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This article shows the existence and multiplicity of weak

Abstract.
solutions for the singular subelliptic system on the Heisenberg group
—Agnu+ a(§) —— = AF, (&, V) in Q,
(IzI*+12)2
—Agnv + b(&) ¥ =AF, (&, u,v) in Q,
(Izl*+t2)Z
u=v=>0 on 0Q).

The approach is based on variational methods.

1 Introduction
The aim of this article is to establish the existence and multiplicity of weak

solutions for the singular subelliptic system

—Agnu + a(§) —— = AFy (&, V) in Q,
(l21*+t2)2

_AH“V_f’b(((—v)% :)\Fv(‘(—ou)v) in Q, (1)
(Iz1*+12)2

u=v=0 on 0Q),
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where Q C H™,n > 1, is an open, bounded subset containing the origin
with smooth boundary. A > 0, a,b € L*°(Q) such that essginfa > 0 and
essoinfb >0, F: QO x R? — R is a function such that F(-, s1,s;) is continuous
in Q, for all (s1,s2) € R? and F(§,-,-) is C' in R? for every & € Q, and Fy, F,
denote the partial derivatives of F, with respect to u, v respectively.

Singular elliptic problems have been intensively studied in the last decades,
in [6, 16] the authors investigated infinitely many solutions for singular elliptic
problems.In [1] and [5] some problems which depend on continuous component
of time like coherent states in quantum optics are probed. These problems
are studied in a space which have a component of time and are known as
Heisenberg group. Important topics where the Heisenberg group reveals itself
as an essential factor are quantum mechanics, ergodic theory, representation
theory of nilpotent Lie group, foundation of abelian harmonic analysis, and
the theory of partial differential equations. We are now interested in the last
one.

Recently the existence of radial solutions of Neumann problem on Heisenberg
group is studied (see [10, 11, 12, 13]).

Here we recall some definitions and results on Heisenberg group (see [2, 8,
9, 15]). The Heisenberg group H™ = (R?**! o ) is the space R with the
noncommutative law of product

(x,y,t) o (X, ', t') = (x + X,y + v, t +t' + 2((y, X') — (x,))),

where x,x’,y,y" € R", t,t' € R and (-,-) denotes the standard inner product
in R™. This operation endows H"™ with the structure of a Lie group. The Lie
algebra of H™" is generated by the left-invariant vector fields

T=E> XiZiJrZUia Yi:i_zxi%>

i i —=1.2.3 ... ..
ot ox; ot v t=123--,n

These generators satisfy the noncommutative formula
Xi, Vil = —464T, [Xy, X1 =[V3, V5] = X4, T = [v;, T] = 0.

Let z = (x,y) € R?" and & = (z,t) € H". The parabolic dilation

81E = (Ax, Ay, A2t), satisfies 8x(E00 &) = Br& o x&o, and [Eln = (|21 + 1) =
(x2 +y?)? + tz)%, is a norm with respect to the parabolic dilation which is
known as Koranyi gauge norm N(z,t). The Heisenberg distance between two
points (z,t) and (Z/,t') is given by p(z,t;2/,t') = |(Z/,t')™ o (z,t)|n. Clearly,
the vector fields Xj, Yi,i =1,2,--- ,n, are homogeneous of degree 1 under the
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norm |.Jgn and T is homogenous of degree 2. The Koranyi ball of center &g
and radius 1 is defined by

B (80, 1) ={&:1&7 0 Eolun < 13,

and it satisfies |Brn (&0,7)| = |Brn(0,1)] = 7#™2|Bgn (0, 1)|. The Heisenberg
gradient and the Kohn-Laplacian (the Heisenberg Laplacian) operator on H™
are given by

n
Vi = (X1, X2+, Xn, Y1, Y2, -+, V) and Agn = Y X7+ Y],
i=1
respectively. We define the associated Sobolev space as following:
H'(Q,H") :={u e 2(Q): Xiu,Yiu e [2(Q),i=1,2,---,n},

and H(])(O_, H") is the closure of C§°(Q)) in H'(Q, H") with respect to the norm

1

2
Il ) = (j (Vanu? + |u|2)da> ,
Q

where u: Q C H" — R. A norm on Hé(Q, H"™) is

]

2
||U||Hg>(Q,Hn) = <JQ |VHnu|zd£> )

which is equivalent to the standard one. The dual space of H(])(Q,]HI) is de-
noted by H™'(Q,H). Here we recall Hardy’s inequality and some results on
the Heisenberg group.

