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Abstract. We contribute to the development of equivalence of fixed
point iterative sequences for multivalued mappings in modular function
spaces, by proving the equivalence of convergence of implicit Mann, im-
plicit Ishikawa, implicit Noor, implicit multistep iterative sequences for
multivalued p— quasi-contractive-like mapppings in modular function
spaces. An example is provided to support the applicability of the re-
sults. This work is complementary to equivalence results on normed and
metric spaces in the literature.

1 Introduction and preliminaries

The existence and approximation of fixed points for multivalued mappings in
modular function spaces abound in the literature. Some of the notable authors
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whose research work are very important in this study are ([8], [9], [10], [11],
[12], [14], [15] and [16]).

Let Q be a nonempty set and > be a nontrival o—algebra of subsets of
Q). Let P be a d—ring of subsets of QO such that ENA € P for any E € P
and A € ) . Assume there exists an increasing sequence K, € P such that
Q = [JKy. Let Ia represent the characteristic function of the set A in Q.
Let € represent the linear space of all simple functions with supports from P.
Let My, represent the space of all extended measurable functions, that is, all
functions f : Q — [—o00, 00] such that there exist a sequence {gn} C €, |gn| < |f|
and g(w) — f(w) for all w € Q.

Definition 1 [16] Let p : My — [0,00] be a nontrivial, conver and even
function. We say that p is a reqular convex function pseudomodular if

(1) p(0) =0
(2) p is monotone, that is, |f(w)| < gl(w)| for any w € Q implies p(f) <
p(g), where f,g € Mo

(3) p is orthogonally subadditive, that is, p(flaup) < p(fIa)+ p(flg) for any
A,B € ) such that ANB # ¢, f € Mc;

(4) p has Fatou property, that is, [fn(w)| T |f(w)| for all w € Q implies
p(fn) T p(f), where f € Mc;

(5) p is order continuous in €, that is, gn € € and |gn(w)| [ 0 for allw € Q
implies p(gn) | O.

Definition 2 [8]. Let p be a regular function pseudomodular;
(a) we say that p is a regular convex function modular if p(f) = 0 implies
f=0 p -a.e.
(b) we say that p is a regular convex function semimodular if p(af) =0 for
every o« > 0 implies f =0 p -a.e.

p also satisfies the following properties [10]:

(1) p(0) =0 ff f=0 p -a.e.
(2) plaf) = p(f) for every scalar & with |x| =1 and f € M.

(3) plaf+PBg) < p(f)+p(g) if a+p =1, % >0 andf,g € M, p is called
a convex modular if, in addition, the following property is satisfied:

(4) p(of +Bg) < ap(f) +Ppl(g) if a+B =1, x,f >0 and f,g € M.
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The class of all nonzero regular convex function modulars on Q is denoted by
R.

Definition 3 [16]. The modular function space L, is defined as: L, = {f €
M:p(Af) - 0 as A — 0L

In general terms, the modular p is not subadditive and therefore does not
behave as a norm or a distance. Nevertheless, the modular space L, can be
furnished with an F—norm defined thus:

I]l, = mf{a >0: p(;() < a}_

In the instance p is convex modular, ||f||, = inf{la > 0: p(&) < 1} defines a
norm on the modular space Ly. This type of norm is known as the Luzemburg
norm.

Definition 4 [16]. A nonzero regular convex function p is said to satisfy the
Ay— condition, if sup,s; p(2fn, D) — 0 as k — oo whenever {Dy} decreases
to 0 and supn>1p(fn, Dy) — 0 as k — oo. If p is convex and satisfies A;-
condition, then L, = E,.

Definition 5 [16] Let p be a nonzero reqular convex function modular defined
on Q.

(i) Let v > 0, € > 0. Define Dy(r,e) = {(f,g) : f,g € Ly, p(f),p(g) <
r,p(f—g) > er}. Suppose, &(r,e) = inf{1 — 1p(%9) : (f,g) € Di(r, )},
if Di(ry€) # 0 and 61(r,e) =1 if Dy(r,€) = (. We say that p satisfies
(UC1), if for every r > 0, € > 0, d1(r,e) > 0. Observe that for every

>0, Di(r,€e) #0, € >0 small enough.

