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Abstract. This paper studies the existence of periodic solutions of a
third order iterative differential equation. The main tool used here is
Krasnoselskii-Burton’s fixed point theorem dealing with a sum of two
mappings, one is a large contraction and the other is compact.

1 Introduction

Delay or iterative differential equations have attracted considerable attention
in mathematics during recent years since these equations have been showed
to be valuable tools in the modeling of many phenomena in various fields
of science, physics, chemistry and engineering, etc. In particular, periodicity,
positivity and stability of solutions for delay or iterative differential equations
has been studied extensively by many authors, see the references [1, 2, 3, 4,
5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. For example in [9], the
third-order iterative differential equation

X (4) +p (X" (1) + q ()X (1) + 7 (1) x (t) =x(t) )_ e (t)xM (1),
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has been investigated. By using Krasnoselskii’s fixed point theorem and the
contraction mapping principle, Bouakkaz et al. obtained the existence, unique-
ness and continuous dependence of periodic solution. Inspired and motivated
by the references [1, 2, 3,4, 5,6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20],
we study the existence of periodic solutions for the third order iterative dif-
ferential equation

W +p X" (W +qO)x W) +r(hx(t)=x1) ) a®)x¥ 1), 1)

where xI" (t) = x (1), x? (1) = x (x (1)), ..., x™ (t) = x*" (x (1)), p, q, T and
Ck, k = 1,m are continuous real-valued functions. Our purpose here is to use
Krasnoselskii-Burton’s fixed point theorem to prove the existence of periodic
solutions for (1). To prove the existence of periodic solutions, we transform
(1) into an equivalent integral equation and then use Krasnoselskii-Burton’s
fixed point theorem. The obtained integral equation splits in the sum of two
mappings, one is a large contraction and the other is compact.

2 Preliminaries

For T > 0, let Pt be the set of all continuous scalar functions x, periodic in t
of period T. Then (Pr,||.||) is a Banach space with the supremum norm

[x]| = sup [x(t)| = sup [x(t)l,
teR t€[0,T]

and for N, K > 0, let
Pr(N,K) ={x € P, ||x|| <N, [x(t2) —x(t1)] < K[t —t1],Vts,t2 € R},

be a closed convex and bounded subset of Pr.
Throughout this paper, we assume that

(H1) There exist two differentiable positive T-periodic functions aj, a; and a
positive real constant p such that

ai(t) +p =p(t),
aj(t) + az(t) + par(t) = q(t),
ay(t) + pay(t) = r(t).
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(H2) p,q,r € Pt and
.

.
J p(s)ds>pTandJ q(s)ds > 0.
0 0

Now, we consider the equation
X" () +p (X" () +q ()X (1) +1(t)x(t) =e(t), (2)

where e is a continuous T-periodic function. It is easy to see that by
virtue of (H1) and (H2), the above equation can be transformed into the
following system

{ Yy () +py(t) =
X" (1) +ar ()X () +ax(t)x(t) =y (t).

Lemma 1 ([5]) Ify,e € Py, theny is a solution of the equation

Yy () +ey(t)=e(t),
if and only if

t+T
Y= Giltsesas, 3)
t
where (0(s— 1))
exp (p (s —
Gy (tys) = —F—————. 4
Corollary 1 ([14]) Green’s function Gp satisfies the following property
my < Gy (t,s) < My,
where
S 1 ~exp(pT)
"TexplpT) =10 ' exp(pT) =1
Lemma 2 ([13]) Suppose that (H1), (H2) hold and
R; [exp (J'g aj (v) dv) — 1]
>1, (5)
Qi T
where
t+T s d
R; = max J &P (‘ft a () v) az (s) ds|,
te[0,T]

t  exp (fgm (v) dv) —1
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and
2

"
Q1= (1 + exp (Jo ar (v) dv)> R3.