Lemma 1 [7] Forn > 1 and for any u € H(])(Q,H“), we have

huf? <n+]>zj 5
——d& < |[Vynul~déE.
Jo (2l + [¢2)2 n? ) Jo "

For convenience, we write the above inequality by

2
J L S 1J VinuPde,
Q (|z1* + [t)2)2 CnJa

where Cp, = (5)2.
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Lemma 2 [14] Let O C H" be a bounded open set. Then the compact embed-

ding Hg)(_Q, H™) ccC LP(Q) for 1 <p < Q* is satisfied, where Q* = % 18

critical exponent of Q = 2n+ 2, which is homogeneous dimension of H™.

We denote the Sobolev embedding constant of the above compact embedding
by Sp >0, i.e.

IWliiri) < Sp lulliyoms)  for allu € Hy(Q,HY), T<p<Q™.  (2)
In the sequel, X will denote the space Hé(O_, H™) x Hé(Q,H“), which is a
reflexive Banach space endowed with the norm
1, VI = [l ) + VI 0 mm)-

We use the following multiple critical points theorem due to G. Bonanno
3]

Theorem 1 Let X be a reflexive real Banach space, let O,¥ : X — R be
two Gateaux differentiable functionals such that © is strong continuous, se-
quentially weakly lower semi-continuous, coercive and ¥ is sequentially weakly
upper-semi-continuous. For every r > infx @, let

. (Sup\/e(l)—1 (—o0,r) Y(v)) —¥(u)
@(r) = inf ,
ued—1(—oo,1) T—O(u)

v :=liminf @(r), &:= liminf ¢(r).

T—+00 r— (infy @)+

1
(a) If y < 400 then, for each N € (0,;), the following alternative holds:

either
(al) Iy := ® — AV possesses a global minimum, or

(a2) there is a sequence {un} of critical points (local minima) of I such that
limp 00 @ (un) = +o0.

1
(b) If 8 < 400 then, for each A € (O,

8)’ the following alternative holds:

either
(bl) there is a global minimum of © that is a local minimum of Iy, or

(b2) there is a sequence {un} of pairwise distinct critical points (local minima)
of I that weakly converges to a global minimum of © .
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2 Weak solutions

In this section we prove the existence of weak solutions for the system (1). Du
to do this, we the definition of the weak solution.

Definition 1 One says that (u,v) € X is a weak solution to the system (1) if

J anu-anq)duJ ““’]a(a)da—xj Fu(&,u,v)@dE
o o (2 + 12)7 o

+J vww-vqua+J v ]MEME—AJFA&uwNM£:Q
a o (|2t + )3 a
for every (@, ) € X.
Define the functional I : X — R by
I(u,v) = O(u,v) — A¥(u,v),
for all (u,v) € X, where

1 2
O v) = 3l + 3 | o ralE)de
o

T
wmme+2L(]wau,

and ¥(u,v) = [, F(&u,v)dE.

Lemma 1 1mphes

ZHuHHl QH") ZHVH]—U QH™) < (D(LL, )
Cntllalloo C +||bloo
< ( = (g:” ||'LL||H] (Q,H") +( nzgnH HVHHI (Q,H")?

which implies that @ is coercive. Moreover, from the weakly lower semicon-
tinuity of norm, we known that @ is sequentially weakly lower semicontinu-
ous. Notice that functionals @, ¥ are well defined and continuously Géteaux
differentiable functionals whose derivatives at the point (u,v) € X are the
functionals ®’(u,v) and ¥'(u,v) given by

