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Abstract. This current work is presented to deal with the model of
double diffusive convection in porous material with variable viscosity,
such that the equations for convective fluid motion in a Brinkman type
are analysed when the viscosity varies with temperature quadratically.
Hence, we carefully find a priori bounds when the coefficients depend
only on the geometry of the problem, initial data, and boundary data,
where this shows the continuous dependence of the solution on changes
in the viscosity. A convergence result is also showen when the variable
viscosity is allowed to tend to a constant viscosity.

1 Introduction

Studies in the exploration of double-diffusive convection topic in a fluid-saturated
porous layer have been an active field for a long time making this topic closely
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related to many other research papers. The various ways of getting the heat
and the mass combined to transfer, can be seen in a lot of real life problems.

In fact, the importance of the continuous dependence on changes in the
boundary conditions, initial conditions, coeflicients, or even in the system of
the equations, has been increasingly recognized. This aspect of continuous de-
pendence, or stability, is what we refer to as structural stability, cf. [1], and
in many ways is more important than the classical idea of stability, or contin-
uous dependence on the initial data. Continuous dependence on modeling in
elasticity has been shown to be of considerable importance in a seminal paper,
see [2].

The system of equations which explains the double diffusive convective flow
in a porous medium using a Brinkman model has been proposed in [3].In
addition, [4, 5, 6, 7] have presented nonlinear stability analyses for a model
which does not employ a Brinkman term but instead includes a Forchheimer
term. Moreover, a recent study which includes both Brinkman and Forch-
heimer is suggested in [8]. Brinkman model with a viscosity which depends
linearly on temperature is introduced in [9]. Early studies dealing with struc-
tural stability issues in porous flows (cf. [10], [11]), have recently developed
for porous flow model which has a viscosity depends on concentration [12]. In
this paper we continue the work of Payne et al. [12] who study the continuous
dependence Brinkman and Forchheimer models when the viscosity is linear
function for concentration. However, we study the double diffusive convection
in a Brinkman model when the viscosity is linear function for temperature.

The layout of this paper is constructed as follows. In the next section, we
will present mathematical formulas of the system. In Section 3, we develop
a priori bounds. The goal of Sections 4 and 5 is to demonstrate continuous
dependence on changes in the viscosity coefficients. Finally, the convergence
to the constants viscosity solution will be establish in Sections 6 and 7.

2 Basic equations

The momentum equation for flow in a porous saturated material of Brinkman
type may be taken as
2 op
—Au+ (14 o«T+ BT )ui:—a—X_JrgiTJrIiC, (1)
1
where, « and 3 are constants, and u;, T, C and p are velocity, temperature,
concentration and pressure, respectively. g; and Z; are vectors incorporating
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the gravity field which take |gi| < T and |Z;| < 1. The balance of mass equation

1S
aui

axi

= 0. (2)

Furthermore, the temperature and concentration equations, respectively, have
the following forms

oT oT

— +u=— = AT,

ot 0x; (3)
oc + u~£ =AC

ot 167(1 N )

Let Q be a bounded domain in R3 with boundary 9Q. Thus, Equ. (1)-(3) are
defined on Q x (0,7), for T < oo, and the boundary conditions

u; = fi(x,t), on 0Q x (0,7), (4)
and
T(x,t) = h(x,t), C(x,t) =k(x,t), x on 9Q, te (0,7), (5)

where h and k are prescribed functions and n is the unit outward normal to
0Q), and the initial data for the temperature and concentration is given as

T(X)O) = TO(X)> C(X)O) = CO(X)) X € Q? (6>

where Ty and Cy are prescribed functions.

3 A priori bounds

In this section, we derive bounds for various norms of u;, T and C, in terms
of data. These bounds will be used in the next sections in the continuous
dependence and converges proof. To develop a priori bounds, we introduce
the functions G(x,t), K(x,t), F(x,t) and H(x,t) as solutions to the boundary
value problems

AG(x,t) =0, in Q,

G(x,t) =h(x,t), on 0Q, @

AK(x,t) =0, in Q,
K(x,t) = k(x,t), on 0Q,

AF(x,t) =0, in Q,
F(x,t) = h*"'(x,t), on 0Q,
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and

AH(x,t) = 0, in Q,

10
H(x,t) = k¥ '(x,t), on 0Q, (10
where 1 is a positive integer. We commence with deriving a bound for ||ul|,
and we let bj solve the Stokes flow problem in 3, namely
ob;

