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Abstract. A rectifying curve in the Euclidean 4-space E* is defined as
an arc length parametrized curve vy in E* such that its position vector
always lies in its rectifying space (i.e., the orthogonal complement NYJ‘ of
its principal normal vector field N ) in E*. In this paper, we introduce the
notion of an f-rectifying curve in E* as a curve y in E* parametrized by its
arc length s such that its f-position vector y¢, defined by y¢(s) = [ f(s)dy
for all s, always lies in its rectifying space in E*, where f is a nowhere
vanishing integrable function in parameter s of the curve y. Also, we
characterize and classify such curves in E.

1 Introduction

Let E3 denote the Euclidean 3-space. Let v : I — E3 be a unit-speed curve
(parametrized by arc length s) with at least four continuous derivatives. It is
needless to mention that I denotes a non-trivial interval in R, i.e., a connected
set in R containing at least two points. For the curve y in E3, we consider
the Frenet apparatus {Ty, Ny, By, Ky, Ty}, where T, = vy’ is the unit tangent
vector field of v, N, is the unit principal normal vector field of 'y obtained by
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normalizing the acceleration vector field Ty’7 By = T, x N, is the unit binormal
vector field of the curve y so that the Frenet frame {T,,N,,B,} is positive
definite along y having the same orientation as that of E*, and Ky: I — Ris
at least twice differentiable function with k, > 0, known as the curvature of
Y, and T, : I — R is a differentiable function, called the torsion of the curve
v. Then the Frenet formulae for the curve y are given by ([1, 2])

T;/ 0 Ky O Ty
N7 = —«x 0 N,
Bv 0O -1, O By

The planes spanned by {T,, N, }, {N,, By} and {T,, B, } are called the osculating
plane, the normal plane and the rectifying plane of the curve vy, respectively
(cf. [1, 2, 3]).

In the Euclidean 3-space E3, the notion of a rectifying curve was introduced
by B.Y. Chen in [3] as a tortuous curve whose position vector always lies in
the rectifying plane of the curve. That is, for a rectifying curve y : I — E3,
the position vector of vy can be expressed as

v(s) = Als)Ty(s) + uls)By(s), sel,

for two unique smooth functions A, u: 1 — R.

Several characterizations and classification of the rectifying curves in E3
were studied in [3, 4, 5, 6]. Meanwhile, the notion of rectifying curves were
extended to several sorts of Riemannian and pseudo-Riemannian spaces. As
for example, many interesting characterizations and classification of rectifying
curves in the higher dimensional Euclidean spaces were studied in [7, 8], and
the same in Minkowski 3-space E} were studied in [9, 10].

In [7], a rectifying curve in the Euclidean 4-space E* was defined as a curve
v : I — E* parametrized by its arc length s such that its position vector
always lies in its rectifying space, i.e., in the orthogonal complement NyL of
its principal normal vector field N,. In collateral to this, in this paper, we
introduce the notion of an f-rectifying curve in E* as a curve y : I — E*
parametrized by its arc length s such that its f-position vector, denoted and
defined by y¢(s) := [ f(s) dy for all s € I, always lies in its rectifying space.
Here f : I — R is a nowhere vanishing integrable function in arc length
parameter s of the curve y. In this regard, let us mention that non-null and
null f-rectifying curves were investigated in Minkowski 3-space E3 [11, 12] and
null f-rectifying curves were explored in Minkowski space-time E{ [13].
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In the first section, we give requisite basic preliminaries and then introduce
the notion of f-rectifying curves in E*. Thereafter, the second section is devoted
to investigate some geometric characterizations of f-rectifying curves in E*. In
the concluding section, we attempt for some classification of f-rectifying curves
in terms of their f-position vectors in E*. Finally, we cite an example of an
f-rectifying curve lying wholly in E*. This is how this paper is organised.

