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Abstract. In this paper, we prove some new integral inequalities for
s-convex function on time scale. We give results for the case when time
scale is R and when time scale is N.

1 Introduction

The study of various types of integral inequalities for convex functions has been
the focus of great attention for well over a century by a number of scientists,
interested both in pure and applied mathematics. Out of these inequalities
Ostrowski inequality and Hermite-Hadamard inequality are the most common
inequalities. These two inequalities have applications in numerical analysis,
probability, optimization theory, stochastic, statistics, information and inte-
gral operator theory. Also these inequalities have various implementation in
trapezoid, Simpson and quadrature rules, etc. The basic definitions of Os-
trowski and Hermite-Hadamard inequalities are as follows.

The Ostrowski inequality [21] for a differetiable mapping g on the interior
of an interval ᵀ with | g ′ (c)| ≤ M, where g ′ implies first derivative of g, is
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defined as:

∣∣∣∣g(k) − 1

b2 − b1

∫b2
b1

g(c)dc

∣∣∣∣ ≤M(b2 − b1)

1
4
+

(
k− b1+b2

2

)2
(b2 − b1)2

 , (1)

for b1 < b2 ∈ ᵀ. This inequality gives an upper bound for the approximation of
the integral average − 1

b2−b1

∫b2
b1
g(c)dc by the value g(c) at point c ∈ [b1, b2].

The above inequality is then further generalized by researchers. For instance
see [2, 6, 19]. On the other hand, for a convex function g : ᵀ → R on an
interval ᵀ, the Hermite-Hadamard inequality [10, 11] is defined as:

g

(
b1 + b2
2

)
≤ 1

b2 − b1

∫b2
b1

g(c)dc ≤ g(b1) +g(b2)
2

, (2)

for all b1, b2 ∈ ᵀ with b1 < b2. The inequality (2) is the special case of Jensen
inequality. For more generalizations and details see [9, 13, 14, 15, 16, 17, 18, 20].

During last few decades, the inequalities (1) and (2) have been proved on
time scale, see [1, 3, 7, 8, 23] for more information. Of course the role of
inequalities (1) and (2) on time scales are similar as in usual sense. Here we
prove some Ostrowski and Hermite-Hadamard’s type inequalities for s-convex
functions on time scale. We also extend the results given in [22]. In [22], Tahir
et. al. proved several useful identities for convex functions on time scales. By
using some of these identities we find certain useful inequalities for s-convex
functions. Our work has many mathematical applications and has flexibility
to extend it for more useful results.

2 Preliminaries

A time scale is a nonepmty closed subset T of R. Most common examples are
R and N.

The forward and the backward jump operators respectively, denoted by σ
and ρ, are defined as:

σ(k) = inf{c ∈ T : c > k}, ρ(k) = sup{c ∈ T : c < k},

for all k ∈ T.
The number k is called right-scattered if σ(k) > k and is called left scattered

if ρ(k) < k. Moreover, k is called isolated if both the right-scattered and the
left-scattered. Similarly, the number k is called right dense or left dense if
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σ(k) = k or ρ(k) = k, respectively. Furthermore, k is called dense if it is right
dense and left dense simultaneously.

The mappings µ, τ : T→ [0,∞) defined by

µ(k) := σ(k) − k, τ(k) := k− ρ(k),

are known as forward and backward graininess functions, respectively.
A function g : T→ R is called rd-continuous Crd if it is continuous at right-

dense points of T and its left-sided limits exist (finite) at left-dense points of
T.

If g ∈ Crd and k1 ∈ T, then we have

F(k) =

∫k
k1

g(c)∆c, k ∈ T.

That is, for g ∈ Crd implies
∫b2
b1
g(c)∆c = F(b1) − F(b2), where F∆ = g.

