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Abstract. For given unit vectors x1,---,Xx of a real Banach space E,
we define
NA(L(ME)) (1, yxn) ={T € L(ME) : [T(xq, -+, xn)l = || T[] = T},

where £(™E) denotes the Banach space of all continuous n-linear forms
on E endowed with the norm [|T|| = supjx, j=1,1<k<n [T(X1, .-y X0l

In this paper, we classify NA(£(21%))((x1,x2), (y1,Y2)) for unit vec-
tors (x1,x2), (Y1,Y2) € l%, where 1% = R? with the l;-norm.

1 Introduction

Let n € Nyn > 2. We write Sg for the unit sphere of a real Banach space E.
We denote by £(™E) the Banach space of all continuous n-linear forms on E
endowed with the norm || T[] = supy, |=1,1<k<n [T(X1, ..., Xn ). The subspace of
all continuous symmetric n-linear forms on E is denoted by £s("E). A mapping
P:E — R is a continuous n-homogeneous polynomial if there exists T € L(™E)
such that P(x) = T(x,...,x) for every x € E. We denote by P("E) the Banach
space of all continuous n-homogeneous polynomials from E into R endowed
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with the norm |[P|| = supjy = [P(x)|. For more details about the theory of
multilinear mappings and polynomials on a Banach space, we refer to [4].

Elements xi,...,xn € E is called norming points of T € L(™E) if ||x1]| =
coo = ||xn]| = 1 and [T(x1y...,%n)| = ||T||. In this case, T is called a norm
attaining n-linear form at x1,...,xy. Similarly, an element x € E is called a
norming point of P € P("E) if [|x|| = T and |P(x)| = ||P||. In this case, P is called
a morm attaining n-homogeneous polynomial at x. Let X = L(™E) or Ls(™E).
For x,x1,- -+ yxn € Sg, we define

NAX) (X1, -+ yxn) ={T € X [T(x1, -+, xn)| = || T[] =1}

and
NA(P("E))(x) ={P € P("E) : [P(x)| = ||P|| = T}

Notice that

NA(ﬁ(nE))(X], to )Xn) = NA(ﬁ(nE))(ﬂ:X], to a:txn))
NA(ES(nE))(Xh T )Xn) = NA(ES (nE))(iXG(I)) T )ixc(n))
and
NA(P("E))(x) = NA(P)("E))(—x)
for all x,x7,--- ,xn € Sg and for all permutation o on {1,...,n}.

Let us introduce a brief history of norm attaining multilinear forms and
polynomials on Banach spaces. In 1961 Bishop and Phelps [2] initiated and
showed that the set of norm attaining functionals on a Banach space is dense in
the dual space. Shortly after, attention was paid to possible extensions of this
result to more general settings, specially bounded linear operators between
Banach spaces. The problem of denseness of norm attaining functions has
moved to other types of mappings like multilinear forms or polynomials. The
first result about norm attaining multilinear forms appeared in a joint work
of Aron, Finet and Werner [1], where they showed that the Radon-Nikodym
property is sufficient for the denseness of norm attaining multilinear forms.
Choi and Kim [3] showed that the Radon-Nikodym property is also sufficient
for the denseness of norm attaining polynomials. Jimenez-Sevilla and Paya [5]
studied the denseness of norm attaining multilinear forms and polynomials on
preduals of Lorentz sequence spaces.

It seems to be natural and interesting to study about

NA(L(ME)) (x15- - 5 xn)y NA(Lg("E)) (x1, -+, xn) and NA(P("E))(x)
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for x,x1, -+ ,xn € Sg. Kim [6] classified NA(P(ZL%))((m,xz)) for (x1,%2) € S%
and p = 1,2, 00, where l% = R? with the l,-norm.

In this paper, we classify NA(L(*15))((x1,%2), (y1,42)) for (x1,%2), (y1,Y2)
S S'lZ.
1

2 Results

Let T((x1,y1), (x2,Y2)) = axix2 + byryz + cx1yz + dxay1 € L(*13) for some
a,b,c,d € R. For simplicity, we denote T = (a,b,c, d).
Theorem 1 Let T = (a,b,c,d) € L(*13) for some a,b,c,d € R. Then,

| T[] = max{lal, [bl, [c], |d[}.