2 Preliminaries

The Euclidean 4-space E* is the four dimensional real vector space R* equipped
with the standard inner product (-,-) defined by

4
<V, W> = Zviwi
i=1

for all vectors v = (v1,v2,Vv3,V4),w = (Wi, Wy, w3, wy) € R* As usual, the
norm or length of a vector v = (v1,v3,v3,v4) € R* is denoted and defined by

VIF =/ {v,v) =

Let v : ] — E* be an arbitrary smooth curve in E* parametrized by t and y’
stands for its velocity vector field. If we change the parameter t by arc length
function s = s(t) based at some ty € | given by s(t) = f,:o Iy (w)|| du such
that (y’(s),y’(s)) =1 for all possible s, then vy is a curve in E* parametrized
by arc length s or a unit-speed curve in E*. We may assume that v is at least
4-times continuously differentiable. Now, let T, N, By, and By, denote the
unit tangent vector field, the unit principal normal vector field, the unit first
binormal vector field and the unit second binormal vector field of the curve y
in E*, respectively, so that for each s € I, the set {Ty(s)y Ny (s),By;(s), By,(s)}
forms an orthonormal basis for E* at the point y(s). Also, let Kyqs Ky, and
Ky3 denote the first curvature, the second curvature and the third curvature of
the curve y in E*, respectively. Thus {Ty, Ny, By, sz} is the dynamic Frenet
frame along the curve y having the same orientation as that of E*. Then the
Frenet formulae for the curve y are given by ([14, 15])

T}ﬁ/ 0 Ky 0 0 T,
Nv —Kyq 0 Ky, 0 Ny

(1)

By; 0 —ky, O Kys B,
By, 0 0 —kyy O By,

—_
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From the above formulae, it follows that ky; # 0 if and only if the curve y
lies wholly in E*. This is equivalent to saying that Kyz = 0 if and only if the
curve 7y lies wholly in a hypersurface in E* (cf. [14, 15]). We recall that the
hypersurface in E* defined by

(1) == {VEIE4 : (v, V) :1}

is called the unit-sphere with centre at the origin in E*. We also recall that
the rectifying space of the curve vy is the orthogonal complement NyL of its
principal normal vector field N, defined by

Nt={ve B v N,) =0}

Consequently, Ny at each pomt y( ) on 7y is a three dimensional subspace of
E* spanned by {T }

3 f-rectifying curves in E*

As defined in [7], a unit-speed curve y : I — E* (parametrized by arc length
function s) is a rectifying curve if and only if its position vector always lies in
its rectifying space, i.e., if and only if its position vector can be expressed as

Y(s) = A(s)Ty(s) + m1(s)By;(s) + m2(s)By,(s)

for some differentiable functions A, u, 1y : I — R in parameter s, for each
s € 1. Now, for some nowhere vanishing integrable function f : I — R in
parameter s, the f-position vector of v in E* is denoted and defined by

Yi(s) == Jf(S) dy

for all s € 1. Here the integral sign is used in the sense that vy is an integral
curve of the vector field fT, and after differentiating the previous equation we
find y{(s) = f(s)T,(s) for all s € I. Keeping in mind this notion of position
vector of a curve in E*, we define an f-rectifying curve in E* as follows:

Definition 1 Let v : I — E* be a unit-speed curve (parametrized by arc
length function s) with Frenet apparatus {Ty, Ny, By, By, Kyqy Kygy Ky3}. Also,
let f: 1 — R be a nowhere vanishing integrable function in parameter s with at
least twice differentiable primitive function F. Then 7y is called an f-rectifying
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curve in B* if its f-position vector yv¢ always lies in its rectifying space in E*,
i.e., if its f-position vector y¢ in E* can be expressed as

Yils) = A(s)Ty(s) + i (s)Byq(s) + 12(s)By,(s) (2)

for all s € 1, where A1, 112 : I — R are three unique smooth functions in
parameter s.

4 Some geometric characterizations of f-rectifying
curves in E*

In this section, we characterize unit-speed f-rectifying curves in E* in terms
of their curvatures and components of their f-position vectors. First, in the
following theorem, we establish a necessary as well as sufficient condition for
a unit-speed curve in E* to be an f-rectifying curve.