(ii) We say that p satisfies (UUCT), if for every s > 0, € > 0, there ezists
M1(s, €) > 0 depending only on s and € such that &1(r,€) >ni(s,e) >0
for any r > s.

(iii) Let r > 0, € > 0. Define Dy(r,e) = {(f,g) : f,g € Ly, p(f),p(g) <
r,0(152) > er). Suppose, 8,(r,€) = inf (1 — 1p(559) : (f,g) € Dy(r,e))
if Da(ry€) # 0 and d3(r,e) = 1 if Da(r,e) = 0. We say that p satisfies
(UC2), if for every v > 0, € > 0, &2(r,€) > 0. Observe that for every
r>0, Dy(r,€) #0, € >0 small enough.

(iv) We say that p satisfies (UUC2), if for every s > 0, € > 0, there exists
n2(s,€) > 0 depending only on s and € such that d;(r,€) >na(s,e) >0
for any v > s.
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(v) We say that p is strictly convex (SC), if for every f,g € L, such that
p(f) = p(g) and p(T49) = w, there holds f = g.

Definition 6 [16]. Let L, be a modular space. The sequence {fn} € L, is called:

(1) p—convergent to f € Ly, if p(fn —f) = 0 as n — oo;
(2) p—Cauchy, if p(fn —fm) — 0 as n,m — oco.

Remark 1 p—convergent sequence implies p—Cauchy sequence, if and only
if p— satisfies the Ay— condition. However, p does not satisfy the triangle
mequality.

Definition 7 [16]. Let L, be a modular space. A subset D C L, is called:

(1) p—closed, if the p—limit of a p—convergent sequence of D always belongs
to D;

(2) p—a.e. closed, if the p—a.e. limit of a p—a.e. convergent sequence of D
always belongs to D;

(3) p—compact, if every sequence in D has a p—convergent subsequence in
D;

(4) p—a.e. compact, if every sequence in D has a p—a.e. convergent subse-
quence in D;

Definition 8 [16]. Let L, be a modular space. A function f € L, is called a
fized point of a multivalued mapping T : L, — Po(D) if f € Tf . The set of all
fized points of T is represented by Fy(T).

The following contractive defintions are useful in stating our definitions in
terms of functions in modular function spaces. In 1972, Zamfirescu [22] proved
a remarkable generalization of the Banach fixed point theorem by employing
the following quasi-contractive mapping:

Mty Ty) + dly, 1, (1)

a0, ) + dly, Ty)l, 5

d(TX, Ty) < hmax{d(x,y), E
where 0 < h < 1. In a Normed linear space setting, condition (1) implies
ITx — Tyl < 8lx —yl| + 25[]x — Tx||, (2)

where 0 < 6 < 1 and & = max{h,%}.
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In [18], the following contractive definition was used. Let X be a Banach
space, for each x,y € X, there exists 6 € [0,1) and L > 0 such that

M =Tyl < 8l[x —yll + Ll = Tx||. (3)

In [13], the following contractive definition was employed in proving stability
results. Let X be a Banach space, for each x,y € X, there exist & € [0,1) and
a monotone increasing function ¢ : R" — R with ¢(0) = 0 such that

M =Tyl < 8llx =yl + @(fx = Tx|]). (4)

It is important to remark that contractive condition (4) is a generalization of
(3) and (2) for single valued map T.

The modified versions of contractive conditions (2)—(4), is hereby presented
in a modular function space as follows.

Let L, be a modular space. A set D C L, is called p—proximinal if for each
f € L, there exists an element g € D such that p(f—g) = dist,(f, D). We repre-
sent the family of nonempty p—bounded p—proximinal subsets of D by P,(D),
the family of nonempty p—closed p—bounded subsets of D by Cy(D) and the
family of p—compact subsets of D by K,(D). Let H,(.,.) be the p—Hausdorft
distance on Cy(Ly), that is, Hy(A,B) = max{supsca distp(f,B),supyep
distp(g,A)L, A, B € Cy(L,).