— in Q,

0xi (11)

b; = fi, on 0Q),

Abi =P

where p is a pressure term. By the triangle inequality,
[[ufl < flu—=b]| + [b]. (12)
Next, we employ (1) and (11) to derive
IV (u =) + [ (14T + BTt = b ot — by
_ —Lm 4 oT + BT2)(wi — by)adx (13)

+ J giT(u; —by)dx + J Z,C(u; — by)dx.
Q Q

The Cauchy-Schwarz inequality together with the arithmetic-geometric mean
and Sobolev inequalities are used on the right-hand side to find

IV(u=B)E + 5 [ (14 0T+ BT2) (1~ bi) (s — bo)ax
Q

IN

3
J (1+ oT + BT)bybydx + 3 (T + | CJP)
Q

IN

3 3 3
UTIP +1CI%) + S bl + Sl THBIF + 58] T

IA
LW W N W

3 3
(T +1CI%) + 50+ BITIRBIZ + SCal T (b]* + VD] %),

here C is a constant in the Sobolev inequality. As proposed in [14], we can see
that

||b||2 < 6dj€aQ fifidA + 4d2 ,[Q(bi’j — bj,i) (bi,j — bj’i)dx
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< (6d 4 4d%k) \af;

fifidA + 4d%k, f# IVsfI2dA, (15)
00

0Q

where d is the radius of the smallest circumscribed ball for D,k and k; are
a priori constants given in [14] and Vg denotes the tangential derivative. Fur-
thermore, we have that

r

(bij —bji)(byj — bj,i)dXJrJ bijbj,idx
Q Q

r

(bij —bj1) (bij — bji)dx + j£ (biibj — bj,ibi)dA
Q Q)

r

IVb]? =

(16)

N = N = N = N =
[

(bij — byi)(bij — byi)dx + jﬁ n's! (b;Vsb; — b1 Vsb;)dA
00

J

_ 1_ ..
k1§; fifidA + 2k2§§ IVSfIZdA+j£ n's) (f;Vsfi—fiVsf;)dA,
00 00 0Q

<

where s) denotes a tangential vector.

Let us consider the right-hand sides of (3) and (16) by D%(t) and ZD%(t),
respectively. Observe that D; and D, are data terms. Then from (14)-(16),
yields

IV(u=B)E + 5 [ (14 0T+ BT2) (s~ bi) (s — bo)ax
Q

3 3
< SUTI+1ICI®) + 50+ B TI)DT + 3Co| T D3
3 ) 305 3o D)
< ST+ ICID+ 30T+ ICINDs + 5 D3 + 5 BIITID3
3 23 2
< 3(umi+nenos )+ 380+ lepos ) |
where D3 = D if Dy > CocD%, otherwise D3 = CocDg. Then,
[u—b| </3(1+B)(ITI + [|C|)Ds. (18)
Subsequently, from (12)
[ull < /3014 B)(IT|| + [IC[[)D3 + Dy, (19)

and from (19), we conclude

[ul|* < 12(1+ B)(||T||* + [|C[|*)D3 + 2D1. (20)
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Now, adopting the following expressions

t oT oT
T—G)| — i — — AT |dxds =0 21
UQ( )(as Fud ) xds = 0, (21)
and
t oC oC
C—K)[ — i — — AC )dxds =0 22
UQ( )(as Fuds ) xds =0, (22)

where t is some number such that 0 < t < 7. Next, integrating by part in
(21) and employing the boundary condition (7);, to see that

t t
HTH2+2L IVT|2ds < HTO\|2+2(G,T)+2'(GO,TO) +2[ (6 mas

0

t t a t
—l—ZJ J GuiT,-ldxds—i—ZJ i{; h<G> dAds—i—J i; Iflhszds,
0JQ 0J2Q on 0J20

by using Cauchy-Schwarz and arithmetic-geometric mean inequalities in above
inequality, we have