Then, there are continuous and T-periodic functions a and b such that

.
b(t) > 0, J a(v)dv > 0,
0

and

d —b(t) + a(t)b(t) = ax(t) for allt € R.

alt) +b(t) = ai(t), =

Lemma 3 ([17]) Suppose the conditions of Lemma 2 hold and y € Pt. Then
the equation

dZ

S @ () Sxt) +a(Ox () =y 1),

dt

has a T-periodic solution. Moreover, the periodic solution can be expressed as

T
Xt =] Galts)yle)as, (6)
where
_ jteprt (W) du+ 7 a(u)du] dv
0 (a1 () 7
S8 exp [ft (W du+ [>T af )du} dv
+ . (7)
{exp (fo ) ] {exp (fo b (v) dv) — 1}
Lemma 4 ([18]) Let A = [} aj (v) dv and B = T2 exp( [in (@ ) dv).
! A? > 4B, (8)
then T T
mln{L a(v) dv,L b (v) dv} > % (A— A2—4B) —1,
and
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Corollary 2 ([14]) Green’s function G, satisfies the following properties
m; < Gz (t,s) <My

where ;
Texp (fo aj (v) dv)

(et —1)°

-

my=-—— and M =

1
Lemma 5 ([8]) For any ti,t; € R
t1+T
J 1Ga (t2,5) — Ga (t1, )| ds < wlty — ti],
t
where
w = Telln [nzy (Ze2L + 1) el t 1} :
and
1

[exp (fg a(v) dv) — 1} {exp (fgb (v) dv) — 1] ,
A = max |b(t)], Yy =exp <J’0Tb (v) dv) .

te[0,T]

Lemma 6 ([11]) Suppose the conditions of Lemma 2 hold and e € Py. Then
the equation

X" () +p ()X (1) +q )X (1) +r(t)x(t) =e(t),

has a T-periodic solution. Moreover, the periodic solution can be expressed by

t+T

x(t) = J G (t,s)e(s)ds, (9)

t

where
t+T

G(t,s) = J Gy (t,0) Gy (0, s) do. (10)

t

Corollary 3 ([14]) Green’s function G satisfies the following property
m<G(ts) <M,

where
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Lemma 7 ([20]) For any ¢, € Pr(L,K),

H(pm _

i—1
j=0

Lemma 8 ([19]) It holds
Pt (N>K) :{X € PT) HXH < N) |X (tl) _X(t1)| < K|tz—t1|> Vthtl € [O)T]}

Lemma 9 Suppose (H1), (H2) and (5) hold. The function x € Pt (N,K) is a
solution of (1) if and only if

t+T nooet4T )
x(t):J r(s)H(x(s))G(t,s)ds—l—ZJ ci (s)x(s)x (s) G (t,s) ds,

t i It

(11)
where
H(x) =x —h(x). (12)
Proof. Let x € Pt (N, K) be a solution of (1). Rewrite (1) as
X" () +p (X" (1) + g (t)x (1) + 7 (t)x (1)
=T(OHXM1) +x1) ) e (®)xM ().
k=1
From Lemma 6, we have
T n
x(t) = J G(t,s) [T(s)H(x(s) +x(s) ) cx(s)xM (s)| ds.
t k=1
The proof is completed. O

Definition 1 (Large contraction [10]) Let (M, d) be a metric space and
consider B : M — M. Then B is said to be a large contraction if given ¢, @ € M
with & # @ then d (Bd,Be) < d (b, @) and if for all € > 0, there exists a
5 € (0,1) such that

(b, €M, d(d,¢) > el = d(Bd,Be) <sd(d, o).
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Theorem 1 (Krasnoselskii-Burton [10]) Let M be a closed bounded con-
vex nonempty subset of a Banach space (B, |.||). Suppose that A and B map
M into M such that

(i) x,y € M, implies Ax + By € M,

(ii) A is compact and continuous,

(iii) B is a large contraction mapping.
Then there exists z € M with z = Az + Bz.

We will use this theorem to show the existence of periodic solutions for (1).

Theorem 2 ([1]) Let ||.|| be the supremum norm, M = {@ € Pt : ||@| < N}
where N is a positive constant. Suppose that h is satisfying the following con-
ditions

(I) h:R — R is continuous on [-N,N] and differentiable on (—N,N),

(IT) the function h is strictly increasing on [—N, NJ,

(II) supyenny W' (1) < T.
Then the mapping H define by (12) is a large contraction on the set M.