A multivalued map T : D — C,(L,) is said to be:

(1) p—contraction mapping, if there exists a constant & € [0,1) such that
H, (Tf, Tg) < 8p(f —g), for all f,g € D. (5)
(2) p—Zamfirescu mapping if
H,(Tf, Tg) < 8p(f — g) + 28p(Tf — f), for all f, g € D. (6)
(3) p—quasi- contractive mapping if
H, (Tf, Tg) < dp(f — g) + Lp(Tf —f), for all f,ge D,L>0. (7)
(4) p—quasi-contractive-like mapping if
H, (Tf, Tg) < 8p(f — g) + @o(p(Tf —f)), for all f,g € D. (8)

where @, : R" — R* is a p—monotone increasing function with ¢,(0) = 0.
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Implicit iterations exist in literature and have been proved to have advantage
over explicit iterations for nonlinear problems as they provide better approxi-
mation of fixed points, and are widely used in many applications, when explicit
iterations are ineficient. Approximation of fixed points in computer oriented
programs using implicit iterations can reduce the computational cost of the
fixed point problems (see [7]). The following implicit iterative sequences in the
framework of modular function spaces are hereby presented:

Let L, be a modular space, D C L, and T : D — P,(D) be a multivalued
mapping, then the implicit multistep iterative sequence {fn};°, C D is defined
by:

foe D
fp-i—] - (] __an_)fL + ofnu.n—H) (9)
flo=(1 =BT +plul, i=1,2,..,k—2
it =0 =By D+ By ul !, n=0,1,2,..,
where u,, € Pg(fn), ul € Pg(f}l), ukl e Pg(ﬂkl_l), the sequences

{ocn}?LO:O,{B;};’f:O C(0,1)(i=1,2,..,k—1) such that ) 7 x, = oo.
The implicit Noor iterative sequence {gn}32, C D is defined by:

goe D

gn+1 = (1— (Xn)gll + XnVn+1, (10>
gn = (1—BL)gA + BLvh,

g% = (1 —B2)gn + B2V2, n=0,1,2,...,

where vy 1 € Pg(gn+1 ), VL € Pg(gn)l, v,z1 € Pg(gfl), the sequences

{on ) 0, {B1I2 0, {B2)2, C (0, 1), such that Y 52 ) oty = oo.
The implicit Ishikawa iterative sequence {hn}3° ; C D is defined by:

hy e D
hnt1 = (1 — o))+ ansnyt, (11)
h = (1—=B)ha+Blsl, n=0,1,2,...,

where s € Pg(hn+1), sl € Pg(h}l), the sequences {ocn}?lo:o,{fill}ff:o c (0,1),
such that ) 02 ) oy = oo.
The implicit Mann iterative sequence {gn}>>, C D is defined by:

In+1 = (] - (Xn)gn + XnVnt1, M= 0>1)2> ooy

where v € Pg(gnﬂ ), the sequence {52 5 C (0, 1), such that } 2 ) on = oo.
The following Lemmas will be needed in proving the main results.
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Lemma 1 [10]. Let T : D — Py(D) be a multivalued mapping and Pg(f) =
{g € Tf : p(f — g) = dist,(f, Tf)}. Then the following are equivalent:

(1) f e Fy(T), that is, f € THf.

(2) Pg(f) = {f}, that is, f = g for each g € Pg(f).

(3) fe F(Pg(f)), that is, f € Pg(f). Further Fo(T) = F(Pg(f)) where F(Pg(f))
represent the set of fized points of Pg(f).

Lemma 2 [6]. Let & be a real number satisfying 0 < & < 1 and {en}2, a
sequence of positive numbers such that limn_e0€n = 0, then for any sequence
of positive numbers {un 2 o satisfying uny1 < dun + €n, n=0,1,2,..., we have
Ump—ooun = 0.

Laudable papers have written by notable researchers on the convergence and
the equivalence of convergence of various iterative sequences for single mapping
T on normed and metric spaces. That is, different authors have shown that
the convergence of any of the iterative method to the unique fized point of
the contractive operator for single map T is equivalent to the convergence of
the other iterative sequences. For a look at some of the fine works in this
direction, see references: [1], [2], [5], [6], [7], [19],[20], [21], and [23]. Some results
also appear for pair of maps, for example, (see [3], [4], and [17] for details).
The new version of equivalence results will now be proved for multivalued
p—quasi-contractive-like mappings in modular function spaces in the following
theorems.