Theorem 1 ([4]) Let b1, b2, b3 ∈ T, g,g1,g2 ∈ Crd, $ ∈ R and σ is forward
jump operator, then

(i).
∫b2
b1
(g1(c) +g2(c))∆c =

∫b2
b1
g1(c)∆c+

∫b2
b1
g2(c)∆c;

(ii).
∫b2
b1
$g (c)∆c = $

∫b2
b1
g(c)∆c;

(iii).
∫b1
b2
g(c)∆c = −

∫b2
b1
g(c)∆c;

(iv).
∫b2
b1
g(c)∆c =

∫b3
b1
g(c)∆c+

∫b2
b3
g(c)∆c;

(v).
∫b2
b1
gσ1 (c)g

∆
2 (c)∆c = (g1g2)(b2) − (g1g2)(b1) −

∫b2
b1
g∆1 (c)g2 (c)∆c;

(vi).
∫b2
b1
g1(c)g∆2 (c)∆c = (g1g2)(b2) − (g1g2)(b1) −

∫b2
b1
g∆1 (c)g

σ
2 (c)∆c;

(vii).
∫b1
b1
g(c)∆c = 0;

(viii). If g(c) ≥ 0 for all c, then
∫b2
b1
g(c)∆c ≥ 0;

(ix). If |g1 (c)| ≤ g2(c) on [b1, b2], then∣∣∣∣∫b2
b1

g1(c)∆c

∣∣∣∣ ≤ ∫b2
b1

g2(c)∆c.
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From Theorem 1 (ix), for g2(c) = |g1 (c)| on [b1, b2], we have∣∣∣∣∫b2
b1

g(c)∆c

∣∣∣∣ ≤ ∫b2
b1

|g (c)|∆c.

Definition 1 ([12]) Consider a time scale T and s ∈ (0, 1]. A function g :
ᵀ ⊂ T → R0, where R0 = [0,∞), is called s-convex function in second sense,
if

g (tb1 + (1− t)b2) ≤ ts g (b1) + (1− t)s g (b2), (3)

for all b1, b2 ∈ ᵀ and t ∈ [0, 1].

3 Main results

First we prove the following identity.

Lemma 1 Consider a time scale T and ᵀ = [b1, b2] ⊆ T such that b1 < b2 ∈
T. Let g : ᵀ → R be a delta differentiable mapping on ᵀo, where ᵀo is the
interior of ᵀ. If g∆ ∈ Crd then following equality holds:

g(b1) +g(b2)
2

−
1

b2 − b1

∫b2
b1

gσ(c)∆c

=
1

2(b2 − b1)

[ ∫b2
b1

(c− b1)g
∆ (c)∆c−

∫b2
b1

(b2 − c)g
∆ (c)∆c

]
.

(4)

Proof. By using the formula∫b2
b1

g1(c)g
∆
2 (c)∆c(g1g2)(b2) − (g1g2)(b1) −

∫b2
b1

g∆1 (c)g
σ
2 (c)∆c,

with g1(c) =
c−b1
b2−b1

, g2(c) = g(c) in first integral and g1(c) =
c−b2
b1−b2

, g2(c) =
g(c) in second integral , we have∫b2

b1

c− b1
b2 − b1

g∆ (c)∆c−

∫b2
b1

c− b2
b1 − b2

g∆ (c)∆c

=

[
g(b2) −

1

b2 − b1

∫b2
b1

gσ(c)∆c

]
−

[
−g (b1) +

1

b2 − b1

∫b2
b1

gσ(c)∆c

]
= g(b1) +g(b2) −

2

b2 − b1

∫b2
b1

gσ(c)∆c.

(5)
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Then by multiplying 1
2 on both sides of equation (5), we get the required

equality (4) (also see the proof of Lemma 3.1 in [5]). �

Corollary 1 Let T = R in Lemma 1, then we have

g(b1) +g(b2)
2

−
1

b2 − b1

∫b2
b1

g(c)dc

=
1

2(b2 − b1)

[ ∫b2
b1

(c− b1)g
′ (c)dc−

∫b2
b1

(b2 − c)g
′ (c)dc

]
.