1 t t
TR + L IVT|2ds < 2 Tol? + 21/G[12 + |Go|1? + jo 1G.o|%ds
t t t
+G%1J HquderJ \\T!zds+J jg h?dAds (23)
0 0 0JoQ
tr (3G’ t
+H; <> dAds+h€ [flh*dAds,
0JoQ on 0JaQ
with inserting (20) in (23), yields
t t
ITI? +2 jo IVT|Pds < 4[To||2 + 4|GIP + 2 Go 2 +2L 1G] Ads
t
+z<1 +6GLM 4+ B]Dg) JO IT|2ds

t (24)
4262 L (6[1 +Bl|CIPD2 + D%) ds

t 0G\? ¢
+2“€ <> dAds+zH§ (1 + [f)h2dAds.
0Jao \ 0N 0Jaa
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Next, we return to the Equ. (22) and realize integral by parts with the aid of
the Cauchy-Schwarz and arithmetic-geometric mean inequalities, to find

1 3 t 1 1 t
IO+ 5 | I17CIRds < 1Sl + 5 1Kol + IKIE+ 5 | flciPes
t ] t
+K$HJ ||u||2ds+J§ (1 + [f)k*dAds (25)
0 2 0JoQ

1 (t 1t K\ 2
— | K |[Pds + = — ) dAd
+2L [Ksl S+2JO£Q <5“> >

from (20), we derive (25) into

t
ICI? +3 L IVCI3ds < 4[1Col]2 + 2/[Kol1? +4]K]>

t
+2(1 +12K2[1 + B]Dg) J |C||*ds
’ (26)

t t
+4K$nJ (6[1+[3J|!T||2D§+D%>ds+zjf{; (1 + [f)k2dAds
0 0J0Q)

¢ t oK\?
+2J ||K,5H2ds+zjif <) dAds,
0 0Joo \ON

where G, and Ky, are the maximum value of G and K, respectively, on 0Q x
(0, 7). Next, combining (24) and (26), yields

t t
||T||2+||cu2+2j HVTszs+3J IVC|2ds
0 0
t
< 2<1 + 6G2,[1+ BID3 + 12K2 [1 + ﬁ]D§> J | T||%ds
0

(27)

t

+z(1 +6G2 1+ BID3 + 12K2 1 + B]D%) J |C|[*ds + E(t)
0

t
- <||T||2+ ||cu2)ds+m),
0

where

A= 2(1 +6G2,[1+ BID3 + 12K [1 + B]Dﬁ),
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and E(t) is given by
E(t) = 4|[Toll* + 2[[Goll* + 4[| Col1* + 2|[Koll* + 4/|G|1* + 4//K]|?

t t t
+2<G$H+ZK%1>J D%ds—i—ZJ \|G,S||2ds+zj IK |2ds
0 0 0

t , t , (28)
+2J f# (1 + )k dAds—i—ZJ 3@ (1 +If)k2dAds
0Jao 0Jan
1 2 t 2
oK
+2J + <8G> dAds—i—ZJ % () dAds.
0Jag \ 0N 0Jag \On
For a function ¢, which satisfies [15]
Ab =0, in Q, (29)
b =M, on 0Q),
then one may use a Rellich identity, [13], to denote c¢; and c; such that
2 A 2
IVOI® + e ] A< [VsMIPdA, (30)
a0 \ On 20
where V; refers to the surface gradient over 0Q). Also observe that
200V, V) + [0 < MEA, (31)
where
oy
b= o)
with solving the boundary value problem,
AP =—1, in Q,
W o (32)

$v=0, on dQ.

Thus, (31) and (32) lead to bounds for E(t) in terms of data. In fact, one may
show

E(t) <D(t), (33)
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so that
t
D(t) = 4| Tol|* + 4/|Col” +2(G$n +2K§1) J Di?ds +z¢1§
0 d
+ 2 % k3dA + 4, f]g h2dA + 4 ﬁ; k*dA
20 20 20
ot t
+ 2 iﬁ hzndAdn—irzq)]J § k% dAdn (34)
JoJaa 0Joa ’
t t
+2J (1 + |f))h?dAdn +2J jg (1 + |f))k*dAdn
0Jao 0Jao
2 rt 2 t
422 3§ IV h2dAdn + CZJ jg IV kPdAdn.
€1 Jo Jag €1 Jo Jag
From (28) which leads us to
F'—AF <D(t), (35)
where we have introduced the function F, which is defined by
¢ 2 2
7o) = [ (I + 112 ) as.
Upon assuming
~ t ~
Dy (1) _J D(s)eMt—3)ds, (36)
0
one integrates (35) to show
F(t) < Dy(t). (37)
Furthermore, setting Dy = ADq + D, one uses (3) to find
ITIZ + ITI3 + I CII* < Dae). (38)
Then, (27), (37) and (38) give
t B t ~
| ImPas <Dy, [ fePas <y,
0 0
ITII* < D2, [IC|I* < Dy, (39)