Proof. Let M := max{|al, [bl,[c|,|d[}. Let (xj,y;) € Sl% for j = 1,2. It follows

that
IT((x1,Y1), (x2,y2))l < lal [xixal + ol lyryal + lel xiyal +1dl [xaysl
< M (axal + lyryal + xiyal + xay1l)
= M(xil+ il (X2l + ly2l) =M
= max{|T(1,0), (1,0),[T(0, 1), (0, )[,[T(1,0), (O, 1],
IT(0, 1), (1,0)[} < || Tl
Therefore, ||T|| = M. O

Notice that if ||T|| =1, then |a| < 1,[b] < 1,lc| < 1 and [d| < 1.

Lemma 1 Let T = (a,b,c,d) € E(zl%) for some a,b,c,d € R. The following
are equivalent: let (x1,Y1), (x2,Y2) € Slf-

(a) T € NA(LC) (0, y1), (x2,92));

(b) T1 = (b) a, d,C) € NA(*C(zl%))((yhX])) (yl)xl));

(C) TZ = (a,b,—c,—d) € NA(ﬁ(zl%))((Xh—Uz), (X2>—Uz));
(d) T3 = (—(1, —b,—C,—d) € NA(ﬁ(zl%))((_Xh_y])) (XZ)UZ));
(e) Ta:= (a,b,d,c) € NA(LEL)((x2,Y2), (x1,41));

(f) Ts := (@, —b, —¢, d) € NA(LL) (%1, Y1), (x2, —y2))-

The following theorem classifies NA(ﬁ(zl%))((xhxz), (y1,y2)) for unit vec-
tors (x1,%2), (y1,y2) € 4.
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Theorem 2 Let (x1,y1), (x2,Y2) € Sl%. Then the following statements holds:
Case 1. xy; # 0 for allj =1, 2.
If x;y; > 0 for all j = 1,2, then
NA(LAW)) (G, 1), (x2,92) = {£(1,1,1, 1)),

If x5y; <0 for all j = 1,2, then

NA(LN) (1, y1), (x2,92)) = {£(1,1,-1,=1)}.
If x1y1 > 0 and xpyy < O, then

NA(LN) (1, y1), (x2,92)) = {£(1, =1, =1, 1)}
If x1y1 < 0 and xpy; > 0, then

NA(LE) ((a,y1), (x2,2)) = {001, =1,1, 1)L
Case 2. x1y; =0 and xyp #0
If x1 =0 and xpyy > 0, then

NA(LC) (1, 1), (x2,92)) = {Fa, T,¢,1) lal < Ty fel < 1)
If x1 =0 and xpyy < 0, then
NA(LC)(x1, 1), (x2,2)) = {(a, T,¢,=1) s lal < T, el < 1),
If y1 =0 and x2yz > 0, then
NA(LC) (x1,y1), (x2,92)) = {£(1,b,1,d) £ [b] < 1, [d] < 11,
If y1 = 0 and x2yz < 0, then
NA(LCD)(x1, 1), (x2,42)) = {=(1,b,~1,d) : [b] < 1,]d] < 11,

Case 3. xpy =0 and x1y; #0
If x =0 and x1y71 > 0, then

NA(LEN ((x1,1), (x2,12)) = {+(a, 1,1,d) : [a] < 1,]d| < T}
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If x =0 and x1y71 < 0, then
NA(LAD) (x1,41), (x2,42)) = {=(a, T,=1,d) : ]a] < 1,[d| < 1.
Ify, =0 and x1y1 > 0, then
NA(LC)) ((x1,91), (x2,92)) = {£(1,b,¢,1) : [b] < 1, ]c| < 1.
If y, = 0 and x1y1 < 0, then
NALA) (x1,41), (x2,12)) = {£(1,b,¢,—1) : [b] < 1, < 1}.
Case 4. x1y1 =%y =0
If x1 =x2 =0, then
NA(LCE) ((xa,y1), (x2,2)) ={*(a, T,¢,d) :al < 1yl < 1,[d] < 1},
If x1 =y2 =0, then
NA(LE) ((x1,11), (x2,42)) = {£(a,b,¢,1) : [al < 1,[b] < 1,]c| < T}
If x; =y1 =0, then
NALA) ((x1,41), (x2,12)) = {£(a,b,1,d) : [a| < 1,[b] < 1,]d| < T}
Ify1 =y =0, then
NA(LC) ((x1,u1), (x2,92)) = {£(1,b,¢,d) : [b] < T,]c| < 1,d] < T}

Proof. Let (th])) (XZ)UZ) € SL% Let T = (a,b,c, d) € NA(ﬁ(zléo))((XhUﬂ»
(x2,y2)) for some a,b,c,d € R. By Theorem 1, |a] < 1,|b] < 1,|c| < 1 and
|d| < 1. By Lemma 1, we may assume that a > 0. We consider four cases.
Case 1. xjy; # 0 for all j = 1, 2.
Suppose that xjy; > 0 for all j =1, 2.

