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Abstract. In this paper, semisimple semigroups, duo semigroups, right
(left) zero semigroups, right (left) simple semigroups, semilattice of left
(right) simple semigroups, semilattice of left (right) groups and semilat-
tice of groups are characterized in terms of soft intersection semigroups,
soft intersection ideals of semigroups. Moreover, soft normal semigroups
are defined and some characterizations of semigroups with soft normality
are given.

1 Introduction

In 1999, the concept of soft sets was introduced by Molodtsov [31] for model-
ing vagueness and uncertainty. Many complex problems of social science and
science involve uncertainties. To be able to deal with these uncertainties and
incomplete information, some theories have been proposed such as the theory
of probability, as is well known, the most successful theoretical approaches
are undoubtedly fuzzy set [1] and interval mathematics [2] . Despite all these
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developments, Molodtsov [3] pointed out that each of these theories have in-
herent limitations in insufficient parameterization tools, and he introduced
the soft set theory for modeling vagueness and uncertainty. Since the soft set
theory is very convenient and easy to apply in practice, researches focused on
soft sets that have been growing rapidly, and which has some potential ap-
plications in many different fields; such as extended theories [4], combination
forecast [5], data mining [6], medical diagnosis [7] and decision making [8] .
Meanwhile, many related concepts with soft sets, especially soft set opera-
tions, have recently undergone tremendous studies. Maji et al. [30] presented
some definitions on soft sets and based on the analysis of several operations
on soft sets Ali et al. [12] introduced several operations of soft sets and Sezgin
and Atagiin [36] and Ali et al. [13] studied on soft set operations as well. Soft
set theory have found its wide-ranging applications in the mean of algebraic
structures such as groups [11, 37], semirings [18], rings [9], BCK/BCI-algebras
[24, 25, 26], BL-algebras [42], near-rings [35] and soft substructures and union
soft substructures [14, 38|, hemirings [29, 43] and so on [18, 19, 21].

In [20], Feng et al. applied soft relations to semigroups. In [39], Sezer et
al. made a new approach to the classical semigroup theory via soft set theory
with the concept of soft intersection semigroups. They defined soft intersection
semigroups, soft intersection left (right, two-sided) ideals and bi-ideals and
soft semiprime ideals of semigroups and obtained their basic properties. As
a following study of [39], Sezer et al. [40] defined soft intersection interior
ideals, quasi-ideals, generalized bi-ideals and investigate the interrelations of
them. Moreover, they characterized regular, intra-regular, completely regular,
weakly regular and quasi-regular semigroups by the properties of these ideals
in [39, 40].

In this paper, certain classes of semigroups, such as semisimple semigroups,
duo semigroups, right (left) zero semigroups, right (left) simple semigroups,
semilattice of left (right) simple semigroups, semilattice of left (right) groups
and semilattice of groups in terms of soft intersection ideals, bi-ideals, inte-
rior ideals, quasi-ideals, generalized bi-ideals are characterized. Moreover, soft
normal semigroups are defined and discussed on the relation of this concept
with semigroups.

2 Preliminaries

In this section, some notions relevant to semigroups and soft sets are recalled. A
semigroup S is a nonempty set with an associative binary operation. Through-
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out this paper, S denotes a semigroup. A nonempty subset A of S is called a
right ideal of S if AS C A and is called a left ideal of S if SA C A. By two-
sided ideal (or simply ideal), we mean a subset of S, which is both a left and
right ideal of S. A subsemigroup X of S is called a bi-ideal of S if XSX C X.
A nonempty subset A of S is called an interior ideal of S if SAS C A. A
nonempty subset Q of S is called a quasi-ideal of S if QSN SQ C Q.

We denote by L[a](R[al, J[al, Bla]Qlal,I[a]), the principal left (right, two-
sided, bi-ideal, quasi-ideal, interior ideal) of a semigroup S generated by a € S,
that is,

Lla] = {a}USa,

Rlad = {a}uUadas,

Jlal = {a}uUSauUaSuUSaS
Qlal] = {alu(aSNSa)

Il = {a}U{a?}USaS.

A semigroup S is called regular if for every element a of S, there exists an
element x in S such that a = axa or equivalently a € aSa. An element
a of S is called a completely regular if there exists an element x € S such
that a = axa and ax = xa. A semigroup S is called completely regular if
every element of S is completely regular. A semigroup S is called left (right)
reqgular if for each element a of S, there exists an element x € S such that
a = xa? (a = a’x). A semigroup is called left (right) regular if for each

element a of S, there exists an element x € S such that

(1]

A semilattice is a structure S = (S,.), where is an infix binary operation,
called the semilattice operation, such that “." is associative, commutative and
idempotent. For all undefined concepts and notions about semigroups, see
22, 33].

Definition 1 [15, 31] A soft set fo over U is a set defined by
fa:E— P(U) such thatfa(x) =0 if x € A.

Here fa is also called an approximate function. A soft set over U can be rep-
resented by the set of ordered pairs

fa ={(x,fa(x)) : x € E,fa(x) € P(U)}.

Definition 2 [15] Let fa,fg € S(U). Then, fa is called a soft subset of fg and
denoted by faCfg, if fa(x) C fg(x) for all x € E.
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Definition 3 [15] Let fa, fg € S(U). Union of fa and g, denoted by foUfg,
is defined as faUfg = fagp, where fogp(x) = fa(x) U fp(x) for all x € E.
Intersection of fao and fg, denoted by faNfg, is defined as faNfg = famgs
where faxp(x) = fa(x) Nfp(x) for all x € E.

Definition 4 [39] Let S be a semigroup and fs and gs be soft sets over the
common universe U. Then, soft intersection product fs o gs is defined by

Usyedfs(y) Ngs(z)}, if Jy,z € S such that x = yz,
0, otherwise

(fs0g9)x) = {
for allx € S.

Definition 5 [39] Let X be a subset of S. We denote by Sx the soft charac-
teristic function of X and define as

(U, if xeX,
SX(")_{@, if x ¢ X

Definition 6 [39] Let S be a semigroup and fs be a soft set over U. Then, fs
s called a soft intersection semigroup of S, if

fs(xy) 2 fs(x) N fs(y)
for all x,y € S.

Definition 7 [39] A soft set over U is called a soft intersection left (right)
ideal of S over U if

fs(ab) 2 fs(b) (fs(ab) 2 fs(a))

for all a,b € S. A soft set over U is called a soft intersection two-sided ideal
(soft intersection ideal) of S if it is both soft intersection left and soft inter-
section right ideal of S over U.

Definition 8 [39] A soft intersection semigroup fs over U is called a soft
intersection bi-ideal of S over U if

fs(xyz) 2 fs(x) N fs(z)

for all x,y,z € S.
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Definition 9 [40] A soft set over U is called a soft intersection interior of S
over W if fs(xyz) D fs(y), soft intersection generalized bi-ideal of S over U if
fs(xyz) O fs(x) N fs(z) for all x,y,z € S.

For the sake of brevity, soft intersection semigroup, soft intersection right (left,
two-sided, interior, generalized bi-) ideal are abbreviated by SI-semigroup, SI-
right (left, two-sided, quasi, generalized bi-) ideal, respectively.

It is easy to see that if fg(x) = U for all x € S, then fs is an SI-semigroup
(right ideal, left ideal, ideal, bi-ideal, interior ideal, quasi-ideal, generalized
bi-ideal) of S over U. We denote such a kind of SI-semigroup (right ideal, left
ideal, ideal, bi-ideal) by S [39].

Definition 10 [40] A soft set over U is called a soft intersection quasi-ideal
of S over U if o N
(fs 0 S)N(S o fs)Cfs.

Definition 11 [39] A soft set fs over U is called soft semiprime if for all
aes,
fs(a) 2 fs(?).

Theorem 1 [39, 40] Let X be a nonempty subset of a semigroup S. Then,
X is a subsemigroup (left, right, two-sided ideal, bi-ideal, interior ideal, quasi-
ideal, generalized bi-ideal) of S if and only if Sx is an SI-semigroup (left, right,
two-sided ideal, bi-ideal, interior ideal, quasi-ideal, generalized bi-ideal) of S.

Proposition 1 [39, 40] Let fs be a soft set over U. Then,

i) fs is an SI-semigroup over U if and only if fs o fsCfs.

11

)

i) fs is an SI-left (right) ideal of S over U if and only if§0f5§fs (fs Ogéfg).
iii) fs is an SI-bi-ideal of S over U if and only if fs ofsCfs and fs ogofgifg.
)

)

iv) fs is an Sl-interior ideal of S over U if and only z'fg o fg o SCAs.
v) fs is an SI-generalized bi-ideal of S over U if and only if fs o So fsCfs.

Theorem 2 [39] Every Sl-left (right, two sided) ideal of a semigroup S over
U is an SI-bi-ideal of S over U.

Proposition 2 [40] For a semigroup S, the following conditions are equiva-
lent:
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1) FEvery Sl-ideal of a semigroup S over U is an Sl-interior ideal of S over U.