(6)

Corollary 2 Let T = N in Lemma 1. Let b1 = 0, b2 = d, c = x and g(k) =
ck, then

c0 + cd
2

−
1

d

d∑
x=0

cx =
1

2d

[
d−1∑
x=0

x∆cx −

d−1∑
x=0

(d− x)∆cx

]
. (7)

Corollary 3 Under the assumptions of Lemma 1, we have

g(b1) +g(b2)
2

−
1

b2 − b1

∫b2
b1

gσ(c)∆c

=
b2 − b1
2

[ ∫ 1
0

tg∆ (tb2 + (1− t)b1)∆t−

∫ 1
0

tg∆ (tb1 + (1− t)b2)∆t

]
.

(8)

Proof. In Lemma 1 using change of variable method, that is, by taking t =
c−b1
b2−b1

, we find∫b2
b1

c− b1
b2 − b1

g∆ (c)∆c = (b2 − b1)

∫ 1
0

tg∆ (tb2 + (1− t)b1)∆t. (9)

Similarly, by taking t = c−b2
b1−b2

, we get∫b2
b1

c− b2
b1 − b2

g∆ (c)∆c = (b2 − b1)

∫ 1
0

tg∆ (tb1 + (1− t)b2)∆t. (10)

Hence by using (9) and (10), we get the required equality (8). �

Theorem 2 Consider a time scale T and ᵀ = [b1, b2] ⊆ T such that b1 <
b2 ∈ T. Let g : ᵀ→ R be a delta differentiable mapping on ᵀo, where ᵀo is the
interior of ᵀ. If |g∆ | is s-convex then following inequality holds:



244 N. Mehreen, M. Anwar∣∣∣∣g(b1) +g(b2)2
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣ ≤ b2 − b12
λ1

(
|g∆ (b2)|+ |g∆ (b1)|

)
,

(11)

where

λ1 =

∫ 1
0

(ts+1 + t(1− t)s)∆t.

Proof. Using Corollary 3, property of modulus and convexity of |g∆ |, we find∣∣∣∣g(b2) +g(b1)2
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣
≤ b2 − b1

2

[ ∫ 1
0

t|g∆ (tb2 + (1− t)b1)|∆t

+

∫ 1
0

t|g∆ (tb1 + (1− t)b2)|∆t

]
≤ b2 − b1

2

[ ∫ 1
0

t{ts|g∆ (b2)|+ (1− t)s|g∆ (b1)|}∆t

+

∫ 1
0

t{ts|g∆ (b1)|+ (1− t)s|g∆ (b2)|}∆t

]
=
b2 − b1
2

[(
|g∆ (b2)|+ |g∆ (b1)|

) ∫ 1
0

(ts+1 + t(1− t)s)∆t

]
=
b2 − b1
2

λ1

(
|g∆ (b2)|+ |g∆ (b1)|

)
.

(12)

Hence the proof. �

Remark 1 If T = R, then inequality (11) becomes:∣∣∣∣g(b1) +g(b2)2
−

1

b2 − b1

∫b2
b1

g(c)dc

∣∣∣∣≤ b2 − b12(s+ 1)

(
|g ′ (b2)|+ |g ′ (b1)|

)
. (13)

Theorem 3 Consider a time scale T and ᵀ = [b1, b2] ⊆ T such that b1 <
b2 ∈ T. Let g : ᵀ → R be a delta differentiable mapping on ᵀo, where ᵀo is
the interior of ᵀ. If | g∆ |q is s-convex, for q > 1 such that 1

r +
1
q = 1, then

following inequality holds:
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−

1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣
≤ b2 − b1

2

(∫ 1
0

tr∆t

) 1
r

×

[(∫ 1
0

(
ts|g∆ (b2)|

q + (1− t)s|g∆ (b1)|
q
)
∆t

) 1
q

+

(∫ 1
0

(
ts|g∆ (b1)|

q + (1− t)s|g∆ (b2)|
q
)
∆t

) 1
q

]
.