: - -
J [VT|Pds < 2Dy, J IVCJds < 3D,
0 0
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The next step is to derive a bound for supg (o 1) [Tl, from

t oT oT
L JQ(T2T1 —F) < 5 t Ui~ AT) dxds = 0. (40)
l

Integrating by parts, we see that

2r 2(21‘ — ]) b T T 2r
Trax+ =22 VT'VTdxds = | Tg"dx + 2r(T, F) — 2r(To, Fo)
Q T 0Ja Q

t t
—ZT‘J J TF sdxds + ZrJ J TiFuidxds
0JF 0JQ

t
—i—ZrJ f]g h— dAds—J f# fT?"dAds
0Jag On 2Q

1/2
SJ 13" dx+2r JIIF IIZdS IITIIZdS) +2r (I TIHIFI+TolllIFol)
Q

t t 1/2
+ 4rh2] <L [6[1 + BI(||T|I> + |IC|)D3 + D%] ds L HVT|2ds>

t t OF 2 1/2 t
+2r<J jﬁ hszdsJ # [} dAds) +J % [fh*"dAds. (41)
0Ja0 0Jaa LOM 0JaQ

Using arithmetic-geometric mean inequality and (30), (31) with (39), yield

- 1/2
J TZdegJ Tgrdx+2r(\/D2+||T0||)<1b1§> h“”dA)
Q Q 200

. t 2 1/2 t . -
+2r<D11p1J % [hﬁ;‘—‘} dAdn> +rh2] <2J D%dn+24[1+(5]D1+2D2>
0JoQ 0

2 t 1/2 t
+2r <C2J % [Vnh] dAdnJ fi; hszdn> +J § [fh*"dAdn. (42)
€1 Jo Jao 0JaQ 0Jan

Then, from further application for Cauchy-Schwarz, we get

12 1/2 th
(% h‘”—sz) < h2r (% dA) = =V[mQ),  (43)
20 2Q N

t 12 p2r /ot 1/2
(Lforemienan) < g2 ([ g, anan) o
m
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t 2 1/2 hzr t 2 1/2
( J {Q R4 [Vnh} dAdn> < ;“(Jffﬁ [Vnh] dAdn> , (45)
0 Jaa hin \Jo Jaa

where m(0Q)) is the surface measure of 0Q. Employing (43) — (45) in (3), lead
to

2r —
[, Trax< | e T/ By kTl rmGEa]

2r(2r — 1h¥ /- t 172
+ (h)m<D“1”J f# hﬁ]dAdn>
m 0J0Q

2rh2r (

and

(46)
+

t t
L D2dn + 1201 + BID: + D2> +h2 L iﬂ fldAdn

21(2r — 1 th t 2 t 1/2
+W(CZJ fF [Vnh} dAdnJ f]g hszdn> .
hi, ¢1 Jo Joo 0Jao

After taking the power 1/2r of (46), we obtain

5 1/2r
Tl < (nw%i 2 Zvi) , (47)
i=1

m

where y; may be obtained from (46), here

hm = max |hl.
00 x[0,7]

Taking the limit r — oo, yields a priori bound

sup [T] < max{[Tolm, sup hm}, (48)
0x[0,7] 0,71

where
I = max |Ty|.

Finally, we have to find a bound for supq o 77|Cl. Now, form the expression

t oC oC
J J (1 1) ( X AC> dxds = 0. (49)
0Jo 0s aX'l
Following the same manner in (40)-(48), we have that
sup |C| < max{|Co|m, sup km}, (50>
QX[O,ﬂ [037—]

where
C = max |Cy|.
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4  Continuous dependence on «

To investigate continuous dependence on the viscosity coefficient « in (1),
we let (ui, T, C1,p) and (vi,S,Ca,q) be solutions to (1) — (6) for the same
data functions f, h and Ty, but for different viscosity coefficients, «; and «,
respectively. Define the difference solution (wy, 6, ¢, ) by

wi = ui — Vi, GZT—S, ) = —Cz, m=p—(q, &=0X — 3. (51)
Then from (1) — (6), this solution satisfies the boundary-initial-value problem

—Awi+(1 4+ 0S+BSHwi = —a0u; — «Tuw;—B(T + S)0w; — 7t + gi6 + Zid,
wiq =0,
00 0S 00

O w22 %Y AT
ot Wik Mo 4D

o6 9C, 3

°Y ) =¥ _AC
ot Mo, T Max 2

wi=0=¢=0 on 0Q x [0,7],
0(x,0) = d(x,0) =0, xe€Q.