3

)

2) Every Sl-quasi ideal of S is an SI-semigroup of S.
) Every one-sided Sl-ideal of S is an SI-quasi-ideal of S.
)

4) FEvery Sl-quasi-ideal of S is an SI-bi-ideal of S.
Theorem 3 [39] For a semigroup S the following conditions are equivalent:
1) S is regular.

2) fsogs = fsNgs for every SI-right ideal fs of S over U and SI-left ideal gs
of S over U.

Theorem 4 [39] For a semigroup S the following conditions are equivalent:
1) S is regular.

2) For every Sl-quasi-ideal of S, fs = fs o So fs.

Theorem 5 [40] Let fs be a soft set over U, where S is a reqular semigroup.
Then, the following conditions are equivalent:

1) fs is an Sl-ideal of S over U.

2) fs is an Sl-interior ideal of S over U.

Theorem 6 [39] For a left reqular semigroup S, the following conditions are
equivalent:

1) Ewvery left ideal of S is a two-sided ideal of S.

2) Ewvery SI-left ideal of S is an Sl-ideal of S.

For more on soft intersection semigroups and ideals, we refer [39, 40].

3 Semisimple semigroups

In this section, semisimple semigroups with respect to SI-ideals of semigroups
are characterized. A semigroup S is called semisimple if ]2 = J holds for every
ideal J of S, that is, every ideal of S is idempotent.
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Proposition 3 [41] For a semigroup S, the following conditions are equiva-
lent:

1) S is semisimple.

2) a € (SaS)(SaS) for every element a of S, that is, there exist elements
X,Y,z € S such that a =xayaz.

Proposition 4 Fvery Sl-interior ideal of a semisimple semigroup S is an SI-

ideal of S.

Proof. Let fs be an Sl-interior ideal of S. Let a and b be any elements of S.
Then, since S is semisimple, there exist elements x,y,z € S such that

a =xayaz.
Thus,
fs(ab) = fs((xayaz)b) = fs(xay)a(zb)) 2 fs(a)

Hence, fs is an SI-right ideal of S. Similarly, one can prove that fs is an SI-left
ideal of S. Thus, fs is an Sl-ideal of S. O

Now a characterization of a semisimple semigroup by Sl-ideals is given.
Theorem 7 For a semigroup S, the following conditions are equivalent:

1) S is semisimple.

2) fsofs = fs for every Sl-ideal fs of S. (That is, every SI-ideal is idempotent).

3) fsofs = fs for every Sl-interior fs of S. (That is, every Sl-interior ideal
is idempotent).

fsNgs = fs o gs for every Sl-ideals fs and gs of S.
fsNgs = fs o gs for every Sl-ideal fs and every Sl-interior ideal gs of S.

)
)
6) fsNgs = fs o gs for every Sl-interior ideal fs and every Sl-ideal gs of S.
) fsNgs = fs o gs for every Sl-interior ideals fs and gs of S.

)

The set of all S1-ideals of a semisimple semigroup S is a semilattice under
the soft intersection product, that is, fso(gsohg) = fso(gsohs), fsogs =
gs o fs and fs o fs = fs for all Sl-ideals fs and gs of S.
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9) The set of all SI-interior ideals of a semisimple semigroup S is a semilattice
under the soft intersection product.

Proof. First assume that (1) holds. Let fs and gs be any Sl-interior ideals of
S. Since, S itself is an SI-interior ideal of S and since fs is an Sl-ideal of S by
Proposition 4:

fs 0 gsCfs 0 SCfs and fso gsCS o gsCgs.

Thus, fs o gsifsﬁgs.
Now, let a be any element of S. Since there exist elements x,y,z,w € S such
that
a = (xay)(zaw),

(fs o gs)(a) # 0.

And since fs and gs are Sl-interior ideals of S,

(fsogs)(a) = U (fs(p) N gs(q))
a=pq
fs(xay) N gs(zaw)

fs(a) Ngs(a)
(fsNgs)(a)

I v

and so fg o gsifsﬁgg. Hence,
fs 0 gs = fsNgs.

So, (1) implies (7). (7) implies (6), (6) implies (4), (7) implies (5), (5) implies
(4), (4) implies (2), (7) implies (3), (3) implies (2) and (7) implies (9), (9)
implies (8), (8) implies (2).

Assume that (2) holds. Let a be any element of S. Since the soft character-
istic function S][a] of the principal ideal J[a] of S is an SI-ideal of S,

Sjiajial (@) = (Sja) © Sjia) (@) = Sjg(a) =U
and so,

a € Jlal]la] = {a}uaSuUSauUSaS){aluaSuUSauUSaS) =
{a2}U a?SUaSaUaSaSUaSaUaSaSU aSSa U aSSaS U Sa? U Sa?sS U
SaSaUSaSaSuUSaSauUSaSaSuUSaSSa U SaSSaS C (SaS)(SaS)

Hence, S is semisimple and so, (2) implies (1). O
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4 Regular duo semigroups

In this section, a left (right) duo semigroup in terms of SI-ideals is charach-
terized. A semigroup S is called left (right) duo if every left (right) ideal of S
is a two-sided ideal of S. A semigroup S is duo if it is both left and right duo.

Definition 12 A semigroup S is called soft left (right) duo if every Sl-left
(right) ideal of S is an Sl-ideal of S and is called soft duo, if it is both soft left
and soft right duo.

Theorem 8 For a regular semigroup S, the following conditions are equiva-
lent:

1) S is left (right) duo.
2) S is soft left (right) duo.

Proof. First assume that S is left duo. Let fs be any SI-left ideal of S and a
and b be any elements of S. It is known that Sa is a left-ideal of S. And so,
by hypothesis, it is a two-sided ideal of S. Since S is regular,

ab € (aSa)b C (Sa)S C Sa
This implies that there exists an element x € S such that
ab =xa.
Thus, since fg is an SI-left ideal of S,
fs(ab) = fs(xa) 2 fs(a)

This means that fs is an SI-right ideal of S and so fs is an SI-ideal of S. Thus,
S is soft left duo and (1) implies (2).

Conversely, assume that S is soft left duo. Let A be any left ideal of S. Then,
the soft characteristic function Sa of A is an SI-left ideal of S. By assumption,
Sa is an Sl-ideal of S and so A is a two-sided ideal of S. Thus, S is left duo
and (2) implies (1). The right dual of the proof can be seen similarly. So, the
proof is completed. O

Theorem 9 For a reqular semigroup S, the following conditions are equiva-
lent:

1) S is duo.
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2) S is soft duo.

Every Sl-right (left) ideal of S is an SI-bi-ideal of S ([39]). Moreover, we have
the following:

Theorem 10 Let S be a reqular duo semigroup. Then, every SI-bi-ideal of S
1s an Sl-ideal of S.

Proof. Let fs be any SI-bi-ideal of S and a, b be any elements of S. It is known
that Sa is a left ideal of S. Since S is a duo semigroup, Sa is a right ideal of
S. And since S is regular,

ab € (aSa)b C a((Sa)S) € aSa
This implies that there exists an element x € S such that
ab = axa.
Then, since fs is an SI-bi-ideal of S,
fs(ab) = fs(axa) 2 fs(a) N fs(a) = fs(a).

This means that fs is an SI-right ideal of S. It can be seen in a similar way
that fs is an SI-left ideal of S. Therefore, fs is an SI-ideal of S. This completes
the proof. O

Theorem 11 [17, 32] For a semigroup S, the following conditions are equiv-
alent:

1) S is a regular duo semigroup.
2) ANB = AB for every left ideal A and every right ideal B of S.

3) Q2 = Q for every quasi-ideal of S. (That is, every quasi-ideal is idempo-
tent.)

4) EQE=ENQNE for every ideal E and every quasi-ideal Q of S.

Theorem 12 For a semigroup S, the following conditions are equivalent:
1) S is a regular duo semigroup.

2) S is a regular soft duo semigroup.
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3) fsogs = fsNgs for all SI-bi-ideals fs and gs of S.

4) fsogs = fsNgs for all SI-bi-ideal fs and for all SI-quasi-ideal gs of S.

5) fsogs =fsNgs for all SI-bi-ideal fs and and for all SI-right ideal gs of S

6) fsogs = fsNgs for all SI-quasi-ideal fs and for all S1-bi-ideal gs of S.

7) fsogs = fsNgs for all SI-quasi-ideals fs and gs of S.

8) fsogs = fsNgs for all SI-quasi-ideal fs and for all S1-right ideal gs of S.
9) fsogs = fsNgs for all SI-left ideal fs and for all SI-bi-ideal gs of S.

10) fs o gs = fsNgs for all SI-left ideal fs and for all S1-right ideal gs of S.
)

11) fs o gs = fsNgs and hg o ks = hsMks for all SI-right ideals fs and gs of S
and for all SI-left ideal hs and ks of S.

12) Ewvery SI-quasi-ideal of S is idempotent.