Claim. NA(L(19)((x1,u1), (x2,2)) ={*(1,1,1, 1)}
It is obvious that {£(1,1,1,1)} € NA(L (212))((x1,y1),(x2,y2)). It follows
that

a—y

IT((x1,Y1), (x2,Y2))| = laxixz + by1yz + cx1y2 + dxy1]
a [xix2| + ol [y1yal + lel Ix1yal + [d] xay1l

IN
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IN

Ix1%2| 4 [y1y2l + Ix1y2l + X2yl
= (el + i) (Ixal + ly2l) =1,

which shows that a = |b| = |c|] = |d| = 1. We will show that b = 1. Assume
that b = —1. Then

1 IT((x1,Y1), (x2,Y2))| = Ix1%2 —y1y2 + cx1y2 + dxoyq]
Ix1(x2 + cy2) +yi1(dxa —y2)|
X1l Ix2 + cyal + ly1l [dx2 —yal

X1l + il =1,

<
<

which shows that
Ix2 4+ eyl = [dxa —ya| =1

because [x1| > 0 and [y;| > 0. Since x2y, > 0, ¢ = 1,d = —1. Hence,

1T = [T((x1,91), (x2,Y2))l = [x1x2 — y1y2 + x1Yy2 — X2Y1]
= ki—wl b2 +y2l =i =yl <1,

which is a contradiction. Therefore, b = 1. It follows that

1 = [T((x1,y1), (x2,Y2))| = x1x2 + Yy1y2 + cx1y2 + dxoy1|
< Ixal Ix2 4+ eyal 4yl [dxz +y2
= x|+ yil=T,

which shows that
Ix2 4+ eyl = [dxa +yal =1

because [x1| > 0 and |yi| > 0. Hence, ¢ = d = 1. Therefore, T = (1,1,1,1),
which concludes NA(L(*13))((x1,y1), (x2,b2)) C {£(1,1,1,1)}. Therefore, we
have shown the claim.

Suppose that xjy; < 0 for all j = 1,2. Lemma 1 implies that

T € NA(L(ID) ((ayy1), (x2,b2))
if and only if
Ty = ((1, b) —¢, _d) € NA(E(Zl%))((X] ’ _92)) (XZ) _yZ))
Since x;(—yj) > 0 for all j = 1,2, by the above claim,

NA(‘C(ZI'%))((XU*UZ)) (X2> *UZ)) = {i“) ]) ]) ])}
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Hence,
NA (LT ((x1,92), (x2,92)) = {£(1, 1,1, =1)}.
Suppose that x1y; > 0 and xpy; < 0. Lemma 1 implies that

T e NALC)((x1, 1), (x2,42))
if and only if
Ts == (a,—b,—¢, d) € NA(L(*19))((x1,2), (x2, —y2))-
Since x1y7 > 0 and x2(—y2) > 0, by the above claim,

NA(ﬁ(zl%))((beZ)) (X2> *UZ)) = {:l:(]a ]) ]) 1 )}

Hence,
NALE) (%1, Y2), (x2,12)) = {£(1,—1, =1, 1)},
Suppose that x1y; < 0 and xpy; > 0. Lemma 1 implies that

T € NA(L(A) ((x1,Y1), (x2,Y2))

if and only if
T, := (a,b,—¢,—d) € NA(L(1]))((x1, —y2), (x2,—Y2)).
Since x1(—y1) > 0 and x2(—y2) < 0, by the above claim,

NA(LCW) (a1, —y2), (2, —y2)) = {£(1, =1, =1, 1)},
Hence,
NA(LC) ((x1,y2), (x2,2) = {£(1,=1,1, 1)},
Case 2. xjy; =0 and xpy; # 0
Suppose that x; =0 and xyy; > 0.
Claim. NA(L(P19)((x1,y1), (x2,42)) = {£(a,1,¢,1) s al < 1ylef < 1.