(14)

Proof. Using Corollary 3, property of modulus, Holder’s integral inequality
and convexity of |g∆ |q, we find∣∣∣∣g(b2) +g(b1)2

−
1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣
=
b2 − b1
2

∣∣∣∣ ∫ 1
0

tg∆ (tb2 + (1− t)b1)∆t−

∫ 1
0

tg∆ (tb1 + (1− t)b2)∆t

∣∣∣∣
≤ b2 − b1

2

[∣∣∣∣∫ 1
0

tg∆ (tb2+(1−t)b1)∆t

∣∣∣∣+ ∣∣∣∣∫ 1
0

tg∆ (tb1 + (1−t)b2)∆t

∣∣∣∣]

≤ b2 − b1
2

(∫ 1
0

tr∆t

) 1
r
[(∫ 1

0

∣∣∣g∆(tb2 + (1− t)b1)
∣∣∣∆tq) 1

q

+

(∫ 1
0

∣∣∣g∆(tb1 + (1− t)b2)
∣∣∣q∆t) 1

q
]

≤ b2 − b1
2

(∫ 1
0

tr∆t

) 1
r

[(∫ 1
0

(
ts|g∆ (b2)|

q + (1− t)s|g∆ (b1)|
q
)
∆t

) 1
q

+

(∫ 1
0

(
ts|g∆ (b1)|

q + (1− t)s|g∆ (b2)|
q
)
∆t

) 1
q

]
.

(15)

Hence the proof. �

Remark 2 If T = R, then inequality (14) becomes∣∣∣∣g(b1) +g(b2)2
−

1

b2 − b1

∫b2
b1

g(c)dc

∣∣∣∣≤ b2 − b1

(r+ 1)
1
r

(
|g ′ (b1)|

q + |g ′ (b2)|
q

s+ 1

) 1
q

.

(16)
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Lemma 2 Consider a time scale T and ᵀ = [b1, b2] ⊆ T such that b1 < b2 ∈
T. Let g : ᵀ → R be a delta differentiable mapping on ᵀo, where ᵀo is the
interior of ᵀ. If g∆ ∈ Crd then following equality holds:

g

(
b1 + b2
2

)
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

=

∫ b1+b2
2

b1

c− b1
b2 − b1

g∆ (c)∆c+

∫b2
b1+b2

2

(
c− b1
b2 − b1

− 1

)
g∆ (c)∆c.

(17)

Proof. By using the formula∫b2
b1

g1(c)g
∆
2 (c)∆c = (g1g2)(b2) − (g1g2)(b1) −

∫b2
b1

g∆1 (c)g
σ
2 (c)∆c,

with g1(c) = c−b1
b2−b1

, g2(c) = g(c) in first integral and g1(c) = c−b1
b2−b1

− 1,
g2(c) = g(c) in second integral, we have

∫ b1+b2
2

b1

c− b1
b2 − b1

g∆ (c)∆c+

∫b2
b1+b2

2

c− b2
b2 − b1

g∆ (c)∆c

=
1

2
g

(
b1 + b2
2

)
−

1

b2 − b1

∫ b1+b2
2

b1

gσ(c)∆c

+
1

2
g

(
b1 + b2
2

)
−

1

b2 − b1

∫b2
b1+b2

2

gσ(c)∆c

= g

(
b1 + b2
2

)
−

1

b2 − b1

∫b2
b1

gσ(c)∆c.

(18)

Hence the proof. �

Corollary 4 Let T = R in Lemma 2, then

g

(
b1 + b2
2

)
−

1

b2 − b1

∫b2
b1

g(c)dc

=

∫ b1+b2
2

b1

c− b1
b2 − b1

g ′ (c)dc+

∫b2
b1+b2

2

(
c− b1
b2 − b1

− 1

)
g ′ (c)dc.