(52)
Next, we multiply Equ. (52); by w; and integrate over Q.
| Vwl? +J (1+ 02S + BS?)wiwidx = —ocJ Tuyw;dx — O(zJ Ou;w;dx
Q Q Q
~ B (T4 S)ouwidx+ gi(@wi) + Tl )
Q (53)

< oTon [[u[[[w]] + (/O] [w| + [ ]| wl]
1/2
+ <0€2+ B[Tm+sm]>HGH<J uiWiU,jodX> s
Q

where, T, and S;,, are the maximum value of T and S, respectively. The last
term in (53) is bounded as the following, [14], i.e.

2
|| wowpwiax < 2 (19wl ifiaa + [Tl vw]
Q s 2Q (54)
2
< vauz@ fifidA + K—‘/ZuquZ),
s Yol

where k is the Poincaré constant for Q.
To employ (53) and (54) we need data bounds for ||u| and ||Vul|, thus, from



Continuous dependence in Brinkman model 137

the triangle inequality
IVal| < [[V(u=Db)| +[|Vb],
and then from the inequality before (14) and (16) we find
— 2
|Vul?> < < 6(1+ B)D,D3 + ﬁDz> : (55)
Hence, return to (53) we conclude that

| Vw]? +J (1+ S + BSH)wiwidx
Q

(56)
< T Dal[w|| + [|B[[[w]| + [[®]l[[w] + De|l 6] | VWi,
where
D4 =1/6(1+ B)D2D3 + Dy, Ds=1/6(1+ B)D,D3 + V2D,
and
> 12
D6 = \/><062 + B[Tm + Sm]) (% fifidA + K_]/2D5) .
T Jol
Thus, from (56), we may derive
N 302T2D2 3
[Vw|? + ww]? < == 4+ =—(]|0]* + [|b]|*) + Dg|6]>
P (57)

30°TD; | (3
< 20001 (1 DAl + ol ),

where
0<p* <1+ 0S+BS2.

Moreover, multiplying (52)3 by 6 and (52)4 by ¢, with integrating over Q, we
can see that

d S2
allell2 < w|%, (58)

and
Com 2

d
LI0)? < =2m w2 (59)
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Employing (58) and (59) with integrating the result, yields

1 t
81 + 1] < 3(S% + CE) L w]2ds

1
=M

(60)

t
(s2 + c%m>jo(||w||2 w2 ds,

where Cjyy is the maximum value of C;. Next, substituting (60) in (57), we

have
30czT2 D2

Vw2 + e wl? < +JJ (Iowl? + wwP)ds,  (61)

here

3
(smc%m)(E

J = + D).

2u*
By integration (61), we find

?>oc2T2 D2

t
L(\|Vvvwz+u*|rw||2)ds< Shali e Jj =) (VWP + w2 ds, (62)

thus, from (62) we obtain
t
L(t— (V]2 + w[wlP)ds < o 3(1), (63)

and .
Luwwnz L wiwlR)ds < o2 5(1), (64)
where

372 Dﬁ

t
Jz(t):J T(s)e7 S ds, Fi(t) = t and J(t) = Ji + T
0

Finally, inserting (64) in (60) we also find
1812 + 11911 < 3z eT5(Sh + Ca). (65)

Inequality (65) yields continuous dependence on the viscosity coefficient o and
it is truly a priori such that the coefficients of o> depend only on boundary
and initial conditions.
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5 Continuous dependence on 3

In this section, we study the continuous dependence on the coefficient 3. We
first, let (w, T, C1,p) and (vi, S, Cz, q) be solutions to (1) — (6) for the same
data functions f, h and Ty, but for different viscosity coefficients, 31 and 37,
respectively. Hence, define the difference solution (wy, 8, $, ) as

wi=ui—v, 0=T-5 ¢=C-C, n=p—q, B=p1—Pp2 (66)
Thus, from (1) — (6) this solution satisfies the boundary-initial-value problem