(@ (uv), (0,90 = | Vi Venode+ | P ateae
Ja o (2 + 1)}
r i
+ Vanv - VgnpdéE + J 1 b(i)di,
Jo a (Jz]* +t2)2
<W/(uav)) ((P)q)» = QFu(Ea u)")@da + ,[Q FV(‘i) u,v)tl)dé,
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for all (@, V) € X.
Y . X — X* is a compact operator, indeed, it is enough to show that W' is
strongly continuous on X. For this end, for fixed (u,v) € X, let (w, vk) — (u,v)
weakly in X as k — oo, by the Lemma 2, we deduce that (ug,vi) — (u,v) in
LP(Q) x LP(Q), therefore, (ux(&),vi(&)) — (W(E),v(E)) for a.e & € Q. Since
F(&,-,-) is C! in R™ for every & € Q, so V' (&,w, vi) — V'(&,u,V) strongly as
k — +o0o. Thus we have that ¥ is strongly continuous on X, which implies
that ¥ is a compact operator by Proposition 26.2, [17], it follows that V¥ is
sequentially weakly continuous.

Here is an example to show a function F with the conditions defined in (1)
can exists.

Example 1 [t could be possible to consider the same example given in [4]. Let
Q be a bounded domain in R? containing the origin and with smooth boundary
0Q. Consider the increasing sequence of positive real numbers given by

ap =2, Ani == n!alz1 + 2,

for every n > 1. Define the C'-function F: R? = R as follows

1— 1

F(S1 52) B (an+1 )46 T=MlIs1—any1llpHisa—an1llp] (51,52)EUnZ1B((an+1,an+1),1),

, =
0 otherwise,

where B((Cln+], Qnil), 1) is an open unit ball of center (Ani1, Any1).

Due to study the existence of infinitely many weak solutions, suppose there
exist Rg > 0 such that Ry < dist(0,0Q) and ¢ € (0,1). Set

L R3(1—¢)?
a - -—
8S, (Srglele) (1 — B(1 4 482)wpp REV (1 — (2041) .
Lo R3(1—0)?
b =

8 (S 300l (1 — ) (1 + 41 wan i RIVT (1 — 20+1)

where wy, denotes the volume of the n-dimensional unit ball in R™ and S, is
given by (2).

Theorem 2 Assume that
(11) F(E)S1)52) > 0 fO’f’ every (6)51352) € QO x Ri;
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(ia) There exist Ry > 0 such that Ry < dist(0,0Q) and ¢ € (0,1), given by (3).
Assume A < LB, where

JaSUPYsy im0y +ls2lip oy <oT (£ 815 82)dE

A :=liminf 5 ,
o0—+00 [0}
J F(&,s1,52)dE
B := limsup anH(O'CRZ) 2’ : ,
$1,82—+00 $] + S5

L :=min{Lg, Lp}.

1 1 1
Then for each A € A = ﬁ <LB’A>’ problem (1) has an unbounded se-

quence of weak solutions in X.

Proof. We apply the part (a) of Theorem 1. Certainly, the weak solutions of
the problem (1) are exactly the solutions of the equation Ij(u,v) = 0. The
functional @ and ¥ satisfy the assumptions of Theorem 1. Now we show that
Y < 400. Since X compactly embedded in LP(Q) x LP(Q), and from (2) one
has

[ulle (o) < Spllullyyumny  and  [Vlleio) < SplVlly ,mm)

for all (u,v) € X. Thus

Sl + IR < So (3B ey + 3 ¥Rz )-
So, for each r >0
O] — oo, 7)1 = {(u,v )GX'G)(u, ) <1}
={(u,v) € X: ||u||H1 @un) Tt IIVIIH1 am) <1 (4)

] 1
C{lwy,v) e X: EHU'HLP(Q) + EHVHLP(Q) < Sprh,
and it follows that

sup Y(u,v) < sup J F(&,u,v)déE.
(uyv) €D (J—o0,r]) Q
{(uv)ex:s HuHLP +§HVHLP(Q)<SPT}
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Note that ®(0,0) = 0 and ¥(0,0) > 0. Therefore, for every r > 0,

( Sup(u/’\,/)eq)fl (]—o0,r) ‘P(u’, V/)) — ‘P(u, V)

= inf
@(r) q)(mlf,lv)« r—®(u,v)
SUPQ-1 (|—oco,rl) ¥
- T
1
< sup J F(‘i)ShSZ)dE-
T Q

Slsille @)+ 5 Is2llLp (@) <Spr
2 (Q) 2 (Q)S9p

Let {ox} be a real sequence of positive numbers such that limy_,, o 0x = +00
and

JaSUP sy 15 () llip oy <o (& 515 52)dE
k—+o00 Gi

=A< +oo. (5)

Set T = ﬁ(%)z, from (4), one has

1 1
iuuufp(m + §||v|\{p(m < Spri, for all & € Q.