Theorem 1 Lety: 1 — E* be a unit-speed curve (parametrized by arc length
s), having nowhere vanishing curvatures Ky,, Ky, and Ky;. Also, let f: 1 — R
be a nowhere vanishing integrable function in parameter s with at least twice
differentiable primitive function F. Then, up to isometries of E*, v is congruent
to an f-rectifying curve in E* if and only if the following equation is satisfied:

d [ Kyy(s)
d E(QL(s)F(S)) Kyq(8)Ky;(s)
_|_
ds Ky3(s) Ky, (s)

F(s) =0 (3)

for alls € 1.

Proof. Let us first assume that y : I — E* be an f-rectifying curve having
nowhere vanishing curvatures ky;, Ky, and Ky;. Then for some differentiable
functions A, w1, 1y : I — R in parameter s, its f-position vector vy satisfies
equation (2). Differentiating (2) and then applying (1), we obtain

f(s)Ty(s) = A(s)Ty(s) + (A(s)ky(s) — mi(s)Ky,(s)) Ny(s) (4)
+ (11(s) — m2(8)Ky;(s)) By (s)
+ (1a(s) + 11 (s)Kky;(s)) By, (s)
for all s € I. Equating the coefficients from both sides of (4), we get
N(s) = f(s),

(s)
1 (s) — a(s)kys(s) = 0,
3 (s) (s) =0

+
=
w
~
2
w
2]
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for all s € I. From first three equations of (5), after some steps, we find

A(s) = F(s),
~ Ky(s)

H](S) — KYZ(S)F(S)) (6)
_ 1 d (ky(s) >

ls) = s o (m(sJF(S)

for all s € I. Substituting (6) in the fourth one of (5), we obtain

Ky (s
a (&)Y | enlsonto) o
ds Ky (s) Ky, (s)

for all s € I.

Conversely, we assume that y : I — E*is a unit-speed curve having nowhere
vanishing curvatures Ky;, Ky, and Ky;, and f: [ — R is a nowhere vanishing
integrable function in parameter s with at least twice differentiable primitive
function F such that the equation (3) is satisfied.

Let us define a vector field V along v by

VIS) = ()= FsITys) = 21T Fs) By ) ™
v2(s)
1 d [ Ky;(s)
e ds (e ) Bt

for all s € 1. Differentiating (7) and then applying (1) and (3), we find that
V’(s) =0 for all s € I. This implies that V is constant along 'y. Hence, up to
isometries of E*, v is congruent to an f-rectifying curve in E*. O

Remark 1 For an f-rectifying curve in E*, if all of its curvature functions
Kyp, Ky, and Ky are non-zero constants, say, Ky,(s) = a1 #0, ky,(s) = az #0
and Ky5(s) = a3 # 0 for all s € 1, then from (3), we obtain

F”(s) 4 a3F(s) = 0. (8)

If f is non-zero constant or linear, then from (8) we find a3 = 0 which is
a contradiction. Again, if T is non-linear, then from (8) we find az is non-
constant which is also a contradiction.

According to the above remark, we have the following theorem:
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Theorem 2 Lety:1 — E* be a unit-speed curve having nowhere vanishing
curvatures Ky;, Ky, and Kys- Then v is not congruent to an f-rectifying curve
for any choice of f if and only if all of its curvatures Ky, Ky, and Ky; are
constants.

Now, it may happen that any two among the three nowhere vanishing curva-
tures Ky, Ky, and Ky; are constants. Then, as some immediate consequences of
Theorem 1, the following theorem provides some characterizations regarding
the non-constant one.

Theorem 3 Lety:1 — E* be a unit-speed curve (parametrized by arc length
s), having nowhere vanishing curvatures Ky,, Ky, and Ky;. Also, let f: 1T — R
be a nowhere vanishing integrable function in parameter s with at least twice
differentiable primitive function F. We have the following:

(i) If the first curvature Ky, and the second curvature Ky, are constants,
then v is congruent to an f-rectifying curve in E* if and only if the third
curvature Ky; satisfies the following differential equation:

Ky3()F”(8) — ky5(s)F/(s) + Ky3(s)F(s) = 0.