2  Main results

Theorem 1 Let p satisfy (UUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T : D —
Po(D) be a multivalued mapping such that Pg s a p—quasi-contractive-like
mapping, satisfying the contractive condition

Ho(Tf, Tg) < dp(f — g) + @p(p(Tf —f)), (13)

for all ;g € D and Fyo(T) # 0, where § € [0,1) and ¢, : R" — R is a
p—monotone increasing function with @,(0) = 0. Let fy, go € D and {fr},{gn} C
D be defined by the implicit multistep (9) and implicit Mann (12) iterative se-
quence respectively, where the sequences {0m) 5, {BL}°, C (0,1) such that
Y X ot =00, Y 2 BY =00, fori=1,2,...;k—1. Then the following are
equivalent:
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(i) the implicit Mann iterative sequence (12) converges strongly to the fived
point of the multivalued map T,

(ii) the implicit multistep iterative sequence (9) converges strongly to the
fized point of the multivalued map T.

Proof. Let p € F,(T), from Lemma 1, Pg(p) ={p} and Fy(T) = F(Pg).

We prove that (i) = (ii). Assume limp_,00 gn = p. Using p—quasi-contractive-
like condition (13), implicit Mann (12) and implicit multistep iterative se-
quences (9), we obtain the following:

p(9n+1 - fn+1) =p[(1— o‘n)(gn - f:l) + (Xn(VnH _unH)]- (14)

Using the convexity of p in equation (14), we have

P(gnr1 — fu1) = (1= an)p(gn — ) + 0P (Vi1 — Uns1) 15)
< (1= on)p(gn — 1) + ot (Ho (Py (gns1), Py (Frgr))).
Using (13), let f = fi11, g = gn41, then, from (15), we get the following:

Ho(Pg (gns1)s Py (Frs1)) < 8p(gnst — fni1) + (14 8)@p(p(gns1 — ). (16)
Substituting inequality (16) in inequality (15), we obtain

P(gnt1 —fns1) < (1 —an)p(gn — f;) + 00t P(gns1 — frg1) +
(1+8)on@o(p(gni1 —p)).

That is,
1— o 1 n
plant —fa) < (1 Jolgn — 1A)+ (2% )y p(gne — p))- (17
plgn — 1) = pl(gn — ((1—BLIFA + Bhub)). (18)
Using the convexity of p in equation (18), we have
lgn — 1) < (1= BL)p(gn — F2) + Bhe(gn — 1))
gﬂ—ﬁL)p( —f2)+BLp( —Vn) + Bhp(vn — )

: (19)
+ Bnp(\)n _p) + Bnp(vn _un)

< (1= Bp)p(gn — fa) + Bhelgn — P) + BrHe(Py(gn), Py (P))
+ BrHo(Pp (gn), Py ().
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Using (13), let f =p, g = gn, and also let f = g, g = f}, then, from (19), we
get the following;:

_pl 1
oln —12) = (7 =y Jolon = 1+ (G50 Jolon =)

(148)B, @0)
+ <]_66f)@p(p(gn—p))-
Substituting inequality (20) in inequality (17), we obtain
1— n 11— B‘]l
P(gnt1 — frp1) < (] _;:Xn) (1 —5531)‘)(9”_]%)
T—on \ ((1+0)B)
+ (1 —6%)( T—op] >p(gn—p) o
1T—on \ ((1+0)B) (
+ (1 _Mn)( T— 5Bl >(Pp(P gn —P))
14 8)an
#(F e ) oylolonst — )
Similarly, an application of (13) and (9) and (12) give the following
1—p2 1+8)B2
olan —12) < (7 Jolon = 21+ (30" Jolon =)
(T+9B%) o olgn — p))
+ W ©olPplgn —P))-
3 1-B3 4 (1+8)Bs,
plgn — ) s( - 3)p(gn—fn)+<_3m(gn—p>
e T— B3 o)
(1+8)p3
+ T_op @o(p(gn —P)).
k2 W) e <W> _
olon — 1571 < (17505 Joton =57+ (08 otan —) "

(¢ +8)B

ok 2 )(pp(p(gn —p)).
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k 1 (] —1-5) k—1
plgn — i) < 6(5 Plgn —fn) + ( gk p(gn —p)

k—1
¥ (ﬂfzzﬁf]ﬁp(p(gn—p)).