Proof. The equivalence of (1) and (2) follows from Theorem 9. Assume that
(2) holds. Let fs and gs be any SI-bi-ideals of S. Then, by Theorem 10, fs
is an Sl-right ideal of S and gs is an SI-left ideal of S. Since S is regular, it
follows by Theorem 3 that

fs o gs = fsMNgs

Thus, (2) implies (3). It is clear that (3) implies (4), (4) implies (5), (5) implies
(8), (8) implies (11), (11) implies (3), (3) implies (6), (6) implies (7), (7) implies
(8) and (6) implies (9), (9) implies (10), (10) implies (11).

Assume that (11) holds. Let A and B be any left ideal and right ideal of S,
respectively. Let a be any element of AN B. Then, a € A and b € B and so,

Sala) =S8g(a) =U.

Since Sp and Sp is an Sl-left ideal and SI-right ideal of S, respectively, by
assumption

Sas(a) = (Sa 0 Sp)(a) = (SaNSp)(a) = Sala) N Sp(a) = U,

so a € AB. Thus, ANB C AB. For the converse inclusion, let a be any element
of AB. Thus,

Sangl(a) = (SaNSg)(a) = (Sa 0 Sg)(a) = Sasla) =U
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This implies that a € AN B and that AB € AN B. Thus, AB =ANB. It
follows by Theorem 11 that S is a regular duo semigroup. Thus (11) implies
(1). It is clear that (7) implies (12) by taking gs = fs.

Conversely, assume that (12) holds. Let Q be any quasi-ideal of S and a be
any element of Q. Then, Sq is an SI-quasi-ideal of S. Then,

SQZ(G) = (SQ OSQ)(CL) = SQ(G) =Uu

Thus, a € Q% and Q C Q?. Since the converse inclusion always holds, Q = Q2.
It follows by Theorem 11 that S is a regular duo semigroup and that (12)
implies (1). This completes the proof. O

Theorem 13 For a semigroup S, the following conditions are equivalent:

1) S is a regular duo semigroup.

2) fsogsofs=fsNgs for every Sl-ideal fs and every SI-bi-ideal gs of S.

3) fsogsofs="fsNgs for every Sl-ideal fs and every SI-quasi-ideal gs of S.

Proof. First assume that (1) holds. Let fs and gs be any SI-bi-ideal and any
Sl-ideal of S, respectively. Then,

fsogsofsC(fsoS)oS =fso(SoS)CfsoSCHs

On the other hand, since S is regular and duo, fs is an SI-ideal of S by Theorem
10. Hence, s . .
fsogsofsC(Sogs)oSCgsoSCys

and so
fs o gs o fsCfsNgs

In order to show the converse inclusion, let a be any element of S. Then, since
S is regular, there exists an element x in S such that

a = axa = (axa)xa
Thus,

(fsogsofs)(a) = [fso(gsofs)l(a)
= U[fs(a)ﬂ(gsofs)(q)]

a=pq
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fs(ax) N (gs o fs)(axa)
fs(ax) N{ U [gs(b) o fs(c)]}

axa=bc

fs(ax) N (gs(a) N fs(xa))
fs(a) N (gs(a) Nfs(a))
fs(a) N gs(a)

= (fsNgs)(a)

U U Il

and so fsogso fsi)fsﬁgg Thus,
fs 0 gs o fs = fsNgs.

Hence, (1) implies (2). It is clear that (2) implies (3).
Assume that (3) holds. Let E and Q any two-sided ideal and quasi-ideal of
S, respectively and a be any element of EN Q. Then,

Se(a) = Sg(a) = U.
Since Sg and Sq is an Sl-ideal and an SI-quasi-ideal of S, respectively,
Seqe(a) = (Se 0 Sq 0 Se)(a) = (SeNSq)(a) = Se(a) NSqla) = U

and so a € EQE. Thus, ENQ C EQE. For the converse inclusion, let a be any
element of EQE. Thus,

Sengla) = (SeNSg)(a) = (Sg 0 Sq 0 Se)(a) = Sggela) = U

and so a € EQE. Thus, EQE C ENQ and so EQE = EN Q. It follows from
Proposition 11 that S is regular duo. Hence, (3) implies (1). This completes
the proof. O

5 Right (left) zero semigroup

In this section, right (left) zero semigroups are charachterized in terms of SI-
ideals of S. A semigroup S is called right (left) zero if xy =y (xy = x) for all
x,y € S.

Proposition 5 For a semigroup S, the following conditions are equivalent:

1) The set of all idempotent elements of S forms a left (right) zero subsemi-
group of S.
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2) For every Sl-left (right) ideal fs of S, fs(e) = fs(f) for all idempotent
elements e and f of S.

Proof. First assume that the set Is of all idempotent elements of S is a left
zero subsemigroup of S. Let e,f € Is and fs be an Sl-left ideal of S. Then,
since

ef=e and fe="f

fs(e) = fs(ef) 2 fs(f) = fs(fe) 2 fs(e)
and so
Thus, (1) implies (2).
Conversely, assume that (2) holds. Since S is regular, it is obvious that

Is # (). Moreover, the soft characteristic function Sy of the left ideal L[f] of
S is an Sl-left ideal of S. Thus, by assumptio,n

Siple) =Syy(f) =U

and so e € L[f] = Sf. (Here note that, if S is a regular semigroup, L[a] = Sa
for every a € S ([17]). Thus, for some x € S,

e = xf = x(ff) = (xf)f = ef

This means that Is is a left zero semigroup. Thus (2) implies (1). The case when
S is right zero, the proof can be seen similarly. This completes the proof. [J
Corollary 1 For an idempotent semigroup S, the following conditions are
equivalent:

1) S is left (right) zero.

2) For every SI-left (right) ideal fs of S, fs(e) = fs(f) for all elements e,f € S.

Proposition 6 Let S be a group. Then, every Sl-bi-ideal of S is a constant
function.

Proof. Let S be a group with identity e and fs be any SI-bi-ideal of S and a
be any element of S. Then,

fs(a) = fs(eae) 2 fs(e) N fs(e) = fs(e) =
fs(a(a'a Na) D fs(a) Nfs(a) = fs(a)
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and so fs(e) = fs(a). This implies that fg is a constant function. O

Proposition 7 For a reqular semigroup S, the following conditions are equiv-
alent:

1) S is a group.

2) For every Sl-bi-ideal fs of S, fs(e) = fs(f) for all idempotent elements
e,f€8S.

Proof. Assume that (1) holds. Let fs be any SI-bi-ideal of S. Then, it follows
from Proposition 6 that fs is a constant function. This implies that

fs(e) = fs(f)

for all idempotent elements e, f € S. Thus (1) implies (2).

Conversely, assume that (2) holds. Let e and f be any idempotent elements
of S. As is well-known, if S is a regular semigroup, B[x], the principal ideal of S
generated by x € S is B[x] = xSx ([17]). Moreover, since the soft characteristic
function Sgy of the bi-ideal B[f] of S is an SI-bi-ideal of S and since f € B[f],

Sgir (e) = Sppy (f) = U

and so e € B[f] = fsf, which means that e = fxf for some x € S. One can
similarly obtain that f = eye for some y € S. Thus,

e = fxf = fx(ff) = (fxf)f = ef = e(eye) = (ee)ye = eye =f

Since S is regular, Is # () and S contains exactly one idempotent. Thus, it
follows from ([17], p.33) that S is a group. Thus (2) implies (1). This completes
the proof. 0

6 Right (left) simple semigroups

In this section, soft simple semigroup is defined and the relation of soft simple
semigroup with simple semigroup is given. A semigroup S is called left (right)
simple if it contains no proper left (right) ideal of S and is called simple if it
contains no proper ideal.

Definition 13 A semigroup S is called soft left (right) simple if every SI-
left (right) ideal of S is a constant function and is called soft simple if every
SI-ideal of S is a constant function.
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Theorem 14 For a semigroup S, the following conditions are equivalent:

1) S is left (right) simple.

2) S is soft left (right) simple.

Proof. First assume that S is left simple. Let fs be any SI-left ideal of S and
a and b be any element of S. Then, it follows from ([17], p. 6) that there exist
elements x,y € S such that b = xa and a = yb. Hence, since S is an SI-left

ideal of S,
fs(a) = fs(yb) 2 fs(b) = fs(xa) 2 fs(a)

and so fs(a) = fg(b). Since a and b be any elements of S, this means that fg
is a constant function. Thus, it is obtained that S is soft left simple and (1)
implies (2).

Conversely, assume that (2) holds. Let A be any left ideal of S. Then, Sa is
an Sl-left ideal of S. By assumption, Sa is a constant function. Let x be any
element of S. Then, since A # (),

SA(X) =u

and so x € A. This implies that S C A, and so S = A. Hence, S is left simple
and (2) implies (1). In the case, when S is soft right simple, the proof follows
similarly. O

Theorem 15 For a semigroup S, the following conditions are equivalent:
1) S is simple.
2) S is soft simple.