Tt is obvious that {+(a, T,¢,1) : la| < 1,lcl < 1} € NA(LRR))((x1, Y1), (x2, Y2))-
Since x1 =0, |y2| =1 and

1 = [T((x1,v1), (x2,Y2))| = [by1y2 + dxy1]
< |dxz 4+ by,| < 1d] Ix2| + b [yal
< Ixal+ya =1,
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which shows that |dx; + by;z| = 1 = |[b| = |d|. Since x;y2 >0, b=d =1 or
b =d = —1. Hence, T = +(a,1,c,1) for some |a] < 1,|c| < 1. Therefore, we
have shown the claim.

Suppose that x; = 0 and x;y; < 0. Lemma 1 implies that

T € NA(LA)((x1,91), (x2,92))
if and only if
Ty == (a,b,—¢,—d) € NA(L(*19))((x1,—~Y2), (x2,—Y2)).
Since x1(—y7) = 0 and x,(—yz) < 0, by the above claim,
NA(LC)((x1,~y2), (x2,~y2)) = {£(a, 1,¢, 1) s lal <1, Je < 11,
Hence,
NA(LCW)((x1,92), (x2,2)) = {Z(a, T,¢,=1) ]l < 1, ] < ).

Suppose that y; = 0 and x,y; > 0.
Lemma 1 implies that

T € NA(LE) ((x1,y1), (x2,12))
if and only if
Ty = (b, a,d,c) € NA(LC) (y1,%1), (Y2, %2).
By the above claim,
NA(LA) (y1,%1), (Y2, %2)) = {*(a, 1,¢,1) 1 ]al < 1,1e] < 1}

Hence, NA(L(?19))((x1,y1), (x2,42)) ={*(1,b,1,d) : [b] < 1,|d| < 1},
Suppose that y; = 0 and xpy < 0. Lemma 1 implies that

T e NA(LEE) (1, 11), (x2,12))
if and only if
Ty == (a,b,—¢, —d) € NA(L(*11)) (1, —y2), (x2,—Y2)).
Since —y; = 0 and x3(—y32) > 0, by the above claim,

NA(L(A))((x1,—Y2), (x2, —y2)) = {£(1,b,1,d) : [b] < 1,|d| < 1}.
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Hence,

NA (L)) ((x1,Y2), (x2,y2)) = {£(1,b,—1,d) : [b] < 1,]d| < 1}.

Case 3. xpyz =0 and x1y; # 0

Lemma 1 implies that T € NA(L’(Zl%))((xhy]), (x2,y2)) if and only if T; :=
(b,a,d,c) € NA([,(ZI%))((y],x]), (y2,x2)). By Case 2, the assertions of Case
3 hold.

Case 4. x1y; =x2y2 =0
Suppose that x; =x, = 0.
Claim. NA(L(*13))((x1,y1), (x2,12)) ={*(a,1,¢,d) : la] < 1,[c[ < 1,]d] < T}
It is obvious that
{£(a,1,¢,d) :a < 1,lel < 1,]d] < 1} € NALE) (1, 91), (x2,92)).

Since x1 =x2 =0, [y1] = ly2/ =1 and

1 = [T((x1,Y1), (x2,Y2))l = [by1y2| = |b

which shows that |[b|] = 1. Hence, T = %(a,1,c,d) for some |a] < 1,|c| <
1,|d| < 1. Therefore, we have shown the claim.
If x; =y =0, then [yi| =[xz =1 and

1 = [T((x1,91), (x2,Y2)) = [dxoys| = |d|

which shows that |d| = 1. Hence, T = +(a,b,c,1) for some |a] < 1,|b] <
T,lc| < 1. Hence, NA(E(ZL%))((XHUH)(XZaUZ)) = {£(a,b,c,1) : [a] < 1,[b] <
Tlel < Th

If x, =y; =0, then [x1] = |y2| =1 and

1T = [T((x1,91), (x2,Y2)) = lex1y2| = Ic]

which shows that |c| = 1. Hence, T = %(a,b,1,d) for some |a] < 1,|b] <
]>|d| < 1. Hence, NA(E(ZL%))((th]))(XZ)UZ)) = {i(a)b)])d) tal < 1>|b‘ <
1dl < 1%

If y =y =0, then [x1| = [x2] = 1 and

T = [T((x1,91), (x2,Y2))l = laxixz| = a| = a

which shows that a = 1. Hence, T = (1, b, ¢, d) for some |b| < 1,|c| < 1,]d| <
1. Hence, NA(L(*19))((x1,u1), (x2,2)) = {£(1,b,¢,d) : [b] < T,]c] < 1,]d] <
1}. Therefore, we complete the proof. O
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