(25)

Substituting inequalities (25), (24), (23), (22) in inequality (21) inductively
and simplifying, we obtain

T—on \(T=Bn \(1—B2\(1-B3
Plomn =) = (1 —6cxn) (1 —6%) <1 —65%) (1 —w%)'"

1oy (1o gk
(1 - 6[51%2) ( 6ﬁh1>p(g“_f“)

+<1—ocn>< +6[3n>< +5[32>< +5)Bi>
T—80n )\ 1—8B] 5p2 5p3 )
(1+5)pk>2
( 65h2>< 6611’ )p z0)
1— oy +8)BL +8)B2\ [ (1+8)p3
(1—6ocn>(1—6f3n < — B3 )( — o3, >
5 k—1
(( 5?3 ><( +5(3[3 )cpp(p(g —p))
1+ 8)on
+ <(1 J_rélix )@o(p(gnt —p)>.
Observe that
1 — o |
1—606n S]_an‘f'éo‘m
1— 1
Tapr| <1-BL+oBL,
1—f32: 2 2
o <1—p%+6p2,..., (27)
:]_ka_z
— 5[312] <1—B245p%2 and
- Y
- f;& <1 Bk 0Bk,
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Applying the inequality (27) in inequality (26) and simplifying, we obtain

(9n+] _fn+1) (] — O + 60(11)(] Bn+66n)(] - Bn + ‘Sﬁn)
(1— n +5[5 (1 — -1-5(?) N+en (28)
<O —(1—=08)anlplgn — )+ena

where,

=1 — (1= 8) o)1 — (1= 8)BLN — (1= 8)B2IT — (1 — §)B3]...
[1—(1=8)BX 21— (1-8)BX p(gn —p)
AR (T4+8)BL\ [ (1 +8)B2N [ (1+8)B3,
1T —d0tn 1—68B) 1—6p2 1-6p3 )7
k—2 k—1
<(1+6)f3n )(“+5”3n )wp(p(gn—p))

1—8p%2 1—5pk!

1 n
+ (tg)o:)cpp(p(gw —p)>-

Using the fact that 0 < & < 1 and the conditions {0}, {512, C (0,1)(i =
1,2,...,k—1) in iterative sequences (9) to (12) in (28), it follows that

lim p(gn —fn) =0.

n—oo

Since by assumption lim, o, gn = P, then p(f—p) < p(gn—Ffn)+p(gn—p) —
0 as m — oo. That is, limp_,00 fr = Pp.

Next we show that (ii) — (i). Assume limp_o fn = Pp.

Then using p—quasi-contractive-like condition (13), implicit multistep (9)
and implicit Mann iterative sequences (12), we obtain the following:

1

P(fny1 — 9n+1) =pl(1— O(n)(fn - gn) + oty (Unt1 — Vg I (29)

Using the convexity of p in (29), we have

p(an - gnH) =(1—- (xn)p(fll - gn) + ‘an(unﬂ _Vn+1)
<(- O‘n)p(ﬂl —gn) + “n(Hp(Pg(fn+l)a Pg(gn—&-] ))).

