iv) = (i) are clear. 0
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Definition 7 Let I be a graded ideal of R. We say that a non-zero graded
submodule S of a graded R-module M is a graded 1-second submodule of M, if
satisfies the equivalent conditions of Theorem 9.

Let I be a graded ideal of R. Clearly, every graded second submodule is a
graded I-second submodule. But the converse is not true in general.

Example 3 (a) If I =0, then every graded module is a graded I-second sub-
module of itself but every graded module is not a graded second module. for
example, let G = Z3, R = Z be a G-graded ring with Ry = Z and Ry = {0}.
Then it is clear that the graded R-module M = Z[i] ={a+bi | a,b € Z} with
Mo =7Z and My =17 is not a graded second module.

(b) Let G = Z3, R = Z and M = Zq,[i] = {(_l—i-Bi | d,B € Zqz}. Then R
18 a G-graded ring with Ry = Z, Ry = {0} and M is a graded R-module with
Mo = Z12, My = iZy;. Consider the grade ideal 1 = 47 & {0} and the graded
submodule S = 37 @ {0}. Thus S is a graded 1-second submodule of M, but it
s not a graded second submodule of M.

Let 1 be a graded ideal of R and M be a graded R-module . If I = R, then
every graded submodule is a graded I-second submodule. So in the rest of this
paper we can assume that I £ R.

Theorem 10 Let M be a graded R-module and 1, ] be graded ideals of R such
that 1 C J. If S is a graded 1-second submodule of M, then S is a graded
J-second submodule of M.

Proof. The result follows from the fact that I C J implies that (r4S :x S)\
(1¢S R (S:m J)) € (1gS R S)\ (1S R (S :m 1)), for each T4 € R. O

Theorem 11 Let M be a graded R-module and g € G. If I is an ideal of Re
and S a g-I-second submodule of Re-module My which is not g-second, then
ATLTLRE(S)(S :Mg I) - S.

Proof. Assume on the contrary that Anng,(S)(S :m, 1) ¢ S. We show that
S is g-second. Let S C K for some v € R. and a submodule K of My. If
T & (K, (S:m, I)), then § is a g-I-second submodule implies that S C K or
T € Anng,(S) as needed. So assume that r € (K g, (S :m, I)). First, suppose
that v(S :m, 1) ¢ S. Then there exists a graded submodule L of M such that
S CLbut rg(S:my I) L Then v € (KNL:wk, S)\(KNL:wg, (S:m, ). So
SCKNLorry € Anng,(S) and hence S C K or 1 € Anng (S). So we can
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assume that v(S :m, I) € S. On the other hand, if Anng,(S)(S :m, 1) Z X,
then there exists t € Anng,(S) such that t & (K g, (S:m, I)). Then t + 1 €
(K R, S\ (KR, (S :my ). Thus S € Kor t+1 € Anng,(S) and hence
S C Korr € Anng,(S). So we can assume that Anng,(S)(S :m, I) € K. Since
Anng, (S)(S :m, 1) ¢ S, there exists t € Anng,(S), a submodule L of M such
that S C L and t(S :m, I) € L. Now we have r+t € (KNL:, S)\ (KNL g,
(S:my I)). So S is a g- I-second submodule gives S C KNL or r+t € Anng, (S).
Hence S C K or v € Anng, (S), as requested. O

Theorem 12 Let I be a graded ideal of R, M a graded R-module and S be a
graded submodule of M. Then we have the following.

(i) If S is a graded I-second submodule of M such that Anng((S :m 1)) C
IAnNNR(S), then Anng(S) is a graded I-prime ideal of R.

(ii) If M is a graded comultiplication R-module and Anng(S) is a graded
[-prime ideal of R, then S is a graded 1-second submodule of M.

Proof. (i) Let agbp € Anng(S) \ IAnng(S) for some ag,bn € h(R). Then
agS C (0 :m bn). As agby & IANNR(S) and Anng((S :m 1)) € IAnNR(S), we
have agbn & Anng((S :m I)). This implies that ag & ((0 :m br) = (S :m I)).
Thus ag € Anng(S) or S C (0 :;m by). Hence ag € Anng(S) or by, € Anng(S),
as needed.

(i) Let rg € (K :x S)\ (K (S :m 1)) for some 14 € h(R) and graded submodule
K of M. As M is a graded comultiplication R-module, there exists a graded
ideal ] of R such that K = (0 y J). Thus r4] € Anng(S). Since r4 ¢ (K R
(S :m 1)), we have Jrg(S :m I) # 0. This implies that Jrg & Anng((S :m I)).
Since always IAnng(S) € Anng((S :m 1)), we have rg] € IAnng(S). Thus by
assumption, 1y € Anng(S) or ] € Anng(S) andso S C (0:m J) =K. O

Proposition 4 Let M be a graded R-module and 1 a graded ideal of R. Let N
be a graded 1-second submodule of M. Then we have the following statements.

(i) If K is a graded submodule of M with K C N, then N/K is a graded
[-second submodule of M/K.

(ii) Let N be a graded finitely generated submodule of M, S C h(R) be a
multiplicatively closed subset of R with Anng(N)NS = 0. Then S™'N is
a graded S~ '1-second submodule of S~TM.
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Proof. (i) This follows from the fact that rg & (r4(S/K) & (S/K pmx 1))
implies that rg & (r4S & (S:m I)).

(ii) As Anng(N) NS = () and N is graded finitely generated, ST'N # 0. Now
the claim follows from the fact that /s & ((t/s)S™'"N g1 (SN g1 S7'I))
implies that r & (rN :x (N :pm I)). O

Proposition 5 Let I be a graded ideal of R, M and M’ be graded R-modules,
and let £ : M — M’ be an R-monomorphism. If N’ is a graded 1-second
submodule of M’ such that N’ C Im(f), then f-1(N’) is a graded I-second
submodule of M.