(19)
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Corollary 5 Let T = N in Lemma 2. Let b1 = 0, b2 = d(with d is even),
c = x and g(k) = ck, then

cd
2
−
1

d

d∑
x=0

cx =
1

d

d
2
−1∑
x=0

x∆c+
1

d

d−1∑
x=d

2

(x− d)∆c. (20)

Corollary 6 Under the assumptions of Lemma 2, we have

g

(
b1 + b2
2

)
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

= (b2 − b1)

[ ∫ 1/2
0

tg∆ (tb2 + (1− t)b1)∆t

+

∫ 1
1/2

(t− 1)g∆ (tb2 + (1− t)b1)∆t

]
.

(21)

Proof. In Lemma 2 using change of variable method, that is, by taking t =
c−b1
b2−b1

, we find∫ b1+b2
2

b1

c− b1
b2 − b1

g∆ (c)∆c = (b2 − b1)

∫ 1/2
0

tg∆ (tb2 + (1− t)b1)∆t, (22)

and∫b2
b1+b2

2

(
c− b1
b2 − b1

−1

)
g∆ (c)∆c = (b2 − b1)

∫ 1
1/2

(t− 1)g∆ (tb2 + (1− t)b1)∆t.

(23)

Hence by using (22) and (23), we get the required equality (21). �

Theorem 4 Consider a time scale T and ᵀ = [b1, b2] ⊆ T such that b1 <
b2 ∈ T. Let g : ᵀ→ R be a delta differentiable mapping on ᵀo, where ᵀo is the
interior of ᵀ. If |g∆ | is s-convex then following inequality holds:∣∣∣∣g(b1 + b22

)
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣≤(b2−b1)
(
H1|g

∆ (b2)|+H2|g
∆ (b1)|

)
,

(24)

where

H1 =

∫ 1
2

0

ts+1∆t+

∫ 1
1
2

ts(1− t)∆t, and H2 =

∫ 1
2

0

t(1− t)s∆t+

∫ 1
1
2

(1− t)s+1∆t.
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Proof. Using Corollary 6, property of modulus and s-convexity of | g∆ |, we
find ∣∣∣∣g(b1 + b22

)
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣
≤ (b2 − b1)

[ ∫ 1/2
0

t|g∆ (tb2 + (1− t)b1)|∆t

+

∫ 1
1/2

|t− 1||g∆ (tb2 + (1− t)b1)|∆t

]
≤ (b2 − b1)

[ ∫ 1/2
0

t
(
ts|g∆ (b2)|+ (1− t)s|g∆ (b1)|

)
∆t

+

∫ 1
1/2

(1− t)|
(
ts|g∆ (b2)|+ (1− t)s|g∆ (b1)|

)
∆t

]
≤ (b2 − b1)

(
H1|g

∆ (b2)|+H2|g
∆ (b1)|

)
,

(25)

where

H1 =

∫ 1
2

0

ts+1∆t+

∫ 1
1
2

ts(1− t)∆t, and H2 =

∫ 1
2

0

t(1− t)s∆t+

∫ 1
1
2

(1− t)s+1∆t.

Hence the proof is completed. �

Corollary 7 If T = R in Theorem 4, we get

H1 =

∫ 1
2

0

ts+1dt+

∫ 1
1
2

ts(1− t)dt =
1

(s+ 1)(s+ 2)

[
1−

1

2s+1

]
,

and

H2 =

∫ 1
2

0

t(1− t)sdt+

∫ 1
1
2

(1− t)s+1dt =
1

(s+ 1)(s+ 2)

[
1−

1

2s+1

]
.

Hence inequality (24) becomes∣∣∣∣g(b1 + b22

)
−

1

b2 − b1

∫b2
b1

g(c)dc

∣∣∣∣
≤ b2 − b1

(s+ 1)(s+ 2)

(
1−

1

2s+1

)(
|g ′ (b1)|+ |g ′ (b2)|

)
.