Using (13), let f = f111, g = gn+1, then, from (29), we get the following:

Ho (P} (1), Pa(gni1)) < 8p(fri1 — gni1) + (14 8)@p(p(fair —p)).  (31)



12 H. Akewe, A. A. Mogbademu, H. O. Olaoluwa

Substituting inequality (31) in inequality (30), we obtain

P(frp1 —gny1) < (1— (Xn)p(f:l — gn) + 00tnp(fri1 — gni1)
+(1+8)an@p(p(frrr —p))-

That is,
1— o 1+38)an
P(frr1 —gni1) < <1 __;; )ﬁﬂfk—-gn)+-<(]j:5£x)(ppuﬂfn+1——p)L (32)
1 1- By, 2 (14 8)B,, 1
pﬁn—gnh£<]_6ﬁh>pﬁn—gn%+<]__mﬂl>pﬁn—P%+ .
1+8)B!
(g )otolrh—p)
Substituting inequality (33) in inequality (32), we obtain
T—an \ /1B
Pﬁwr—%ﬂ)ﬁ(]_g%)(]_ii)mﬁ—ﬂﬂ
1—oan (] + 6)[31]1 1
+<]_6ocn>< ]_6‘311 )p(f‘n_p) (34)
1—ow \ (1 +8)B)
+<1—§%><1—4BL)@Mmﬂ_p”
14+ 8)on
= (Ham ) oplolnr Pl
Similarly, an application of (13) and (9) and (12) give the following
1— P2 1+ 8)B3
pﬁﬁ—gﬂ<i<1_£;>pﬁi—gﬂ4—<%f6§?>pﬁﬁ—p)
1+ 5)p2
+ (S ) ostolh =
1- B (1+8)B%
o(f — ) < (7 g ol —on) + (gt ol =) »

3
+(Qf2§ﬁwamﬁ—p»
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_ pk—2 k—2
p(f 2 —gn) < (16“) P! —gn) + (“Hﬂﬁ“> p(fs 2 —p)

1—5pk=2 1—5pk2
(1 ff’) k=2 2 : (31)
+ <1_6Bknz>@p(9(fh_ —p))-
k-1 k-1
ol gn) < (12 ot —9n)+ (o ol =)
—OfBn 1—3Bn
(14 8)pk! 1 (38)
+ (1_6[51;_11>(Pp(9(fn_ —p)).

Substituting inequalities (38), (37), (36), (35) in inequality (32) inductively
and simplifying, we obtain

P(frne1 — Gne1) < 1 — (1 =0)anlp(fr — gn) + b, (39)

b = (1= (1= 8)anlll— (18BN — (1 -8B — (1 - §)BL...
01— (1—=8)BX 20 —(1—8)B p(f<" —p)

+<1—an><(1+6)rs;><(1+6)ﬁi (1+8)p3
T—80, )\ 1—0B) 1—6p2 1—5(5131)“'

k—2 k—1
(““’”5“ )(““’) n )@pm(f}i]—p))

Topk 2 )\ 1ok
1+0)an
H(HE0m ) gylolnr ~ b))

Using the fact that 0 < & < 1 and the conditions {ocn}ffzo,{ﬁk}flo:o c(0,1i=
1,2,...,k—1) in iterative sequences (9) to (12) in (39), it follows that

lim p(fy, —gn) =0.
n—oo

Since by assumption limy e fr = p, then

P(gn —P) < p(fn —gn) +p(fn—p) = 0 as n — ooc.

That is, limp—,00 gn = p. This ends the proof. O
Since the implicit Noor (10), the implicit Ishikawa (11) and the implicit

Mann (12) iterative sequences are special cases of the implicit multistep iter-

ative sequence (9), then Theorem 1 leads to the following corollary:
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Corollary 1 Let p satisfy (UUCT) and Ay—condition. Let D be a p—-closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that Pg 18 a p—quasi-contractive-like
mapping, satisfying contractive-like condition

Ho(Tf, Tg) < dp(f — g) + @p(p(Tf — 1)), (40)

for all g,h,g € D and Fo(T) # 0, where § € [0,1) and ¢, : R" — R* is
a p—monotone increasing function with @,(0) = 0. Let go,ho,go € D and
{gnhy{hnh{gn} C D be defined by the implicit Mann (12), implicit Ishikawa
(11) and implicit Noor iterative sequences (10) respectively, where the se-
quences {on}o2 o, (Brtpo, (BRI C (0,1) such that 3325 o = 00, 3220 By =
o0, fori=1,2. Then the following are equivalent:

a. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(i) the implicit Ishikawa iterative sequence (11) converges strongly to the fized
point of the multivalued map T.

b. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T;
(ii) the implicit Noor iterative sequence (10) converges strongly to the fized
point of the multivalued map T.