—Awi+(1+ aS+B2S%)wi = —abu; — BS?ui— B (T + S)0w; — 7y + gi6 + Zid,

wii =0,
20 2s 20
b i Y AT
ot T Vi T Mo )
o oC, b
i Mt Y _AC
at Wik, T Yo 2

wi=0=¢=0 on 9Q x [0, 7],
0(x,0) =d(x,0) =0, xe€Q.
(67)
Now, multiply Equ. (67); by w; and integrate over Q, we have

Vw2 +L(1 oS + oS wiwidx = —B JQ STuwidx — B J’Q(T—i—S)Guiwidx

—OCJ Ouiwidx + gi(0, wi) + Zi(dp, wy)
o)
< BSElull[[wl[ + [|0][][w] + & [|w]

1/2
+ <0(+ B][Tm+5m]>||9|]<J uiWiujodX) . (68)
Q
We are now performing a similar manner starting from (54), to obtain

3[328?11D§+ 1

\V4 2 v 2<
9w+ w2 < 2y

3 t .
(StCh)(o+D3) | (19w ],

(69)
where
0<v*<1+aS+p,S?
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7 12
D, = \/7<(X+ [31[Tm+5m]> (% fifidA + K_1/2D5> .
7T 20

By integrating (69), we can find

and

t t
J (1wl + v wl*)ds < BZIC1t+/CzJ (t =) (VW[ +v*|lw[*)ds, (70)
0 0

where

3

354 D32 1
=—n= (Sh+ Cim)(, + D7)

v and K) = v

Thus, from (70) we have

K

t t
L(t — (VWP + v [w]P)ds < BZL Koy te2(t-9) g, (71)

and
t t
J (Vw2 + v* [wlP)ds < B <IC1t+/C2J ICﬁe’CZ(ts)ds). (72)
0 0
Further, (71) leads to

1 t
11 + ll|* < 5 B* (St + Carm) <K1t+K2J ICfce’CZ(t_s)ds). (73)
0

Obviously, (73) demonstrates continuous dependence on the viscosity coeffi-
cient B and it is actually a priori such that the coefficients of 3% depend only
on boundary and initial data

6 Convergence to the constant viscosity «

Let now (wi, T, Cq,p) and (vi, S, Cz, q) be the solutions that satisfy the follow-
ing boundary-initial-value problems:

d
—Au + (14 oT + BT = —% +giT+Z,Cy,
i
uii =0,

oT oT (74)

el A

ot "oy ~ AP

oG G

ot
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in Q x (0,7), with

u; = f(x,t), on 0Q x (0,7),

T(x,t) =h(x,t), Ci(x,t) =k(x,t), x on 0Q, te (0,7), (75)

0
—Avi (14 BSHv = — o 4 giS + TiC,
axi
vii =0,
s  aS (76)
a + Viaixi = AS,
o, o

ot WTXi = ACy,
in Q x (0,7), and

vi = f(x,t), on 0Q x (0,7), (77)
S(x,t) =h(x,t), Ca(x,t) =k(x,t), x on 9Q, te (0,7T].

The variables wy, 0, ¢ and 7 were introduced in (51) which satisfy the boundary-
initial-value problem

—Lwi + (14 BSH)wi = —75 + 60 + Tip — oTw; — B(T + )0,

wii =0,
0 2S00
LAY LR .
ot Mk Mo 4D

o 0G| 0

(78)
ot T Wia, T Wiy, A

1

wi=0=¢=0 on 9Q x (0,7),
0(x,0) = d(x,0) =0, xe€Q.

Next, we start with multiplying (78); by w; and integrating over Q, with

employing the Cauchy-Schwarz and arithmetic-geometric-mean inequalities,
to derive

VW] + LU + BSH)wiwidx < oTon [l ul| + [10]][w] + [l ][wl]

12 (79)
+ B(Tim + Sw) 10| (JQ uiWiujoX> ;

Upon using (54) with data bounds for ||lu|| and ||Vul|, yields

VW% +v*[lw(l* < aTwDalwl| + [[6ll[wl + [ dllIwl + Dslle][Vwll, (80)
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where

2
0<vy*<1+4BS* and Dgz\/iﬁ(Tm-i-Sm)(%
)

1/2

— fifidA + K_]/2D5> .
T Q
Thus, from (80), after employing arithmetic-geometric mean inequality, we
conclude
3v2 T D32 3
=4 (= + DR)le]] + 1) (81)