(26)



Inequalities for s-convex functions on time scales 249

Theorem 5 Consider a time scale T and ᵀ = [b1, b2] ⊆ T such that b1 <
b2 ∈ T. Let g : ᵀ → R be a delta differentiable mapping on ᵀo, where ᵀo is
the interior of ᵀ. If | g∆ |q is s-convex, for q > 1 such that 1

r +
1
q = 1, then

following inequality holds:∣∣∣∣g(b1 + b22

)
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣ ≤ (b2 − b1)

[(∫ 1/2
0

tr∆t

) 1
r

×

(
|g∆ (b2)|

q

∫ 1/2
0

ts∆t+ |g∆ (b1)|
q

∫ 1/2
0

(1− t)s∆t

) 1
q

+

(∫ 1
1/2

(1− t)r∆t

) 1
r

×

(
|g∆ (b2)|

q

∫ 1
1/2

ts∆t+ |g∆ (b1)|
q

∫ 1
1/2

(1− t)s∆t

) 1
q
]
.

(27)

Proof. Using Corollary 6, property of modulus, Holder’s integral inequality
and s-convexity of |g∆ |q, we find∣∣∣∣g(b1 + b22

)
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣
≤ (b2 − b1)

[ ∣∣∣∣∣
∫ 1/2
0

tg∆ (tb2 + (1− t)b1)∆t

∣∣∣∣∣
+

∣∣∣∣∣
∫ 1
1/2

(t− 1)g∆ (tb2 + (1− t)b1)∆t

∣∣∣∣∣
]

≤ (b2 − b1)

[(∫ 1/2
0

tr∆t

) 1
r
(∫ 1/2

0

|g∆ (tb2 + (1− t)b1)|
q∆t

) 1
q

+

(∫ 1
1/2

|1− t|r∆t

) 1
r
(∫ 1

1/2

|g∆ (tb2 + (1− t)b1)|
q∆t

) 1
q
]

≤ (b2−b1)

[(∫ 1/2
0

tr∆t

) 1
r
(∫ 1/2
0

(ts|g∆ (b2)|
q + (1− t)s|g∆ (b1)|

q)∆t

) 1
q

+

(∫ 1
1/2

(1− t)r∆t

) 1
r
(∫ 1

1/2

(ts|g∆ (b2)|
q +(1− t)s|g∆ (b1)|

q)∆t

) 1
q
]

(28)
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= (b2 − b1)

[(∫ 1/2
0

tr∆t

) 1
r (

|g∆ (b2)|
q

∫ 1/2
0

ts∆t+ |g∆ (b1)|
q

∫ 1/2
0

(1− t)s∆t

) 1
q

+

(∫ 1
1/2

(1− t)r∆t

) 1
r (

|g∆ (b2)|
q

∫ 1
1/2

ts∆t+ |g∆ (b1)|
q

∫ 1
1/2

(1− t)s∆t

) 1
q

]
.

Hence the proof. �

Corollary 8 If T = R in Theorem 5, then we have∫ 1
2

0

trdt =

∫ 1
1
2

(1− t)rdt =
1

(r+ 1)2r+1
,

∫ 1
2

0

tsdt =

∫ 1
1
2

(1− t)sdt =
1

(s+ 1)2s+1
,

and ∫ 1
2

0

(1− t)sdt =

∫ 1
1
2

tsdt =
1

s+ 1
−

1

(s+ 1)2s+1
.

Hence the inequality (27) becomes∣∣∣∣g(b1 + b22

)
−

1

b2 − b1

∫b2
b1

g(c)dc

∣∣∣∣
≤ (b2 − b1)

(
1

2r+1(r+ 1)

) 1
r

[{
1

2s+1(s+ 1)
|g ′ (b2)|

q

+

(
1

s+ 1
−

1

2s+1(s+ 1)

)
|g ′ (b1)|

q

} 1
q

+

{
1

2s+1(s+ 1)
|g ′ (b1)|

q +

(
1

s+ 1
−

1

2s+1(s+ 1)

)
|g ′ (b2)|

q

} 1
q

]
.