As is well-known, a semigroup S is a group if it is left and right simple. From
this, the following theorem:

Proposition 8 For a semigroup S, the following conditions are equivalent:
1) S is a group.

2) S is both soft left and soft right simple.

Proposition 9 Let S be a left simple semigroup. Then, every SI-bi-ideal of S
is an SI-right ideal of S.
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Proof. Let fs be an SI-bi-ideal of S and a and b be any elements of S. Then,
since S is left simple, there exists an element x in S such that

b = xa.
Then, since fs is an SI-bi-ideal of S,
fs(ab) = fs(a(xa)) = fs(a) N fs(a) = fs(a)

which means that fs is an SI-right ideal of S. This completes the proof. O

7 Semilattices of left (right) simple semigroups

In this section, a semigroup that is a semilattice of left (right) simple semi-
groups is characterized by Sl-ideals. A semigroup S is a semilattice of left
simple semigroups if it is the set-theoretical union of the family of left simple
semigroups S; (i € M) such that,

s=Js:

ieM

such that the products S;S; and S;S; are both contained in the same Sy (k €
M).

Theorem 16 [17, 34] For a semigroup S, the following conditions are equiv-
alent:

1) S is a semilattice of left simple semigroups.
2) S is left reqular and every left ideal of S is two-sided.

3) S is left regular and AB = BA for any left ideals A and B of S.

Theorem 17 [39] For a left reqular semigroup S, the following conditions are
equivalent:

1) Every left ideal of S is a two-sided ideal of S.
2) Ewvery SI-left ideal of S is an SI-ideal of S.
Theorem 18 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of left simple semigroups.
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2) S is left reqular and every Sl-left ideal of S is an Sl-ideal of S.

4

)

3) fsogs = fsNgs for every Sl-left ideals of S.
) The set of all SI-left ideals of S is a semilattice under the soft int-product.
)

5

The set of all left ideals of S is a semilattice under the multiplication of
subsets.

Proof. The equivalence of (1) and (2) follows from Theorem 16 and Theorem
17. Assume that (2) holds. Let fs and gs be any SI-left ideals of S and a be
any element of S. Then, since S is left regular, there exists an element x € S
such that a = xa?. By assumption, fs is also an SI-right ideal of S. So,

(fsogs)(a) = | (fs(y)ngs(z))

a=yz

2 (fs(xa)ngs(a))

2 (fs(a)ngs(a))
(fsNgs)(a)

Thus, fs o gs ifsﬁgg. On the other hand, by assumption, gs is SI-right ideal
of S, and so

(fsogs)(a) = | (fs(y)ngs(z))

a=yz
c (fs(yz) Ngsyz))
= fs(a)Ngs(a)
= (fsNgs)(a)
Thus, fs o gsCfsMgs. Thus, fs o gs = fsMgs and so (2) implies (3).
(3) implies (4) is clear. Assume that (4) holds. Let A and B be any left

ideals of S and a be any element of BA. Since the soft characteristic function
Sa and Sp are Sl-left ideals of S,

Sagl(a) = (Sa o Sp)(a) = (SgoSa)(a) = Sgala) =U

which implies that a € AB. Thus, BA C AB. Similarly, AB C BA. Thus,
AB = BA.

In order to see that any left ideal A of S is idempotent, let a be any element
of A. Since Sp is an Sl-left ideal of S,

Spz2(a) = (SaoSa)(a) =S =U
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and so a € A2. Thus, A C A and so A = A%. Therefore (4) implies (5).
Finally, assume that (5) holds. Let A be any left ideal of S and a be any
element of S. Then, since S itself is a left ideal, by assumption

AS=SACA

Thus, A is a right ideal of S, and so A is a two-sided ideal of S.
Let a be any element of S. Then, since the left ideal L[a] of S is idempotent
by assumption and since a € L[a],

a € LlalLlal = {a}uSa){alUSa) ={a?}UaSaUSa?USaSa C
{a?} U (aS)aSa U Sa? U SaSa C {a?}U SaSa U Sa? C {a?} U Sa?

which implies that S is left-regular. Thus, it follows by Theorem 16-(2) that
S is a semilattice of left simple groups. That is to say (5) implies (1). This
completes the proof. O

The left-right dual of Theorem 18 reads as follows:

Theorem 19 For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of right simple semigroups.
2) S is right regular and every SI-right ideal of S is an Sl-ideal of S.
4) The set of all SI-right ideals of S is a semilattice under the soft int-product.

)
)
3) fsogs = fgﬁgg for every SI-right ideals of S.
)
5)

The set of all right ideals of S is a semilattice under the multiplication of
subsets.

Theorem 20 [39] For a semigroup S, the following conditions are equivalent:
1) S is left regular.

2) For every SI-left ideal fs of S, fs(a) = fs(a?) for all a € S.

Theorem 21 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of left simple semigroups.

2) For every Sl-left ideal fs of S, fs(a) = fs(a?) and fs(ab) = fs(ba) for all
a,b eSs.
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Proof. Assume that S is a semilattice of left simple semigroups. Let fs be
any SI-left ideal of S. Then, by Theorem 16-(2), S is left regular and fs is an
Sl-ideal of S. Let a be any element of S. Thus, by Theorem 20,

fs(ab) = fs((ab)?) = fs(a(ba)b) 2 fs(ba).
Similarly, fs(ba) D fs(ab). Hence,
fs(ab) = fs(b(l).

Thus, (1) implies (2).

Conversely, assume that (2) holds. Let fs be any SI-ideal of S. Since fs(a) =
fs(a?) for all a € S, it follows from Theorem 20 that S is left regular. Let A
and B be any left ideal of S and ab be any element of AB. Since the soft
characteristic function Sy, of the the left ideal L[ba] is an SI-left ideal of S
and since ba € L[ba],

Sipa(ab) = Sipq(ba) =U
This implies that
ab € L[ba] ={ba}uU Sba C BAUSBA C BA

and so AB C BA. Similarly, it can be seen that the converse inclusion holds.
Thus,
AB = BA

Then, it follows by Theorem 16-(3) that S is a semilattice of left simple semi-
groups. Therefore (3) implies (1). This completes the proof. O

The right dual of Theorem 21 is as following:
Theorem 22 For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of right simple semigroups.

2) For every Sl-right ideal fs of S, fs(a) = fs(a?) and fs(ab) = fs(ba) for all
a,bes.

8 A semilattice of left (right) groups

In this section, a semigroup that is a semilattice of left (right) simple groups is
characterized by SI-ideals. An element a of S is said to be left (right) cancellable
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if, for any x,y € S ax = ay (xa = ya) implies x = y. A semigroup S is
called left (right) cancellative if every element of S is left (right) cancellative.
A semigroup S is called a left group if it is left simple and right cancellable

([17]), that is, for all a € S, there exists a unique element x € S such that

xa? = a ([33]). Dually, a semigroup S is called a right group if it is right simple

and left cancellable.
Theorem 23 [33] For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of left groups.

2) S is reqular and aS C Sa for every a € S.

Theorem 24 Let S be a semigroup that is a semilattice of left groups. Then,
every S1-(generalized) bi-ideal of S is an SI-right ideal of S.

Proof. Let fs be any SI-bi-ideal of S, and a and b any elements of S. Then,
it follows from Theorem 23 that there exist elements x,y € S such that

a = axa and ab =ya.

Thus,
ab = (axa)b = (ax)(ab) = (ax)(ya) = a(xy)a.

Since fg is an SI-bi-ideal of S,
fs(ab) = fs(a(xy)a) 2 fs(a) Nfs(a) = fs(a).

Hence, fs is an SI-right ideal of S. O

Corollary 2 Let S be a semigroup that is a semilattice of left groups. Then,
every Sl-left ideal of S is an Sl-right ideal of S, that is to say, S is soft left
duo.

Theorem 25 Let S be a semigroup that is a semilattice of left groups. Then,
every Sl-interior ideal of S is an Sl-left ideal of S.

Proof. Let fs be any Sl-interior ideal of S, and a and b any elements of S.
Then, it follows from Theorem 23 that there exist element z € S such that

b = bzb.
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Thus,
ab = (axa)b = (ax)(ab) = (ax)(ya) = a(xy)a.

Since fs is an SI-bi-ideal of S,
fs(ab) = fs(a(bzb)) = fs((a)b(zb)) 2 fs(b).

Hence, fs is an Sl-left ideal of S. O

Theorem 26 [40] For a semigroup S the following conditions are equivalent:
1) S is regular.

2) fsNgs = fs o gs o fs for every Sl-quasi-ideal fs of S and Sl-ideal gs of S
over U.

Theorem 27 For a semigroup S, the following conditions are equivalent:

1

S is a semilattice of left groups.

2) fsNgs = fs o gs for every Sl-quasi-ideal fs and Sl-left ideal gs of S.

3) fsNgs = fs o gs for every Sl-quasi-ideal fs and SI-ideal gs of S.