So,

Iulis < V2Spme and  [Vlisia) < v/ZSpme,

thus, for each k € N large enough

[ullte @) + [VIitr (@) £ V/2SpTk + /2SpTk = 24/2SpTk = 0.

Hence,

SUP{(uv)eXi[|ullLp (o) +HIVIILe (o <Gk}fQ (&u,v)déE

@(ri) < Ep
Bl (6)
IQ SUD|is1Itp () +lIs2llr (@) <ok F(&,51,52)dE
<8S, 5 .
Ok

Hence, from (5) and (6), one has

o sup F(&, s1,82)dE
y < liminf @(r) < 88, lim 2 —tlriortieloo <. 70
k—+o00 k—+o0 0‘k

= 8SpA < +o0.

This implies
1
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1
We conclude that A CJO, ;[. For A € A, we show that the functional I, =

1
@ — AY is unbounded from below. Indeed, since 3 < 85,LB, we can consider

two positive real sequences {ﬂi,k}iz:1 and 0 > 0 such that \/2321 Nik — +oo
as k — oo and

fan+1 (0,CRo) F(E»n],k)nZ,k)dE»
2 2
N7 T N2k

<0 <8S,L , (7)

> =

for k large enough. Suppose ug (&) = (w1 (&), w2k (&)) be a sequence in X defined
by

0 if & € H™ \ B2n+1(0,Ro)

wik (&) = ¢ Mk if & € Bon+1(0, CRo) (8)
nl7’k(Ro — &) if & € Bant1(0,Ro) \ Bant1(0, CRo),
Ro(1—C)

for i = 1,2, where B,,(0, 1) denotes the n-dimensional open ball with center 0
and radius r > 0.

Bearing (3) in mind, we have

a k(& 2
@ (urk, u2k) J [Venun(&)PdE + [ HOOJ gk ()] ae

2 Jo (2 + 1)z
b||co 2

J Vi (€)1 dE + o] J Pz (&)l -d

"2 2 o (2 + 1)z

Cn+lalloo
: < ” H ) Ve (£)2dE
Bant1(0,R0)\B2nt1(0,CRp)

Cn+ HbHoo Vi (£)1dE

n1k

> B2n+1 (0,R0)\B2n+1(0,CRo)

+2
(1-2) (1 + 4t RE (1 — )

(e
<C + Halloo
(2

Cn+ Hblloo n2k
RI(1—¢

~8s, (m i nr_zbk)

t2
L (1 )1+ 4t wn R (1 — M)

(9)
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On the other hand, by assumption that F(&,s7,s2) > 0, we have

W, k) ZJ F(&, wik, up)dé > J F(&,M1 N2,k ) dE. (10)
Q B2n+1(0,CRo)

So, it follows from (7), (9) and (10) that

(9
I (wrk, w2k) = @ (g, upk) — AW (wg, uok)
1

< 33 L(n%,kﬂLﬂ%,k) —AJ F(& 12k dE
P B2n+1(0,CRo)
(1—20)
< W (n%,k + Tl%,k)»
for k large enough, so limy_, o In(Wk, Wx) = —00, and hence, the claim fol-

lows.

The alternative of Theorem 1 case (a) assures the existence of unbounded
sequence {ux = (ugk, wrk)} C X of critical points of the functional I and the
proof of Theorem 2 is complete. O

Theorem 3 Assume that (i1) holds and

(i3) F(&,0,0) =0 for every & € Q.

(i4) There exist Ry > 0 such that Ry < dist(0,0Q) and ¢ € (0,1), given by (3).
Assume A’ < LB’ where

A ol e 32 PPl o szl oy <0 F(E 81, 52) 8
T o0t 0?
B’ = lim sup J‘an+1 (0,CRp) F(E,s1,52)dé
$1,82—0F 512 + S%
L :=min{Lg, Lp}.

)

)

1 1 1
Then for each A € A\ = @ (LB”A’)’ problem (1) admits a sequence of

weak solutions which converges to 0.