(29)

Definition 2 ([5]) Let hk : T2 → R, k ∈ N0 be defined by

h0(t, r) = 1 for all r, t ∈ T

and then recursively by

hk+1(t, r) =

∫ t
r

hk(τ, r)∆τ

for all r, t ∈ T.
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For next result we need following lemma.

Lemma 3 ([22]) Let g : T→ R be a differentaible mapping and b1 < b2 ∈ T.
Let g∆ ∈ Crd then following holds:

g (b1){1− h2(1, 0)}+g(b2)h2(1, 0) −
1

b2 − b1

∫b2
b1

gσ(c)∆c

=
b2 − b1
2

∫ 1
0

∫ 1
0

[g∆(tb1 + (1−t)b2)−g
∆(rb1 + (1− r)b2)](r− t)∆t∆r.

(30)

Theorem 6 Let g : T→ R be a differentaible mapping and b1 < b2 ∈ T. Let
|g∆ | be s-convex function, then following inequality holds:∣∣∣∣g (b1){1− h2(1, 0)}+g(b2)h2(1, 0) −

1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣
≤ b2 − b1

2
[A1|g

∆ (b1)|+A2|g
∆ (b2)|],

(31)

where

A1 =

∫ 1
0

∫ 1
0

(ts + rs)(r+ t)∆t∆r,

A2 =

∫ 1
0

∫ 1
0

((1− t)s + (1− r)s)(r+ t)∆t∆r.

Proof. Using Lemma 3, modulus property and s-convexity of |g∆ |, we have∣∣∣∣g (b1){1− h2(1, 0)}+g(b2)h2(1, 0) −
1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣
≤ b2 − b1

2

∫ 1
0

∫ 1
0

|g∆ (tb1 + (1− t)b2) −g
∆(rb1 + (1− r)b2)||r− t|∆t∆r

≤ b2−b1
2

∫ 1
0

∫ 1
0

[|g∆ (tb1+(1−t)b2)|+|g∆ (rb1+(1−r)b2)|](r+t)∆t∆r

≤ b2 − b1
2

∫ 1
0

∫ 1
0

[(ts|g∆(b1)|+ (1− t)s|g∆ (b2)|)

+ (rs|g∆ (b1)|+ (1− r)s|g∆ (b2)|)](r+ t)∆t∆r

=
b2 − b1
2

∫ 1
0

∫ 1
0

[(ts+rs)|g∆(b1)|+((1−t)s+(1−r)s)|g∆(b2)|](r+t)∆t∆r

=
b2 − b1
2

[A1|g
∆ (b1)|+A2|g

∆ (b2)|],

(32)
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where

A1 =

∫ 1
0

∫ 1
0

(ts + rs)(r+ t)∆t∆r,

A2 =

∫ 1
0

∫ 1
0

((1− t)s + (1− r)s)(r+ t)∆t∆r.

Hence the proof. �

Corollary 9 Let T = R in Theorem 6, then we have σ(b) = b and

h2(1, 0) =

∫ 1
0

(τ− 1)dτ =
1

2
.

Also,

A1 =

∫ 1
0

∫ 1
0

(ts + rs)(r+ t)dtdr =
3s+ 4

(s+ 1)(s+ 2)
,

A2 =

∫ 1
0

∫ 1
0

((1− t)s + (1− r)s)(r+ t)dtdr = 2β(2, s+ 1) +
1

s+ 1
,

(33)

and hence inequality (31) becomes,∣∣∣∣g(b1) +g(b2)2
−

1

b2 − b1

∫b2
b1

g(c)dc

∣∣∣∣
≤ b2 − b1

2

[(
3s+ 4

(s+ 1)(s+ 2)

)
|g ′ (b1)|+

(
2β(2, s+ 1) +

1

s+ 1

)
|g ′ (b2)|

]
,

(34)

where β is Beta function.