Proof. As N’ # 0 and N’ C Im(f), we have f~T(N’) # 0. Let Ty & (rgf_1 (N7) )
(f~1(N”) :m I)); then one can see that T4 & (TgN’ ;g (N 5 1)) using assump-
tions. Thus rgN’ = 0 or 1gN’ = N’. This implies that Tgf*](N’) = 0 or
TgfT(N’) = f~1(N’), as requested. O

Theorem 13 Let I be a graded ideal of R, My, My be graded R-modules, and
let N be a graded submodule of My. Then N@O is a graded 1-second submodule
of My @& M; if and only if N is a graded 1-second submodule of My and for
Tg € (TgN R (N iz, 1)), 7gN # 0, and 7¢N # N, we have 1y € Anng((0 mm,
1)).

Proof. (=) Let g & (tgN g (N :p, I)). Then vg € (1g(N@0) ;x (N®O :p I)).
Since N @ 0 is a graded I-second submodule, either 14(N @ 0) = N @ 0 or
T¢(N @ 0) = 0@ 0. Thus either rgN = N or 7¢N = 0, so N is graded I-second.
Now, let 1y € (rgN R (N 3, 1)), 1gN # 0, and rgN # N. Assume on the
contrary that vy € Anng((0 :pm, I)). Then there exists yn € M; such that
Iyn = 0 and rgyn # 0. This implies that v4(0,yn) € 1g(N®O0 :m )\ 1g(N @ 0).
So since N @ 0 is a graded I-second submodule, either T7¢(N @& 0) = N & 0 or
Tg(N@®0) = 0@ 0. Thus either rgN = N or 1¢N = 0, which is a contradiction.
Therefore, Ty € Anng((0 :m, 1)).

(&) Let rg & (1g(N®0) x (N@® O :m I)). Then if rgN = N or rgN = 0,
the result is clear. So suppose that 1¢N # N and rgN # 0. We show that
Tg(rgN R (N :pm, 1)) and this contradiction proves the result because N is a
graded I-second submodule of M;. Assume on the contrary that rq € (rgN
(N :pm; I)). Then by assumption, vy € Anng((0 :m, I)). This implies that
if (xn,yn) € N @ (0 :m I), then 1g4(xn,yn) € 1¢(N @ 0). Therefore, r4 €
(rg(N®0) ;g (N@O0:pm I)), which is a desired contradiction. O
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A non-zero graded R-module M is said to be graded secondary if for each
ag € h(R) the endomorphism of M given by multiplication by ag is either
surjective or nilpotent [4].

Corollary 3 Let I and P be graded ideals of R, My, M, be graded R-modules,
and let N be a graded submodule of My. Let S; (1 < i < n) be graded P-
secondary submodules of My with Y ' 1 Si = (N o, I). If N is a graded
I-second submodule of My and P C Anng((0 :m, 1)), then N @ 0 is a graded
[-second submodule of My & M;.

Proof. Let vy € (1gN g (N 13m, 1)), 7gN # 0, and r1gN # N. Then we will prove
that 1y € Anng((0 :m, I)) and hence the result is obtained by Theorem 13.
Assume on the contrary that rg  Anng((0:m, I)). Hence v ¢ P. On the other
hand, rg(3_i'; Si) = 14(N mm, I) € mgN. But Y &, Siis a graded P-secondary
submodule by [4], so either r¢(}_ ' Si) = Y i, Si or rq € P. This implies that
1gN = N or t4 € P, which is a contradiction. Thus 1y € Anng((0:m, I)). O

Theorem 14 Let | be a graded ideal of R and M be a graded R-module. Then
we have the following.

1) If N2, I"™™M = 0 and every proper graded submodule of M is graded
[-prime, then every non-zero graded submodule of M is graded 1-second.

(i) If 322,00 :m I") = M and every non-zero graded submodule of M is
graded 1-second, then every proper graded submodule of M is graded 1-
prime.

Proof. (i) Let S be a non-zero graded submodule of M, vy € (K S)\ (K
(S :m I)) for some vy € h(R) and a graded submodule K of M and r4S # 0.
If r¢S ¢ IK, then as K is graded I-prime, we have rgM € Kor § C K. If
rgM C K, then 1¢4(S :m 1) € K which is a contradiction. So S € K and we
are done. Now suppose that 14S C IK. As 14S # 0 and (oo, I"K = 0, there
exists a positive integer t such that rgS ¢ I'K. Therefore, there is a positive
integer h such that r4S C 1K but TgS Q I"K, where 2 < h < t. Thus since
["'K is graded I-prime, S € I"" 'K or tgM C MK, If tgM C I 'K, then
1¢(S :m I) € K which is a contradiction. So S C "X as needed.

(ii) Let P be a proper graded submodule of M, 14K C P\ IP for some r4 € h(R)
and a graded submodule K of M and 1¢M € P. If r4(K ;p I) € P, then as K is
graded I-second, we have rgK =0 or K C P. If rgK = 0, then rgK C IP which is
a contradiction. So K € P and we are done. Now suppose that r4(K p I) € P.
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As tgM € P and ) 77, (K ;m I™) = M, there exists a positive integer t such
that 14(K :m IY) & P. Therefore, there is a positive integer h such that r4(K :pm
I"1) C P but 14(K :m I") € P, where 2 < h < t. Thus since (K iy I"71) is
graded I-second, (K :;y I™1) C P or T¢(K :m 1 =0 If T¢(K :m 1 =o,
then 0 = 14K C IP which is a contradiction. So K C (K iy "1 C P, as
needed. O
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