(ii) If the first curvature ky, and the third curvature ky;(= a) are constants,
theny is congruent to an f-rectifying curve in E* if and only if the second
curvature Ky, satisfies the following differential equation:

& (L) T o

ds? Ky, (s) Ky, (s)

(iii) If the second curvature Ky, and the third curvature Ky(= a) are con-
stants, then y is congruent to an f-rectifying curve in E* if and only if
the first curvature Ky, satisfies the following differential equation:

dZ

<7 (K (S)F(s)) + a’ky, (s)F(s) = 0.

Analogous characterizations can be derived as consequences of Theorem 1
when any one of Ky, Ky, or Ky; is a constant.

Next, in the following theorem, we characterize unit-speed f-rectifying curves
in E* in terms of norm functions, tangential, normal, first and second binormal
components of their f-position vectors.
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Theorem 4 Lety:1 — E* be a unit-speed curve (parametrized by arc length
s), having nowhere vanishing curvatures Ky,, Ky, and Ky;. Also, let f: 1T — R
be a nowhere vanishing integrable function in parameter s with at least twice
differentiable primitive function F. If v is an f-rectifying curve in E*, then the
following statements are true:

(i) The norm function p = ||y¢|| is given by

p(s) = /F2(s) + 2
for all s € 1, where ¢ is a non-zero constant.

ii) The tangential component (ys, T) of the f-position vector ys of y is given
Y
by
(ve(s), Ty(s)) = F(s)

for all s € 1.

(iii) The normal component nyY of the f-position vector y¢ of vy has constant
length and the norm function p is non-constant.

(iv) The first binormal component <yf,By]> and the second binormal com-
ponent <yf, By2> of the f-position vector v of vy are respectively given

by
(1(5), By 1) = 25 Fi)
{(y£(5), By,(s)) = p ](S) % <i“8 F(s)>
Y3 Y2
for all s € 1.

Conversely, if v : 1 — E* is a unit-speed curve (parametrized by arc length
s), having nowhere vanishing curvatures Ky, Ky, and Kys, and f : I — R
s a nowhere vanishing integrable function in parameter s with at least twice
differentiable primitive function F such that any one of the statements (i), (ii),
(iii) or (iv) is true, then vy is an f-rectifying curve in E*.

Proof. Let us first assume that y : I — E* is an f-rectifying curve having
nowhere vanishing curvatures Ky;, Ky, and ky;. Then for some differentiable
functions A, w1, w2 : I — R in parameter s, the f-position vector vy of the



200 Z. Igbal, J. Sengupta

curve vy in E* satisfies equation (2) and from the proof of Theorem 1, we have
(5) and (6). Now, from last two equations of (5), we easily find

wi(s)pg(s) + pa(s)uy(s) =0

for all s € I. Integrating previous equation, we obtain

wi(s) + p3(s) = ¢ 9)
for all s € I, where ¢ is an arbitrary non-zero constant. We have the following:
(i) Using (2), (6) and (9), the norm function p = ||y¢|| is given by

p2(s) = lve(s)|* = (ye(s),vils)) = F2(s) + c2,

i.e.,
o(s) = 1/F2(s) + c?
for all s € I, where c is a non-zero constant.

(ii) Using (2) and (6), the tangential component (y¢, T,) of ¢ is given by

(vels), Ty(s)) = A(s) = F(s)

for all s € I.

(iii) An f-position vector ot of an arbitrary curve « : ] — E* can be decom-
posed as N
xf(t) = v(t) Ty (t) + o (1), te],

for some differentiable function v : I — R, where OLFY denotes the normal

component of . Here, v is an f-rectifying curve in E* and hence from (2), it
Y

is evident that the normal component ny of ys is given by

YR () = wi(5)Byy(s) + 12(s)By,(s)

for all s € I. Therefore, we have

Hyf ” = \/< )Yf (s )> = /13 (s) + pi(s)

for all s € 1. Now, by using (9), we see that HnyY(S)H = c. This implies that

y? Y has constant length. Furthermore, from statement (i), it follows that the
norm function p = ||y¢|| is non-constant.
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(iv) Using (2) and (6), the first binormal component (v, By;) of s is given
by

Kyi(s)
Ky, (s)

(v¢(s),Byq(s)) = mi(s) = F(s)

for all s € I, and the second binormal component <yf, By2> of 'y is given by

(e(s), Byy(s)) = pa(s) = — d(KY‘(S)F(sQ

Ky;(s) ds Ky, (s)

for all s € I.