Proof. The proof of Corollary 1 is similar to that of Theorem 1. O

Corollary 2 Let p satisfy (UUCT) and Ay—condition. Let D be a p—-closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that Pg s a p—quasi-contractive-like
mapping, satisfying the condition

Ho(Tf, Tg) < dp(f — g) + @p(p(Tf — 1)), (41)

for all g,h,g,f € D and Fo(T) # 0, where & € [0,1) and @, : RT — R
is a p—monotone increasing function with @,(0) = 0. Let go, ho, go,fo € D
and {gn}, {hn} {gn}, {fn} C D be defined by the implicit Mann (12), implicit
Ishikawa (11), implicit Noor (10), implicit multistep (9) iterative sequences re-
spectively, where the sequences {0} 5, {BL1° ) C (0,1) such that Y o2, om =
00,Y 2, BL =00 fori=1,2,...k— 1. Then the following are equivalent:

(i) the implicit Mann iterative sequence (12) converges strongly to the fixed
point of the multivalued map T,



Fixed point theorems and equivalence results ... 15

(ii) the implicit Ishikawa iterative sequence (11) converges strongly to the
fized point of the multivalued map T,

(iii) the implicit Noor iterative sequence (10) converges strongly to the fized
point of the multivalued map T,

(iv) the implicit multistep iterative sequence (9) converges strongly to the
fixed point of the multivalued map T.

Theorem 2 Let p satisfy (UWUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T : D —
Po(D) be a multivalued mapping such that Pg 18 a P—quasi-contractive map-
ping, satisfying the condition

H, (Tf, Tg) < dp(f — g) + Jp(TF — 1), (42)

for all fyg € D and Fo(T) # 0, where & € [0,1) and J > 0. Let fo,go € D
and {fn},{gn} C D be defined by the implicit multistep (9) and implicit Mann
iterative sequences (12) respectively, where the sequences {on}> 5, {BLI, C
(0,1) such that Y % s o = 00,y 2 BL =00 fori=1,2,...k—1. Then the
following are equivalent:

(i) the implicit Mann iterative sequence (12) converges strongly to the fixed
point of the multivalued map T,

(ii) the implicit multistep iterative sequence (9) converges strongly to the
fixed point of the multivalued map T.

Proof. The method of proof of Theorem 2 is similar to that of Theorem 1.
The proof is complete. O

Theorem 2 leads to the following corollary:

Corollary 3 Let p satisfy (UUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that PFT, 1§ a p—quasi-contractive map-
ping, satisfying the condition

H, (T, Tg) < dp(f — g) + Jo(Tf —f), (43)

for all g,h,g € D and Fy(T) # 0, where & € [0,1) and ] > 0. Let go, ho,go € D
and{gn}, {hn},{gn} C D be defined by the implicit Mann (12), implicit Ishikawa
(11) and implicit Noor (10) iterative sequence respectively, where the sequences
{“n}?:o,{ﬁll}?:o,{ﬁﬁ}io:o C (0,1) such that Zio:o Kn = 00, foo:o 611 = oo for
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i=1,2. Then the following are equivalent:

a. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(ii) the implicit Ishikawa iterative sequence (11) converges strongly to the fized
point of the multivalued map T.

b. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T;
(ii) the implicit Noor iterative sequence (10) converges strongly to the fized
point of the multivalued map T.

Theorem 3 Let p satisfy (UUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that, Pg 1§ a p—Zamfirescu mapping,
satisfying the condition

HP(Tf7 Tg) S 5p(f— 9) +26p(Tf - f)) (44>

for allf,g € D and Fo(T) # 0, where & € [0,1). Let fo,go € D and {fn},{gn} C
D be defined by the implicit multistep (9) and implicit Mann iterative se-
quences (12) respectively, where the sequences {ocn}l‘iozo,{ﬁil}?zo C (0,1) such
that Y o0 s otn = 00,3 o0 BY = 0o fori=1,2,...k — 1. Then the following
are equivalent:

(i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(ii) the implicit multistep iterative sequence (9) converges strongly to the
fixed point of the multivalued map T.