4) fsNgs = fs o gs for every Sl-quasi-ideal fs and SI-interior ideal gs of S.

6) fsNgs = fs o gs for every SI-bi-ideal fs and SI-ideal gs of S.
7) fsNgs = fs o gs for every Sl-bi-ideal fs and Sl-interior ideal gs of S.
8) fsNgs = fs o gs for every Sl-bi-ideal fs and SI-left ideal gs of S.

)
)
)
)
5) fsNgs = fs o gs for every Sl-bi-ideal fs and S1-left ideal gs of S.
)
)
)
9)

fgﬂgs = fs o gs for every Sl-generalized bi-ideal fs and SI-left ideal gs of

10) fsNgs = fs o gs for every Sl-generalized bi-ideal fs and Sl-ideal gs of S.

11) fsNgs = fs o gs for every SI-generalized bi-ideal fs and Sl-interior ideal gs
of S.

12) fsNgs = fs o gs for every Sl-one-sided ideal fs and Sl-ideal gs of S.

13) fsNgs = fs o gs for every Sl-one-sided ideal fs and Sl-interior ideal gs of
S.
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14) is regular left duo.

Proof. First assume that (1) holds. Let fs and gs be any SI-generalize bi-ideal
of S and Sl-interior ideal of S, respectively and a be any element of S. Then,
since S is regular by Theorem 23, there exists an element x € S such that

a = axa(= axaxa).

Since gs is an Sl-interior ideal of S, gs((x)a(xa)) 2 gs(a). Thus,

(fsogs)(a) = U (fs(p) N gs(q))
a=pq

fs(a) N gs((x)a(xa))
fs(a) Ngs(a)

= (fsNgs)(a)

v 1y

and so fsogs ifsﬁgs. Moreover, it follows by Theorem 24 that fs is an SI-right
ideal of S. Thus,

(fsogs)(a) = | (fstp)ngs(q))

a=pq

c | (fstpq) ngs(pq))
a=pq

= | (fs(a) ngs(a))
a=pq

= fs(a)Ngs(a)

= (fsNgs)(a)

and so fgo gséfgﬁgs. Therefore, fs o gs = fsMgs and that (1) implies (10). It
is clear that (10) implies (9), (9) implies (8), (8) implies (5), (5) implies (2),
(10) implies (7), (7) implies (6), (6) implies (5), (5) implies (2), (7) implies
(4), (4) implies (3), (3) implies (2) and (4) implies (12), (12) implies (11).
Assume that (2) holds. Then, it follows by Theorem 26 that S is regular.
Let Q be any quasi-ideal of S. Then, the soft characteristic function Sg is an

SI-quasi-ideal of S. Since S itself is an SI-left ideal of S and so by assumption,
SQ = SQﬁg = SQ o g

Thus, Sq is an Sl-right ideal of S, and so Q is a right ideal of S. Thus, any
quasi-ideal of S is a right ideal of S. Let a € S. Then, the quasi-ideal Sa is a
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right ideal of S. Since S is regular,
aS C (aSa)S = ((aS)a)S C (Sa)S C Sa.

Thus, aS C Sa and since S is regular, S is a semilattice of left groups by
Theorem 23. Thus, (2) implies (1).

Assume that (11) holds. Let fs and gs be any Sl-right ideal and any SI-
left ideal of S, respectively. Then, since S itself is an Sl-ideal of S and so by
assumption,

gs = gsNS=gsoS

Thus, gs is an Sl-right ideal of S, that is, gs is an Sl-ideal of S. Thus, by
assumption, fs o gs = fsMgs for every SI-right ideal fs of S over U and SI-left
ideal gs of S over U. It follows by Theorem 3 that S is regular. As is proved in
(2) implies (1), aS C Sa. Thus, S is a semilattice of left groups, so (11) implies
(1).

Assume that (1) holds. Then, it follows by Theorem 23 that S is regular.
Moreover, it follows by Corollary 2 that S is soft left duo and so by Theorem
8, S is left duo. Thus (1) implies (13).

Conversely assume that (13) holds. Then, it follows by Theorem 8 that S
is left duo, that is, every left ideal of S is a right ideal of S. In order to prove
that S is semilattice of left groups, by Theorem 23, it suffices to show that
aS C Sa for all a € S. As is proved in (2) implies (1), aS C Sa. Thus, S is a
semilattice of left groups, so (13) implies (1). This completes the proof. O

The left-right dual of Theorem 27 is as following:
Theorem 28 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of right groups.

[\

fsNgs = fs o gs for every Sl-quasi-ideal fs and SI-right ideal gs of S.

w

fsNgs = fs o gs for every Sl-quasi-ideal fs and Sl-ideal gs of S.

W

fsNgs = fs o gs for every Sl-quasi-ideal fs and Sl-interior ideal gs of S.

[=2 N

fsﬁgs = fg o gs for every SI-bi-ideal fs and SI-ideal gs of S.

N

)

)

)

)

) fsﬁgg = fs o gs for every SI-bi-ideal fs and SI-right ideal gs of S.

)

) fgﬁgs = fg o gs for every Sl-bi-ideal fs and Sl-interior ideal gs of S.
)

8) fsNgs = fs o gs for every SI-bi-ideal fs and SI-right ideal gs of S.
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9) fsNgs = fs o gs for every Sl-generalized bi-ideal fs and SI-right ideal gs of
S.

10) fsﬁgs = fs o gs for every SI-generalized bi-ideal fs and SI-ideal gs of S.

11) fsNgs = fs o gs for every SI-generalized bi-ideal fs and Sl-interior ideal gs
of S.

12) fsﬁgs = fs o gs for every SI-one-sided ideal fs and Sl-ideal gs of S.

13) fsNgs = fs o gs for every Sl-one-sided ideal fs and Sl-interior ideal gs of
S.

14) S is regular right duo.

Theorem 29 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of left groups.

2) fsNgs = fs o gs o fs for every SI-quasi-ideal fs and SI-left ideal gs of S.

3) fsNgs = fs o gs o fs for every SI-bi-ideal fs and SI-left ideal gs of S.
)

4) fsNgs = fs o gs o fs for every SI-generalized bi-ideal fs and Sl-left ideal gs
of S.

Proof. First assume that (1) holds. Let fs and gs be any SI-generalized bi-
ideal of S. Then, N
fsogsofsCfsoSofsCfs

On the other hand, since the SI-left ideal gs is an SI-bi-ideal of S,
fs o gsofsC(Sogs)oSCgs o SCys

Therefore,
fs 0 gs o fsCfsNgs.

Let a be any element of S. Then, it follows by Theorem 23 that there exist
elements x,y € S such that a = axa and ax = ya. Hence,

ax = axaxax = axax(ya) = (axa)(xya).
Thus,

(fsogsofs)(a) = [(fsogs)ofs](a)
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= | UUfs o gs)(p) o fs(q)]

a=pq
D (fsogs)(ax)Nfs(a)

= { | (fs(p) ngs(q)) Nfs(a)
ax=pg
(fs(axa) N gs(xya)) Nfs(a)

(fs(a) N gs(a)) Nfs(a)
= (fsNgs)(a)
and so, fs o gso fsifsﬁgg. Thus, fs o gs o fs = fsNgs and (1) implies (4). It
is clear that (4) implies (3) and (3) implies (2). _
Assume that (2) holds. Let fg be any SI-quasi ideal of S. Then, S is an
SI-left ideal of S and so by assumption,

fs = fsNS = fs 0 S o fg

Thus,it follows by Theorem 4 that S is regular. On the other hand, let gs be
any Sl-left ideal of S. then, by assumption,

gs =SAgs =Sogso§

Thus, gs is an Sl-interior ideal of S. Since S is regular, gs is an Sl-ideal of S
by Theorem 5. Therefore, every SI-left ideal of S is an ideal of S. It follows by
Theorem 6 that every Sl-left ideal of S is an SI-ideal of S. Let a € S. Since S
is regular, the left ideal Sa is an ideal of S. Thus,

aS C (aSa)S € a((Sa)S) € a(Sa) = (aS)a C Sa.

Thus, aS C Sa and since S is regular, S is a semilattice of left groups by
Theorem 23. Thus (2) implies (1). O

The left-right dual of Theorem 29 is as following:
Theorem 30 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of right groups.

)
2) fsNgs = fs o gs o fs for every Sl-quasi-ideal fs and SI-right ideal gs of S.
3) fsNgs = fs o gs o fs for every SI-bi-ideal fs and SI-right ideal gs of S.

)

4) fsNgs = fs o gs o fs for every Sl-generalized bi-ideal fs and Sl-right ideal
gs Of S.
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Theorem 31 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of left groups.

)
2) fsNgs = fs oSo gs for every Sl-quasi-ideal fs and SI-left ideal gs of S.
3) fsNgs = fs oSo gs for every SI-bi-ideal fs and Sl-left ideal gs of S.

)

4) fsNgs = fs o So gs for every Sl-generalized bi-ideal fs and Sl-left ideal gs
of S.