3 Existence of periodic solutions

To apply the Theorem 1 we need to define a Banach space B, a closed bounded
convex subset M of B and construct two mappings; one is a compact and the
other is a large contraction. So, we let (B, ||.]|) = (Pr, ||.||) and

M = Pt (N, K)

:{(P € PT) ||(pH < N) |(P (tZ) —(P(t1)| < K|t2_t1|) Vthtz € [O)T]})
(13)

with N, K > 0. Define a mapping S : M — Pt by

t+T

(&p)(t)zj r(s)H (0 (s)) G (¢, s) ds

t

nooptHT '
+ZJ;CNQ@M@MMGﬁ&M&
i=1

Therefore, we express the above mapping as

So = Ap + Bo,
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where A, B : M — Py are given by

rt+T

(A) () =D | cils)o(s) oY (s)G(t,s)ds, (14)
i1 Jt

and
Pt T

(Be)(t)=| r(s)H(e(s))G(t,s)ds, (15)

where ¢ in P, 1=1,n.

Remark 1 The compactness of Pt (N, K) results immediately from the appli-
cation of Lemma 8 and Ascoli-Arzela theorem.

We need the next lemma in our next results. This lemma and its proof can
be found in [9].

Lemma 10 For any @, € M,

H(p(pm —pyplt

i—1
SN[1+> ¥ |llo—0l, i=1,2,...
j=0

We will show set of preparatory lemmas to use them in the proof of the
main existence results.

Lemma 11 Suppose that (H1), (H2), (5) hold and c¢; € Pt (N¢,,K¢,), i =1,n.
If

J (WN2 iN) <N, (16)
i=1

and

n
](pMJZ +2M1M2T+2M) N2 Ng <K, (17)

i=1

hold, where ] is a positive constant with | > 3. Then the operator A defined
by (14) is continuous and compact on M.

Proof. Let ¢ € M. For having Ap € M we show that Ap € Pr, ||[Ap| < N
and |(A@) (t2) — (A@) (t1)] < K[t —t4], Vi1, € [0, T]. First it is easy to
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show that (A@)(t+T) = (Ae)(t). That is, if ¢ € Pt then Ag is periodic with
period T. By using Corollary 2 and (16), we obtain

N T .
W=y | lalle el )6 4 s)las
i=1 vt

o N
gTMszN.<—§N.

ci >
o J
So, we get
Al <N.
Second we prove that, for any ¢ € M the function A is K-Lipschitzian.
Let @ € M and t1,t; € [0, T] with t; < ty, we have

((Ae) (t2) — (Ae) (t1)]

n

to+T )
< J ¢i (s) @ (s) 0 (s) G (tz, ) ds

o

|\/]=

t14+T .
j $) 9 (5) G (11, 5) ds

t

1

i

|\/|:

J|c1 Sl ()]0 (5)]16 (12, 5] ds
1

,4
Il

to+T
+

™=

e ()1 ()] [0 ()]G (12,5 ds
t]+T

Il
-

i

t+T
+ J ()19 ()]0 (5)]1G (t2,5) — G (11, )/ ds.

t

™M=

1

It follows from Corollaries 2, 2 and Lemma 5 that

G (t2,8) — G (t1, )]

tz-i-T t1+T

—j Gz(tz,o)GmG,s)do—J G2 (11, 0) G1 (0ys) do
t2 t
t to+T

< J G2 (t2,0)] Gy (c,s)|do+j G2 (t2,0)|[G1 (0y8)] do
to t1+T

’[1+T
+J G (0, 5)/Gz (t2,0) — Ga (11, 0| do.

t
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So
IG (t2,s) — G (t1,s)| < 2ZM 1My + uTMy) [t — t]. (18)

Using Corollary 3 and (18), we get
((Ap) (t2) — (Ag) (t1)]
n n
< 2MN? (Z Nq) [ta — t1] + TN? 2My My + uTM,) <Z Nq) [t2 — ti]

i
n

Nq) Ity — t1]
i

i=1

— N2 (ZM F2TMGM, + uTzl\/h) (

K
< T|tz—t1|§K|tz—t1|-

So, we have
I(Ae) (t2) — (Ag) (1)l < Ktz —t].

which shows A : M — M.
Now, For @, € M, ¢; € Pr(Nc,K¢,), i = 1,n, and from Corollary 3, we
obtain

[(Ae) (t) — (AD) ()]

Nt T . _
<Y | @G [os) 0 (s) — b s) Wi s) ds
i=1
t+T
<MY | o) [0 )0 19— (50 (5)|as
i=1 7t