Proof. The method of proof of Theorem 3 is similar to that of Theorem 1.
The proof is complete. O

Theorem 3 leads to the following corollary:
Corollary 4 Let p satisfy (UUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —

Po(D) be a multivalued mapping such that Pg is a p—Zamfirescu mapping,
satisfying the condition

H,(Tf, Tg) < dp(f — g) + 20p(Tf — f), (45)

for all g,h,g € D and Fo(T) # 0, where & € [0,1). Let go,ho,go € D and
{gnhy{hnh{gn} C D be defined by the implicit Mann (12), implicit Ishikawa
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(11) and implicit Noor (10) iterative sequence respectively, where the sequences
{ocn}?:oa.{ﬁll}io:m{ﬁﬁ}?:o C (0,1) such that, Zio:o Kn = 00,

> 2o By =00 fori=1,2. Then the following are equivalent:

a. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(i) the implicit Ishikawa iterative sequence (11) converges strongly to the fized
point of the multivalued map T.

b. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T;
(ii) the implicit Noor iterative sequence (10) converges strongly to the fized
point of the multivalued map T.

Theorem 4 Let p satisfy (UUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that Pg 1§ a p—contraction mapping,
satisfying the condition

H, (Tf, Tg) < dp(f — g), (46)

for all f,g € D and Fy(T) # 0, where d € [0,1). Let fo,go € D and {fn},{gn} C
D be defined by the implicit multistep (9) and implicit Mann iterative se-
quences (12) respectively, where the sequences {on}2 o, {BL1°, C (0,1) such
that Y o0 s ot = 00,3 oo BY = 0o fori=1,2,...k — 1. Then the following
are equivalent:

(i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(ii) the implicit multistep iterative sequence (9) converges strongly to the fized
point of the multivalued map T.

Proof. The method of proof of Theorem 4 is similar to that of Theorem 1.
The proof is complete. O

Theorem 4 leads to the following corollary:

Corollary 5 Let p satisfy (UUCT) and Ay—condition. Let D be a p—-closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that Pg s a p—contraction mapping,
satisfying the condition

H, (Tf, Tg) < dp(f — g), (47)
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for all g,h,g € D and Fo(T) # 0, where & € [0,1). Let go,ho,go € D and
{gnhy{hnh{gn} C D be defined by the implicit Mann (12), implicit Ishikawa
(11) and implicit Noor (10) iterative sequence respectively, where the sequences
{ocn}?:oa.{ﬁll}io:o){ﬁﬁ}io:o C (0,1) such that Zio:o Xn = OQ,

> 2o By =00 fori=1,2. Then the following are equivalent:

a. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(i) the implicit Ishikawa iterative sequence (11) converges strongly to the fized
point of the multivalued map T.

b. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,
(ii) the implicit Noor iterative sequence (10) converges strongly to the fized
point of the multivalued map T.

3 Numerical example

Example 1 [3]. Let MI[0,1] be the collection of all real-valued measurable
functions on [0,1] and p : M[0,1] — R a convex function modular defined
by p(f) = [y Ifl Vfe MIO,1]. Let D ={f € Ly: 0<f(x) <2Vxe[0,1]} be a
subset of the modular function space L, = M[0, 1] defined by p. D is nonempty,
closed, and convex. Define map T : D — Py(D) by Tf = {6f}, where & = 0.9.
T satisfies property (I), has a unique fized point f = 0 (since 0 € T(0)), and
Pg is a p-contraction, with Pg(f) = {Tf} Vf € D. In fact, Pg s an m-strong
p-strong contraction for all m € N, since p(g) = mp(=L).

We present the results of convergence to f = 0 of implicit Mann iterative
sequence (12), implicit Ishikawa iterative sequence (11), implicit Noor itera-
tive sequence (10), and implicit multistep iterative sequence (9) using MAT-
LAB. The parameters used are the following: go(x) = ho(x) = fo(x) = 0.5x +
0.95Vx € [0,1], an =} + =5, BL = =5 for i = 1,2,..,k — 1, where k = 11
andn=1,2,...,130.