Proof. First assume that (1) holds. Let fs and gs be any SI-generalized bi-
ideal and SI-left ideal of S, respectively. Then,

fs0Sogs =fso(Sogs)CfsogsCSogsCys.
Moreover, by Theorem 24 that fs is an SI-right ideal of S. Thus,
fsoSogs = (fsoS) o gsCfs o gsCfs o SCfs.

ThllS, fs o g ¢} gséfsﬁgs.
Let a be any element of S. Then, it follows by Theorem 23 that there exist
elements x,y € S such that a = axa and ax = ya. Hence,

ax = axaxax = axax(ya) = (axa)(xya).
Thus,

(fsoSogs)(a) = [(fsoS)ogsl(a)

= [ (fsoS)(p)l o gs(q)

a=pq

D (fsoS)(ax)Ngs(a)

= { U stp)nS(a)ngs(a)
ax=pq
(fs(axa) NS(aya)) N gs(a)
= (fs(a)NU)Ngs(a)
fs(a) N gs(a)
= (fsNgs)(a)

1

and so, fs o So gs2fsMgs. And so, fs o So gs = fsNgs. Thus, (1) implies (4).
It is clear that (4) implies (3) and (3) implies (2).
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Assume that (2) holds. Let fs and gs be any SI-quasi-ideal and SI-left ideal
of S, respectively. Then, by assumption,

fsPgs = fs 0 S0 gs = fs o (S0 gs)Cfs3gs.

Hence, it follows by Theorem 3 that S is regular. Let gs be any SI-left ideal of
S. Then, since gs is an SI-quasi-ideal of S and since S itself is an SI-left ideal
of S, _ o

gs = gsﬁS: gsOSOS.

Let L be any left ideal of S and a € L. Then, the soft characteristic function
St is an Sl-left ideal of S. Thus,

Siss(a) = (SLoSs0Ss)(a) =S(a) =U
which means that a € LSS. Thus, L C LSS. Moreover, let a € LSS. Then,
Si(a) = (SLoSs08s)(a) = Siss(a) =U

and so a € L. Thus, LSS C L, and so LSS = L. Since Sa is a left ideal of S,
(Sa)SS = Sa and so,

aS C (aSa)S = a(Sa)S = a((Sa)SS)S C a((Sa)SS) € a(Sa) = (aS)a C Sa.

It follows by Theorem 23 that S is a semilattice of left groups and so (2) implies

(1). O

The left-right dual of Theorem 31 is as following;:

Theorem 32 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of right groups.

2) fsNgs = fso So gs for every Sl-quasi-ideal fs and Sl-right ideal gs of S.

3) fsNgs = fs oSo gs for every Sl-bi-ideal fs and S1-right ideal gs of S.
)

4) fsNgs = fs oSo gs for every Sl-generalized bi-ideal fs and SI-right ideal gs
of S.

Theorem 33 For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of left groups.

2) fsNhsNgs = fs o hg o gs for every SI-quasi-ideal fs, for every Sl-ideal hs
and every Sl-left ideal gs of S.
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3) fsNhsNgs = fs o hs o gs for every Sl-bi-ideal fs, for every Sl-ideal hs and
every Sl-left ideal gs of S.

4) fsNhsNgs = fs o hs o gs for every SI-generalized bi-ideal fs, for every SI-
ideal hs and every SI-left ideal gs of S.

Proof. First assume that (1) holds. Let fs be any SI-generalized bi-ideal of S,
hs be any Sl-ideal of S and gs be any SI-left ideal of S. Then,

fsohs o0 gsCSo (Sogs)CSogsCys

and
fs o hg 0 gsCS o hg o SChs.

Moreover, by Theorem 24, since SI-generalized bi-ideal fg of S is an SI-right
ideal of S,

fs ohs o gsC(fs oS) o SCfs o SCfs.

Hence,
fsohgo gngsﬁhsﬁgg.

Let a € S. Then, by Theorem 23, a = axa and ax = ya for some x,y € S.
Then,

ax = axaxax = axax(ya) = (axa)(xya).

Hence,

(fsohsogs)(a) = [(fsohs)ogsl(a)
=1 | (fsons)(p)egs(q)

a=pq
(fs o hs)(ax) N gs(a)

{ U (fs(p) Nhs(q))} N gs(a)
ax=pq

(fs(axa) N hs(xya)) N gs(a)
(fs(a) Nhs(a)) Ngs(a)
(fsNhsNgs)(a)

I

v 1y Il

and so, fs o hg o gsDfsMNhsMgs. Thus, fsohg o gs = fsMhsNgs and (1) implies

(4).
It is clear that (4) implies (3) and (3) implies (2).
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Conversely, assume that (2) holds. Let fs be any SI-quasi-ideal and gs be
any Sl-left ideal of S. Then, since S itself is an Sl-ideal of S, by assumption
that

fsNgs = fgﬁgﬁgg =fgso So gs =fso (SV o gs)ifg o gs.

It follows by Theorem 3 that S is regular. As in the above Theorem, one can
easily show that aS C Sa. Thus, S is a semilattice of left groups. Thus, (2)
implies (1). This completes the proof. ([l

The left-right dual of Theorem 33 is as following:
Theorem 34 For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of right groups.

2) fsNhsNgs = fs o hg o gs for every SI-quasi-ideal fs, for every Sl-ideal hs
and every SI-right ideal gs of S.

3) fsNhsNgs = fs o hs o gs for every SI-bi-ideal fs, for every Sl-ideal hs and
every SI-right ideal gs of S.

4) fsNhsNgs = fs o hs o gs for every Sl-generalized bi-ideal fs, for every SI-
ideal hs and every SI-right ideal gs of S.

9 A semilattice of groups

Let S be a semigroup. We shall say that S is a semilattice of groups if it is the
set-theoretical union of a family of mutually disjoint subgroups G; (i € M)
such that, for any pair i, j in M, the products G;G; and G;G; are both contained
in the same subgroups Gy (k € M). The following is due to [17, 28, 33].

Proposition 10 [17, 28, 33] For a semigroup S, the following conditions are
equivalent:

1) S is a semilattice of groups.

2) S is regular and aS = Sa for all a € S.

4

)
)
3) LR =L NR for every left ideal L and every right ideal R of S.
) LB =LNB for every left ideal L and every bi-ideal B of S.
)

5) BR =B NR for every bi-ideal B and every right ideal R of S.
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6) S is regular and every one-sided ideal of S is two-sided.

Proposition 11 Let S be a semigroup that is a semilattice of groups. Then,
every SI-(generalized) bi-ideal of S is an Sl-ideal of S.

Proof. Let fs be any SI-bi-ideal of S and a and b be any elements of S. Then,
it follows by Proposition 10 that

ab € (aSa)S = (aS)(aS) = (aS)(Sa) = a(SS)a C aSa
Thus, there exists an element x € S such that ab = axa. Hence,
fs(ab) = fs(axa) 2 fs(a) N fs(a) = fs(a).
Hence, fs is an SI-right ideal of S. Similarly,
ab € S(bSb) = (Sb)(Sb) = (bS)(Sb) = b(SS)b C bSL
Thus, there exists an element x € S such that ab = bxb. Hence,
fs(ab) = fs(bxb) 2 fs(b) N fs(a) = fs(b).

Therefore, fs is an SI-left ideal of S. That is to say, fs is an SI-ideal of S. [

Proposition 12 [28] For a semigroup S, the following conditions are equiva-
lent:

1) S is a semilattice of groups.

2) The set of all (generalized) bi-ideals of S is a semilattice under the multi-
plication of subsets.

Now, see the characterization of a semigroup which s a semilattice of groups
in terms of Sl-ideals of semigroups.

Theorem 35 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of groups.

)
2) fsogs = fsNgs for every Sl-left ideal fs and every Sl-right ideal gs of S.
3) fsogs = fsNgs for every Sl-left ideal fs and every SI-quasi ideal gs of S.
)

4) fsogs = fsNgs for every SI-left ideal fs and every SI-bi-ideal gs of S.
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5)

6)
7)
8)

9)

10)
11)
12)

13)

14)

15)

16)

17)
18)

19)

20)

21)

fs o gs = fsNgs for every Sl-left ideal fs and every SI-generalized bi-ideal
gs of S.

fsogs = fsNgs for every Sl-quasi-ideal fs and every SI-right ideal gs of S.
fs 0 gs = fsNgs for all SI-quasi-ideals fs and gs of S.
fs o gs = fsNgs for every Sl-quasi-ideal fs and every SI-bi-ideal gs of S.

fsogs = fsNgs for every SI-quasi-ideal fs and every SI-generalized bi-ideal
gs of S.

fs o gs = fsNgs for every Sl-bi-ideal fs and every SI-right ideal gs of S.
fs 0 gs = fsNgs for every Sl-bi-ideal fs and every SI-quasi-ideal gs of S.
fs o gs = fsNgs for all SI-bi-ideals fs and gs of S.

fsogs = fgﬁgs for every SI-bi-ideal fs and every SI-generalized bi-ideal gs
of S.

fsogs = fsNgs for every SI-generalized bi-ideal fs and every SI-right ideal
gs of S.

fsogs = fsNgs for every SI-generalized bi-ideal fs and every SI-quasi-ideal
gs of S.

fsogs = fsNgs for every SI-generalized bi-ideal fs and every SI-bi-ideal gs
of S.

fs o gs = fsNgs for all SI-generalized bi-ideals fs and gs of S.
S is reqular and every Sl-one-sided ideal of S is an Sl-ideal of S.