Y Y
Multiply (78)3 and (78)4 by 6 and ¢, respectively with integrating over Q, to
derive

IV W]l +y*[lwl? <

18112 + [ pl|* <

t
7o S+ Ch) | (19w +vwlPlas. (82

Inserting (82) in (81), gives

34T, D2 1 3 t .
SGalluie SRLINIE RN, S0 WG L(nwnzw w||?)ds.

v 2 2 -
[Vwl|*+[[w[|* < v vy
(83)

Finally, integration (83), yields

6y T2 D exp (z;* (3 + DYk + C%m)t)

t
(VW] +v*[|w[*)ds <
Jo (%-FD@(S%H‘C%]“)

(84)
Evidently, (84) demonstrates a convergence of u; to vi as « — 0, in the
indicated measure. By combining (84) and (83), we also obtain a convergence

of wi in L2(Q) and H'(Q) norms , and from (82) we may obtain a convergence
of 0 and ¢ in the L2(Q) norm.

7 Convergence to the constant viscosity 3

Let (ui, T, C1,p) and (v, S, Cz, q) be solutions that satisfy the following boundary-
initial-value problems:

d
AU+ (14 T + BT = —% T+ .G,
i
uii =0,

oT oT (85)

el A

ot Mgy, ~ AP

oC;  aC,

ot
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in Q x (0,7), with
w; = f(x,t), on 0Q x (0,7),

T(x,t) =h(x,t), Ci(x,t) =k(x,t), x on 0Q, te (0,7), (86)
—Avi+ (1 +aS)v; = _E?)i + giS + Z;Cy,
Vii = 0,
% +viaa>i =AS, (87)
% ~|—viaaii2 = ACy,
in Q x (0,7), with
vi = f(x,t), on 9Q x (0,7), (88)

S(x,t) =h(x,t), Ca(x,t) =k(x,t), x on 9Q, te (0,7).

The variables wy, 0, ¢ and 7 were introduced in (51) which satisfy the boundary-
initial-value problem

—Awi + (T 4+ aS)wi = —m; + 610 + Zid — BT — ouy,

Wii = 0,
00 0S 00
— 4+wi— +u— = AT,
ot 0x; 0xi (89)
db dC, db
22 w2 i = AC,.
at  Miax, Tk 2

wi=0=¢=0 on 0Q x (0,7),
0(x,0) =d(x,0) =0, xeQ.

Now, we multiply (89); by w; and integrate over Q, with the aid of the Cauchy-
Schwarz inequality to obtain

IVw|?* +J (14 aS)wiwidx < BTE [|wl[[[ull + [|0]]][w]|
o)
12 (90)
+ (||l [|wl| + 0] (Jﬂ UiWiUJ'WJ'X> ;

Then, with further employing for (54) and data bounds for ||u|| and || Vul| with
application of the arithmetic-geometric mean inequality to see that

3R%T4 D2 3
BmbDi 3 pyyez 4 ed, (o)

2 * 2
Vv 1) <
VW] + 5% w? < 22-m23 4 (2
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here

7 1/2
0<8"<1+aS and Do = oc\[r@ fifidA + K—‘/2D5> )
00

Since

18112 + [l plI* <

t
< 35 (Sh Ch) | (IVwlP + 8 was. (92

Substituting (92) in (91) we observe that

3R*TEDE 1

t
Vw48 < 2 m2t g (34 D3(Sh +Ch) | (19w ) ds.
0
(93)
Finally, integrating (93), yields
. i ) 65* BT D3 exp < s (& + D3)(S2, + cgm)t>
(IVw]*+8"[[w||7)ds < . (94)
Jo (& +D3)(S% + C3,)

We can see that in (94), the convergence is demonstrated with w; to v; as
3 — 0, in the indicated measure. By combining (93) and (94), we also obtain
a convergence of w; in [2(Q) and H'(Q) norm, and from (91) we may obtain
a convergence of 0 and ¢ in the L2(Q) norm.

8 Conclusions

In this current paper, the problem of double diffusive convection in a Brinkman
model has been considered when the viscosity varies with temperature. Specif-
ically, in this work we presented a priori bounds with coefficients that depend
only on boundary data, initial data and we demonstrated that the solution
depends continuously on changes in the viscosity coefficients « and f3, respec-
tively. Moreover, the convergence result is established on Brinkman model
when the variable viscosity is allowed to approach to a constant viscosity.
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