Conversely, we assume that y : I — E*is a unit-speed curve having nowhere
vanishing curvatures ky;, Ky, and Ky, and f: I — R is a nowhere vanishing
integrable function in parameter s with at least twice differentiable primitive
function F such that statement (i) or statement (ii) is true. For statement (i),
we have

(ve(s),v¢(s)) = FA(s) + c?

for all s € I, where c is a non-zero constant. On differentiation of last equation,
we obtain

(ve(s), Ty(s)) = F(s) (10)

for all s € I. So in either case we have equation (10). Differentiating (10) and
by using (1), we finally obtain

(v(s),Ny(s)) =0

for all s € 1. This asserts us that y is an f-rectifying curve in E*.

Next, we assume that statement (iii) is true. Then ||y?JY | = c, say. Now, the

Y is given by

N
normal component Y¢
Yels) = F(s) Ty(s) + v} (s)
for all s € I. Therefore, we have
(vels)y ve(s)) = (yels), Ty(s))? + ¢

for all s € I. Differentiating previous equation and using (1), we obtain

(ve(s),Ny(s)) =0

for all s € I. This implies that v is an f-rectifying curve in E*.
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Finally, we assume that statement (iv) is true. Then we have

(1(s) By s1) = L) (1)
B 1T d [(ky(s) )
(9 Bats)) = s (g e (12)

for all s € I. Differentiating (11) and using (1), we obtain

() (2(8), Ny (1) + ya(s) (Ye(s), By (s)) = 2 (K” (s) F(s))

~ds \ky,(s)
for all s € I. From the equations (12) and last equation, we find

(v¢(s),Ny(s)) =0

for all s € I. Consequently, v is an f-rectifying curve in E*. O

5 Classification of f-rectifying curves in E*

In many papers, e.g., [3, 7, 8, 9], several interesting results were found primarily
attempting towards the classification of the rectifying curves which are mostly
based on their parametrizations. In this section we attempt for the same in
the case of unit-speed f-rectifying curves in E* but this classification is totally
based on the parametrizations of their f-position vectors.

Theorem 5 Lety : 1 — E* be a unit-speed curve (parametrized by arc length
s) having nowhere vanishing curvatures Ky, Ky, and Ky;, and let f: 1 — R
be a nowhere vanishing integrable function in parameter s with at least twice
differentiable primitive function F. Theny is an f-rectifying curve in E* if and
only if, up to a parametrization, its f-position vector y¢ is given by

a(t) (13)

C
cos (t + arctan (@))

for all t € J, where ¢ is a positive constant, so € 1 and « : ] — S3(1) is a
unit-speed curve having t: 1 — | as arc length function based at sg.

vi(t) =

Proof. Let us first assume that v : I — E* be an f-rectifying curve hav-
ing nowhere vanishing curvatures Ky, Ky, and ky;. Then from the proof of
Theorem 4, we have

p(s) = 1/F2(s) + c? (14)
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for all s € I, where we may choose ¢ as a positive real constant. Now, we define
a new curve « in E* by

x(s) := —— v¢(s) (15)

for all s € I. Then we find
(oes), &(s)) =1 (16)

for all s € I. Therefore, « is a curve whose trace is lying wholly in the unit
sphere S3(1). Differentiating (16), we get

(a(s),&’(s)) =0, (17)

for all s € I. Now, from (14) and (15), we have

vi(s) = a(s)y/F2(s) + c? (18)

for all s € I. Differentiating (18), we find

2(s 2. (s f(s (s)
f(s)T- s)y/F*(s) +¢ CIOET: (19)

for all s € I. Using (16), (17) and (19), we obtain

c2 f2(s)

<0¢ (s), & (S)> = W

for all s € I. Therefore, we get

cf(s)

|/ (s)|| = /(' (s), &' (5)) = 2+

for all s € I. Let sp € I and t: I — ] be arc length function of & based at sg
given by

t:J o’ ()| .