The set of all SI-quasi-ideals of S is a semilattice under the multiplication
of soft int-product.

The set of all SI-bi-ideals of S is a semilattice under the multiplication of
soft int-product.

The set of all SI-generalized-bi-ideals of S is a semilattice under the multi-
plication of soft int-product.
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Proof. First assume that (1) holds. In order to prove that (17) holds, let fs
and gs be any Sl-generalized bi-ideals of S. Then, it follows by Proposition
11 that fs and gs are Sl-ideals of S. Since S is regular by Proposition 10, it
follows from Theorem 3 that fs o gs = fsMgs. Hence, it is obtained that (1)
implies (17). It is clear that (17) implies (16), (16) implies (15), (15) implies
(14), (14) implies (10), (10) implies (6), (6) implies (2), (17) implies (13), (13)
implies (12), (12) implies (11), (11) implies (10), (13) implies (9), (9) implies
(8), (8) implies (7), (7) implies (6) and (9) implies (5), (5) implies (4), (4)
implies (3) and (3) implies (2).

Assume that (2) holds. Let L and R be any left and right ideal of S, re-
spectively. Then, the soft characteristic functions St and Sg are Sl-left and
SI-right ideal of S, respectively. Let a be any element of L N R. Then,

Sir(a) = (St o Sg)(a) = (StNSk)(a) = (Sinr)(a) =U

and so a € LR. Thus, LN R C LR.
Conversely, let a be any element of LR. Then,

(Strr)(a) = (StNSR)(a) = (St o S)(a) = Sir(a) = U,

and so a € LNR. Thus, LR € LNR, hence LR = LNR. It follows by Proposition
10 that S is a semilattice of groups and so (2) implies (1).

Assume that (1) holds. Then, as shown above, (17) holds and (21) holds.
It is obvious that (21) implies (20) and (20) implies (19). Assume that (19)
holds. Then, since every SI-quasi-ideal of S is idempotent, it follows that S is
regular ([40]. Let L and R be any left and right ideal of S, respectively. Then,
since L and R are quasi-ideal of S, soft characteristic functions St and Sk are
SI-quasi-ideal of S. Thus,

Stk = (SL o SR) = Sr 0 S1) = Sgr.
This implies that LR = L N R. Then, since S is regular,
RNL=RL=LR.
It follows by Proposition 12 that S is a semilattice of groups. Thus (19) im-
plies (1).
Now assume that (2) holds. To see that (18) holds, let fs be any Sl-left ideal
of S. Since S is an Sl-right ideal of S,

fs = fsNS = fs 0 S
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Thus, fs is an SI-right ideal of S. One can similarly show that every SI-right
ideal of S is an Sl-left ideal of S. As shown above, S is regular. Thus, (2)
implies (18). Assume that (17) holds. In order to show that (1) holds, let A
and B be any generalized bi-ideals of S and a be any element of AB. Then,
the soft characteristic functions Sa and Sp are Sl-generalized bi-ideals of S.
Thus, by assumption,

(SgoSa)(a) = (SaoSg)(a) =Sag(a) =U

implying that a € BA. Thus, AB C BA. It can be seen in a similar way
that the converse inclusion holds. Thus, AB = BA. Now, let prove that any
generalized bi-ideal of S is idempotent. Let B be any generalized bi-ideal of S
and a € B. Then, since the soft characteristic function Sp is an SI-generalized
bi-ideal of S, by assumption

Spp(a) = (SpoSg)(a) =Spla) =U

implying that a € BB. Thus, B C BB. Similarly, one can show that BB C B.
Hence, B = BB. This means that the set of all generalized bi-ideals of S is a
semilattice under the multiplication of subsets. It follows by Proposition 12
that S is a semilattice of groups. Thus (2) implies (1). This completes the
proof. O

Theorem 36 [39] For a semigroup S the following conditions are equivalent:

1) S is completely reqular.

)

2) Ewvery bi-ideal of S is semiprime.

3) Ewvery SI-bi-ideal of S is soft semiprime.
)

s a®) for every Sl-bi-ideal fs of S and for all a € S.
4) fs( fs(a?) f SI-bi-ideal fs of S and for all a € S

Theorem 37 For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of groups.

2) For every Sl-quasi-ideal fs of S, fs(a) = fs(a?) and fs(ab) = fs(ba) for
all a,b € S.

3) For every Sl-bi-ideal fs of S, fs(a) = fs(a?) and fs(ab) = fs(ba) for all
a,b eSs.
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4) For every Sl-generalized bi-ideal fs of S, fs(a) = fs(a?) and fs(ab) =
fs(ba) for all a,b € S.

Proof. First assume that (1) holds. Let fs be any SI-generalized bi-ideal of
S and a and b be any elements of S. Then, since S is regular by Proposition
10, there exists an element x in S such that a = axa = axaxaxa. Since
aS C Sa by Proposition 10, there exist elements y,z € S such that xa = ya
and ax = za. Thus,

a = axa = a(xaxaxa) = a(xa)x(ax)a = a(ya)x(za)a = az(yxz)az.

Hence, since fs is an SI-generalized bi-ideal of S,

fs(a) = fs(a?(yxz)a?) 2 fs(a?) N fs(a?) = )
fs(alax)a) 2 fs(a) N fs(a) = fs(a)

and so fs(a) = fs(a?). Moreover, by Proposition 10,

(ab)* = a(ba)ba(ba)b € (Sba)S(baS) = (baS)S(Sba).
Hence, there exists an element u € S such that (ab)* = bauba. Thus,
fs(ab) = fs((ab)?) = fs((ab)*) = fs((ba)u(ba)) 2 fs(ba) Nfs(ba) = fs(ba).

Similarly, fs(ba) D fs(ab) and so fs(ab) = fs(ba). Thus, (1) implies (4).

It is clear that (4) implies (3) and (3) implies (2).

Conversely, assume that (2) holds. Then, it follows by Theorem 36 that S
is completely regular and so regular. Let a be any element of S. To see that
aS = Sa, let ax be any element of aS. Since the soft characteristic function
Spxq Of the principal bi-ideal B[xa] is an SI-bi-ideal of S, by assumption,

Spixal(ax) = Spq(xa) = U

and so ax € Blxa] = {xa}U (xa)? U (xa)S(xa). If ax = xa, then ax = xa € Sa,
and so aS C Sa. If ax = (xa)?, then ax = (xax)a € Sa. Hence, aS C Sa. If
ax € (xa)S(xa), then

ax € (xa)S(xa) = (xaSx)a € Sa

and so aS C Sa. In any case, aS C Sa. Similarly, Sa C aS. Thus, aS = Sa.
Hence, it follows by Proposition 10 that S is a semilattice of groups. Thus, (2)
implies (1). This completes the proof. O



Semigroups analyzed by soft ideals 201

Theorem 38 For a semigroup S, the following conditions are equivalent:

)

2)

3)

7)

S is a semilattice of groups.

fsNgs = gs o fs o gs for every SI-quasi-ideal fs of S and for all SI-ideal gs
of S.

fsNgs = gs o fs o gs for every SI-quasi-ideal fs of S and for all SI-interior
ideal gs of S.

fsNgs = gs o fs o gs for every SI-bi-ideal fs of S and for all SI-ideal gs of
S.

fsNgs = gsofsogs for every SI-bi-ideal fs of S and for all SI-interior ideal
gs Of S.

fgﬁgs = gs o fs o gs for every Sl-generalized bi-ideal fs of S and for all
Sl-ideal gs of S.

fsNgs = gs o fs o gs for every Sl-generalized bi-ideal fs of S and for all
Sl-interior ideal gs of S.

Proof. First assume that (1) holds. Let fs be any SI-generalized bi-ideal and
gs be any Sl-interior ideal of S. It follows by Proposition 11 that fs is an
SI-ideal of S. Thus,

gs Ofs o gSigofS Ogéfs.

Moreover, gs o fg o 95§95 o (go 95)§95 o 95§95 o gigg. Therefore,

gs o fs o gsCfsNgs.