Proof. Note that ®(0,0) = 0 and ¥(0,0) = 0. Therefore, for every r > 0, Let
{ow} be a real sequence of positive numbers such that o, — 0" as k — +oo
and

-[Q SUD|s1ltp () +lIs2llr (o) <ok F(&,s1,52)dE

2

=A’ < +c0. (11)
k—+o00 (o
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Put r, = ﬁ(%)z for all k € N, and & := liminf, o+ @(r). Hence, from (6)
and (11), one has

S < liminf @(ry)

k—+o00
S oS p oy +lsa lp (<o F(E5 51,52)dE
<8Sp lim 3
k—+o0 Gk

1
We conclude that A CJ0, 8[' For A € A, we show that the functional I, is

unbounded from below. Indeed, since

1

S < 8S,LB,

we can consider two positive real sequences {m)k}iz:] and 0 > 0 such that

\/21221 Nik — 0 as k — oo and
f32n+1 0,CRo) F(E»)Th,k)nz,k)da

(
<0<8S,L : (12)
? n%,k + n%,k )

> =

for k large enough. Let (uy) be the sequence defined in (8). By combining (9),
(10) and (12), we obtain

I (i, wai) = @ (wgi, upk) — AW (g, uok)

1
< T(m M) — ?\J F(&,M1x,MN2,x)dE
B2n+1(0,CRo)

< 1 —29)
= 78S, L

— 00

(N7 + 730,

for k large enough, so limy_, o Ix(ux, uzx) = —00, and hence, the claim fol-
lows.

The alternative of Theorem 1 case (b) assures the existence of sequence (uy)
of pairwise distinct critical points of I, which weakly converges to 0. This
completes the proof of Theorem 3. 0

Remark 1 We observe that, if F (&,0,0) # 0, then, by Theorem 2 and 3 we
obtain the existence of infinitely many non-trivial weak solutions.
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Corollary 1 Let QO be a bounded open subset of H, f : QO x R — R be
a Carathéodory function. Suppopse F : QO x R — R is defined by F(&,s) =
fg f(&,0)di, for all & € Q and s € R, and satisfying

i) F(&s) > M|s]?,
ii) [F(&s)l < CHSH%P(QV
for some positive constants M and C. Let 2s,C|Q] < LM where
2 R§(1—¢)?
(Cotllalleo) (1- ) +a2)

T

L

then for each A € (L,Mth , 2sp1C|Q\)7 the problem

—Apru+ a(&) —H—— = M(& u) imn Q,
(lz1*+t2)Z (13)
u=0 on 0Q),

has an unbounded sequence of weak solutions in H(])(O_, H").

Proof. We apply Theorem 1 part of (a). The strategy of the proof is similar to
Theorem 2, hence, we omit the details. Let {0y} be a real sequence of positive
numbers such that limy_, o ox = +00. Set 1y = ﬁckz. By (ii) we have

v < liminf @(ry)
k—+o0

IQ SUP|is|| p(a)<ox F(&,s)dE

< 2S, i
=P k—l)I-&I-loo 0‘%
— 25,010 < +oc.

1
This implies y < 25,C|Q| < X Let (ux) be the sequence defined in (8). Then,

Cn + llaflo

(D(uk) < < > J
2C, B2n+1(0,Ro)\B2n+1(0,CRo)
tZ

(Cn + ||0—||00) T]% 5 i .
< ") JE—
-G Rém—azo ) (1 + 4t @an RE (11— )

2 2n+1
_ Miwam1Ry
= K=t

Venw (£)2dE

(14)
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On other hand, by (1), we have

Y(w) = J F(&, ux)dE > J F(&,Mk)dE > MNECP™ o REVT.
Q Bon+1(0,CRo)
(15)

So, it follows from (14) and (15) that

() = O (uy) — AV (uy)

1
< nﬁwznﬂ Rén—‘r] (ﬁ o ?\MCZ“H),
for k large enough, so limy_,, s Ix(ug) = —o0, and hence, the claim follows.

The alternative of Theorem 1 case (a) assures the existence of unbounded
sequence {uy} of critical points of the functional Iy, and the proof is complete. (]
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