Using Lemma 10, we get

n i—1
(A@) (t) = (AP) () S NMT Y Ne |1+ K | [[o—]|.
i=1 j=0

This implies the continuity of A. We use Remark 1 and the fact that continuous
operators maps compact sets into compact sets we deduce that A is a compact
operator. ]

The next result proves the relationship between the mappings H and B in
the sense of large contractions. Assume that

OMT < 1, (19)
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J-—1
J

max ([H (=N]|, [H(N)[) <

N, (20)

and
(ZM £ 2TM M, + uTzl\/h) ON < K, (21)

where 6 = max |r (t)].
t€(0,T]

Lemma 12 Let B be defined by (15). Suppose (H1), (H2), ((5)), (19)—(21)
and all conditions of Theorem 2 hold. Then B is a large contraction on M.

Proof. Let B be defined by (15). Obviously, B¢ is continuous and it is easy
to show that (Be)(t+ T) = (Be)(t). For having B € M we will show that
|Bo|| < N and [(Be) (t2) — (Be) (t1)] < Klta —t4], Vt5,t2 € [0, T]. Let @ €
M, by (19) and (20) we get

t+T
|(Be) (t)] SJ IG (t,8)l[r (s)[H (@ (s))l ds

t

< OMT max {(H (—N)|, H (N < L=

N.
j <

Then, for any ¢ € M, we have
Bl <N.
Let t1,t; € [0, T] with t; < t2, for any ¢ € M, we have
[(Be) (t2) — (Be) (t1)]
t1 4T

t+T
J G (tz,s)r(s)H (@ (s))ds —J G (t,s)T(s)H (@ (s))ds

15 t

t
SJ IG (t2, s)lI (s)IH (¢ (s))| ds

t2

<

to+T
+j G (t2, )l r (s)]|H (@ (s))] s
4T

t+T
+J G (t2,8) — G (t1,8)|[r (s)[[H (@ (s))] ds.

t

Using Corollary 3 and (18), we have

[(Be) (t2) — (Be) (t1)]
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J—1)N

N
< 2M60 [t —t11+ 6

U_I]) T(2MiMz + uTMy) [tz — t|

—1)N
- (zM £ 2TMGM, + uTzl\/h) e”J) Ity — t].
From (21), we obtain

U_J”K|tz—t1|

Klt; —t1].

[(Be) (t2) — (Be) (t1)]

IN

IN

Consequently, we have B : Ml — M.
It remains to show that B is a large contraction. By Theorem 2 H is large
contraction on M, then for any @, € M, with ¢ 1 we have

(Be) (t) — (BY) (1)
T
j G (t,5)7(s) [H (¢ (s)) — H (W (s))] ds

t

<OMT [ — V[ < [l — |-

Then [|[Be — BY|| < ||@ —||. Now, let € € (0,1) be given and let @, € M,
with [[@ — || > €, from the proof of Theorem 2, we have found a & € (0, 1),
such that

<

[(He) () — (HY) (DI < 8 |l — .

Thus,
(Be) (t) — (BY) (¢)]
4T
< J G (t,s)7 () [H (¢ (s)) — H (b (s))] ds
t
< OMTS [ — ]| < 5]l — W]
The proof is complete. 0

Theorem 3 Suppose the hypotheses of Lemmas 11, 12 hold. Let M defined by
(13). Then (1) has a T-periodic solution in M.

Proof. By Lemmas 11, A : M — M is continuous and A(M) is contained in
a compact set. Also, from Lemma 12, the mapping B : M — M is a large
contraction. Next, we show that if @, € M, we have ||Ap + BY|| < N and
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[(Ap + BY) (t2) — (Ae + BY) ()] < Ktz =], Viy,t; € [0, T]. Let @, €
M. By (16), (19) and (20), we obtain

A + Bb|| §WNZZNQ+(]_;)N < ];l'f—

J-DN _

j N.

i=1

Now, let @, € M and t1,t; € [0, T]. By (17), (21), we get

(A + BY) (t2) — (A + B) (1)

<|(Ae) (t2) — (A@) (t1)[ + (BY) (t2) — (BY) (1)
K (J-1DK

< T|t2—t1|+ fﬁz—tﬂ

< Kty —tq].

Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satisfied.
Thus there exists a fixed point z € M such that z = Az + Bz. By Lemma 9
this fixed point is a solution of (1). Hence (1) has a T-periodic solution. [
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