Then we find

5 cf(u)
t:J ————du
s F2(u) +c?

- t = arctan ( S)> — arctan <F(SO)>
c c
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= F(s) =c tan <t + arctan <F(20)>) .

Substituting previous equation in (18), we obtain the f-position vector of y as
follows:
c

Yil(t) = F(SO)))

o(t)
coS (t -+ arctan ( c

for all t € J.

Conversely, let v be a curve in E* such that its f-position vector vy is given
by (13), where c is a positive constant, sp € Tand « : ] — S3(1) is a unit-speed
curve having t : I — J as arc length function based at sy. Differentiating (13),
we obtain

so

csin (t + arctan (

cos? (t + arctan (F(z‘)) ))

pul

o
~—
~—

c
cos (t -+ arctan (M>>

o/(t) (20)

C

for all t € J. Since « is a unit-speed curve in the unit-sphere S*(1), we have
(o' (1), (t)) =1, (x(t), x(t)) = 1 and consequently (x(t),a’(t)) = 0 for all
t € J. Therefore, from (13) and (20), we have

CZ
<Yf(t)>Yf(t)> = cos? (t + arctan (F(zo))) )
/ B ¢? sin (t + arctan (F(z‘))))
(reft)vilt)) = cos> (t + arctan (F(EO))) | o
’ / . CZ
<Yf(t)’Yf(t)> B cos? (t -+ arctan (F(z")))

for all t € J]. We may reparametrize y by

t = arctan <F(S)) — arctan (F(SO)) .
¢ c
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Then s becomes arc length parameter of v and equations (21) reduce to

2

cor? (arctan (2]}

. ¢? sin (arctan (T)))
<Yf(3),w(3)> cos3 (arctan( cs >> -
CZ

<Y§(S)>Y§(S)> B cos* (arctan (@)>

(ve(s),ve(s)) =

v

for all s € I. Now, the normal component ylf\] of y¢ is given by

(vels), vi(s))?
(vi(s),vi(s))

for all s € I. Then substituting (22) in last equation, we obtain

(), (5)) = (el vels)) -

9(v?(),vf ) Hv

for all s € I. This implies that ny Y has a constant length. Also, the norm
function p is given by

c

p(s) = g (vels),vels)) = o (arctan (@))

for all s € I, and it is non-constant. Hence, by applying Theorem 4, we conclude
that v is an f-rectifying curve in E*. O

Finally, we cite an example of an f-rectifying curve lying wholly in E*.

Example 1 Let y be a unit-speed curve (parametrized by arc length s) in

E*. Let f be a nowhere vanishing integrable function in parameter s defined
by
f(s) :=exps.

Then its primitive function F is given by

F(s) = exps + ¢y,
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where c; is an arbitrary constant. We choose ¢ = 0 and substitute

F(s) = tan <t + arctan <F(]O))> = tan (t + ;—t) ,

ie.,

s—ln‘tan(t—i—E)’
— 7))

Now, let, up to a parametrization, the f-position vector ys of y is given by

1
Ye(t) = —F—5 alt)
cos (t+ %) ’
where « be a curve in E* defined by
a(t) := — (sint,cost,sint,cost).

V2

Evidently, we have (x(t), «(t)) =1 and (o/(t), &’(t)) =1 for all t. Therefore,
o is a unit-speed curve in S3(1) having t as arc length function based at 0.
Consequently, v is an f-rectifying curve and, up to a parametrization, it is

given by
n 1 —sin2t
’ cos 2t )

Note: Examples of curves in E* which are not f-rectifying for any choice of
f are trivial and can be easily constructed by violating the condition stated
in Theorem 1. For example, according to Theorem 2 (which is an immediate
consequence of Theorem 1), curves in E* having non-zero constant first, second
and third curvatures are not f-rectifying.

v(t) = 1 (111‘1 +sin 2t

2 cos 2t

1 —sin2t 1+ sin 2t
’ cos2t |’ cos 2t
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