Lemma 4 ([22]) Let g : ᵀ ⊆ T→ R be a delta differentaible mapping on ᵀo

and b1 < b2 ∈ ᵀ. Let g∆ ∈ Crd then following equality holds:

g

(
b1 + b2
2

)
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

=
b2 − b1
2

∫ 1
0

∫ 1
0

[g∆(tb1 + (1− t)b2)

−g∆(rb1 + (1− r)b2)](m(r)−m(t)∆t∆r,

(35)
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where

m(c) =


c, c ∈

[
0,
1

2

]
c− 1, c ∈

(
1

2
, 1

]
.

Theorem 7 Let g : ᵀ ⊆ T → R be a delta differentaible mapping on ᵀo and
b1 < b2 ∈ ᵀ. Let |g∆ | be s-convex function, then following inequality holds:∣∣∣∣g(b1 + b22

)
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣ ≤ b2 − b12
[B1|g

∆ (b1)|+ B2|g
∆ (b2)|],

(36)

where

B1 =

∫ 1
0

∫ 1
0

(ts + rs)(m(r) +m(t))∆t∆r,

B2 =

∫ 1
0

∫ 1
0

((1− t)s + (1− r)s)(m(r) +m(t))∆t∆r.

Proof. Using Lemma 4, modulus property and s-convexity of |g∆ |, we have∣∣∣∣g(b1 + b22

)
−

1

b2 − b1

∫b2
b1

gσ(c)∆c

∣∣∣∣
≤ b2 − b1

2

∫ 1
0

∫ 1
0

|g∆ (tb1 + (1− t)b2)

−g∆(rb1 + (1− r)b2)||m(r) −m(t)|∆t∆r

≤ b2 − b1
2

∫ 1
0

∫ 1
0

[|g∆ (tb1 + (1− t)b2)|

+ |g∆ (rb1 + (1− r)b2)|](m(r) +m(t))∆t∆r

≤ b2 − b1
2

∫ 1
0

∫ 1
0

[(ts|g∆ (b1)|+ (1− t)s|g∆ (b2)|)

+ (rs|g∆ (p1)|+ (1− r)s|g∆ (p2)|)](m(r) +m(t))∆t∆r

=
b2 − b1
2

∫ 1
0

∫ 1
0

[(ts + rs)|g∆ (b1)|

+ ((1− t)s + (1− r)s)|g∆ (b2)|](m(r) +m(t))∆t∆r

=
b2 − b1
2

[B1|g
∆ (b1)|+ B2|g

∆ (b2)|],

(37)
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where

B1 =

∫ 1
0

∫ 1
0

(ts + rs)(m(r) +m(t))∆t∆r,

B2 =

∫ 1
0

∫ 1
0

((1− t)s + (1− r)s)(m(r) +m(t))∆t∆r.

Hence the proof. �

Corollary 10 Let T = R in Theorem 7, then we have σ(b) = b and

B1 =

∫ 1
0

∫ 1
0

(ts + rs)(m(r) +m(t)dtdr =
1

s+ 1

[
1

2s
−

2

s+ 2

]
, (38)

B2 =

∫ 1
0

∫ 1
0

((1− t)s + (1− r)s)(m(r) +m(t)dtdr

= 2β 1
2
(2, s+ 1) −

1

ss+1(s+ 2)
,

(39)

and hence inequality (36) becomes,∣∣∣∣g(b1) +g(b2)2
−

1

b2 − b1

∫b2
b1

g(c)dc

∣∣∣∣
≤ b2 − b1

2

[(
1

s+ 1

[
1

2s
−

2

s+ 2

])
|g ′ (b1)|

+

(
2β 1

2
(2, s+ 1) −

1

ss+1(s+ 2)

)
|g ′ (b2)|

]
,

(40)

where βu is incomplete Beta function defined by

βu(b1, b2) =

∫u
0

xb1−1(1− x)b2−1dx, u ∈ (0, 1).

4 Conclusion

This research investigation includes some inequalities for s-convex function on
time scales such as Hermite-Hadamard type inequalities. Some special cases
are discussed, that is, when the time scale is T = R and T = N.
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