Now, let a be any element of S. Since S is regular by Proposition 10, there
exists an element x € S such that a = axa. Hence

(gsofsogs)(a) = I[(gsofs)ogsl(a)

= [|J (gsofs)(p)logs(q)
a=pq
(gs o fs)(a) N gs(xa)

= {{J (gstw)nfs(v))ings(a)

a=uv

(gs(ax) Nfs(a)) N gs(a)
fs(a) Ngs(a)

1

U U
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= (fsNgs)(a)

and so, gs o fgo ggifsﬁgs. Thus, gs o fs o gs = fsNgs, so, (1) implies (7). It is
clear that (7) implies (6), (6) implies (4), (4) implies (2) and (7) implies (5),
(5) implies (3) and (3) implies (2).

Assume that (2) holds. Let Q and | be any quasi-ideal and ideal of S,
respectively. Thus, the soft characteristic function Sq and Sy are SI-quasi-
ideal and Sl-ideal of S, respectively. Hence, by assumption,

Sjoi(a) = (§joSg o §j)a) = (SN Sg)(a) = Sjngla) =U

which implies that a € JQJ. Thus, JN Q C JQJ.
Now, let a be any element of JQJ. Then,

SmQ(a) = (S] mSQ)(Q) = (S] OSQ 08])((1) = S]Q](a) =u

which implies that a € JN Q. Thus, JQJ C JN Q. Therefore, that JQ] =JNQ
for every quasi-ideal Q and ideal ] of S, which implies that S is regular and
(2) implies (1). This completes the proof. O

10 Soft normal semigroups

In this section, the concepts of soft normality in a semigroup is introduced. It
is known that a semigroup S is called normal if aS = Sa for all a € S.

Definition 14 An Sl-quasi-ideal fs of S is called Q — normal if fs(ab) =
fs(ba) for all a,b € S.

Definition 15 An SI-bi-ideal fs of S is called B—normal if fs(ab) = fs(ba)
for all a,b € 8S.

Definition 16 A semigroup S is called soft B¥ — normal if every SI-bi ideal
of S is B—mnormal.

Definition 17 A semigroup S is called soft Q* — normal if every SI-quasi-
ideal of S is Q —mnormal.

Theorem 39 Any soft Q* —normal semigroup is normal.

Proof. Let fs be an Sl-quasi-ideal of a soft Q* —normal semigroup of S. Let
a be any element of S. To see that aS = Sa, let ax be any element of aS.
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Since the soft characteristic function S of the principal bi-ideal Qlxa] is
an Sl-quasi-ideal of S, by assumption,

SQ[xa}(aX) = SQ[xa](Xa) =Uu
which implies that
ax € Qxa] ={xa}U (xaSN Sxa) C Sa

Thus, aS C Sa. Similarly, Sa C a$ holds. Thus, aS = Sa and S is normal.
This completes the proof. ]

The following theorem shows that the converse of Theorem 39 holds for a
regular semigroup.

Theorem 40 For a reqular semigroup S, the following conditions are equiva-
lent:

1) S is soft Q* —normal.
2) S is normal.

Proof. It suffices to prove that (2) implies (1). Assume that (2) holds. Let fg
be any SI-quasi-ideal of S and a and b be any elements of S. Since S is regular
and normal,

ab € (aSa)(bSb) = (aS)(ab)(Sb) C (aS)(abSab)(Sb) = (aSa)b(Sa)(bSb) C
(Sb)(Sa)S = (Sb)(aS)S = S(ba)SS = (ba)SSS C ba$S

This implies that there exists an element x € S such that ab = bax. Thus,
since fs is an SI-bi-ideal of S,

(fsoS)(ab) = |J {(fs(p) NS(q)} 2 fs(ba) NS(x) = fs(ba).
ab=pq

One can similarly show that
(So fs)(ab) 2 fs(ba)
Since, fg is an SI-quasi-ideal of S,

fs(ab) 2 ((fs o S)N(So fs))(ab) = (fs 0 S)(ab) N (S o fs)(ab) D
fs(ba) N fg(ba) = fs(ba)
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Similarly, it can be proved that fg(ba) D fs(ab). Thus, fs(ba) = fs(ab), and
so S is soft Q* —normal and that (2) implies (1). This completes the proof. [J

Theorem 41 Any soft B* — normal semigroup is normal.

Proof. Let fs be an Sl-bi-ideal of a soft B* — normal semigroup of S. Let
a be any element of S and ax be any element of aS. Since the soft charac-
teristic function Spyq of the principal bi-ideal B[xa] is an SI-bi-ideal of S, by
assumption,

Sgixq(ax) = Spxq(xa) = U

which implies that
ax € Blxa] = {xa} U {xaxa}U (xa)S(xa) C Sa

Thus, aS C Sa. Similarly, Sa € aS holds. Thus, aS = Sa and S is normal.
This completes the proof. ]

The following theorem shows that the converse of Theorem 41 holds for a
regular semigroup.

Theorem 42 For a reqular semigroup S, the following conditions are equiva-
lent:

1) S is soft B¥ —normal.
2) S is normal.

Proof. It suffices to prove that (2) implies (1). Assume that (2) holds. Let fg
be any SI-bi-ideal of S and a and b be any elements of S. Since S is regular,

ab € (aSa)(bSb) = (aS)(ab)(Sb) C (aS)(abSab)(Sb) = (aSa)b(Sa)(bSb) C
(Sb)(aS)S = S(ba)SS = (ba)SSS C baS = (baSba)S = (baS)(Sba) =
ba(SS)ba C baSba.

This implies that there exists an element x € S such that a = baxba. Thus,
since fg is an SI-bi-ideal of S,

fs(ab) = fs((ba)x(ba)) D fs(ba) Nfs(ba) = fs(ba).

One can similarly show that fs(ba) D fs(ab). Hence fs(ab) = fs(ba) which
implies that S is soft B* —normal and that (2) implies (1). This completes
the proof. 0
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Proposition 13 For an idempotent semigroup S, the following conditions are
equivalent:

1) S is commutative.
2) S is soft Q* —normal.
3) S is soft B¥ —normal.

Proof. (1) implies (3) and (3) implies (2) is obvious. Assume that (2) holds.
Then, S is normal. Let a,b € S. Then, ab € Sb = bS. Thus, there exists an
element x in S such that ab = bx. Similarly, ba = yb for some b € S. Hence,
since S is idempotent,

ab = bx = (bb)x = b(bx) = b(ab) = (ba)b = (yb)b =yb = ba

which implies that S is commutative. Hence (2) implies (1). O

Definition 18 [33] A semigroup S is called Archimedean if for all a,b € S,
there exists a positive integer 1 such that a™ € SbS.

Definition 19 [33] A semigroup S is called weakly commutative if for all
a,b € S, there exists a positive integer n such that (ab)™ € bSa.

Proposition 14 [33] Every weakly commutative semigroup is a semilattice of
archimedean semigroups.

Proposition 15 Any soft B*—normal semigroup is a semilattice of Archime-
dean semigroups.

Proof. Let S be any soft B*—normal semigroup. Let a and b be any elements
of S, and fs be any SI-bi-ideal of S. Since the soft characteristic function Sgp,q)
of the principal bi-ideal B[ba] is an SI-bi-ideal of S, by assumption,

Spiba(ab) = Sppg(ba) =U

and so

ab € B[ba] ={ba}U{baba}U (baSba) C Sa

Thus, (ab)? € baSba C bSa. Therefore, S is weakly commutative. Hence by
Proposition 14, S is a semilattice of Archimedean semigroups. O

One can similarly prove the following proposition.
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Proposition 16 Any soft Q*—mnormal semigroup is a semilattice of Archime-
dean semigroups.

Theorem 43 For a completely regular semigroup S, the following conditions
are equivalent:

1) S is soft Q* —normal.
2) S is soft B —normal.

3) For each elements a and b of S, there exists a positive integer n such that

(ab)™ € baSba.

Proof. It is obvious that (2) implies (1). Assume that (1) holds. Then, S is
normal. Let a and b be any elements of S. Thus,

(ab)® = ababab = a(ba)bab C (Sba)(baS) = (baS)(Sba)
= (ba)SS(ba) C baSba

which shows that (1) implies (3).

Conversely, assume that (3) holds. To see that (2) holds, 1 et fs be any SI-
bi-ideal of S and a and b be any elements of S. Then, by assumption, there
exists a positive integer n such that (ab)™ = baxba. Since S is completely
regular, for this positive integer, there exists an element y € S such that
ab = (ab)™y(ab)™. Then, since fs is an SI-bi-ideal of S,

fs(ab) = fs((ab)™y(ab)™) 2 fs((ab)™) Nfs((ab)™) = fs((ab)™)) =
fs(baxba) D fs(ba) Nfs(ba) = fs(ba).

One can similarly show that fs(ba) O fs(ab). Hence, fs(ab) = fs(ba) which
implies that fs is soft B¥ —normal. Thus, (3) implies (2). O

11 Conclusion

In this paper, certain classes of semigroups are characterized with regards to
different soft intersection ideals of semigroups and soft normal semigroups are
defined and the relation of this concept are studied with semigroups. Based
on these results, some further work can be done on the properties of soft
intersection semigroups and different classes of soft union ideals, which may
be useful to characterize the classical semigroups.
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