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Abstract. A novel power series representation of the generalized Mar-
cum Q-function of positive order involving generalized Laguerre poly-
nomials is presented. The absolute convergence of the proposed power
series expansion is showed, together with a convergence speed analysis
by means of truncation error. A brief review of related studies and some
numerical results are also provided.

1 Introduction

For v real number let I, be denotes the modified Bessel function [49, p. 77] of
the first kind of order v, defined by

- (t/2)2n+v
Iy(t) = T;)Tl'r(v-l-n-l-”’ (1)
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and let b — Q~(a,b) be the generalized Marcum Q-function, defined by

Qv(aa b) =

© v _t?4d?
tVe 2 I,_7(at)dt, (2)

—1
aVv b

where b > 0 and a,v > 0. Here I" stands for the well-known Euler gamma
function. When v = 1, the function
oo 2 2

b Qi(a, b) =J te— 25 [ (at)dt
b

is known in literature as the (first order) Marcum Q-function. The Marcum
Q-function and its generalization are frequently used in the detection theories
for radar systems [27] and wireless communications [12, 13], and have im-
portant applications in error performance analysis of digital communication
problems dealing with partially coherent, differentially coherent, and non—
coherent detections [38, 40]. Since, the precise computations of the Marcum
Q-function and generalized Marcum Q-function are quite difficult, in the last
few decades several authors worked on precise and stable numerical calcula-
tion algorithms for the functions. See the papers of Dillard [14], Cantrell [7],
Cantrell and Ojha [8], Shnidman [34], Helstrom [17], Temme [46] and the refer-
ences therein. Moreover, many tight lower and upper bounds for the Marcum
Q-function and generalized Marcum Q-function were proposed as simpler al-
ternative evaluating methods or intermediate results for further integrations.
See, for example, the papers of Simon [35], Chiani [10], Simon and Alouini
[37], Annamalai and Tellambura [1], Corazza and Ferrari [11], Li and Kam
[22], Baricz [4], Baricz and Sun [5, 6], Kapinas et al. [19], Sun et al. [41], Li
et al. [23] and the references therein. In this field, the order v is usually the
number of independent samples of the output of a square-law detector, and
hence in most of the papers the authors deduce lower and upper bounds for
the generalized Marcum Q-function with order v integer. On the other hand,
based on the papers [8, 27, 34| there are introduced in the Matlab 6.5 soft-
ware the Marcum Q-function and positive integer order generalized Marcum
Q-function': marcumq(a,b) computes the value of the first order Marcum Q-
function Qq(a,b) and marcumq(a,b,m) computes the value of the mth order
generalized Marcum Q-function Qm(a,b), defined by (2), where m is a pos-
itive integer. However, in some important applications, the order v > 0 of
the generalized Marcum Q-function is not necessarily an integer number. The

'See http://www.mathworks.com/access/helpdesk/help/toolbox/signal/marcumqg.html
for more details.
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generalized Marcum Q-function is the complementary cumulative distribution
function or reliability function of the non—central chi distribution with 2v
degrees of freedom [18, 39, 41]. Moreover, real order generalized Marcum Q-
function has been used to characterize small-scale channel fading distributions
with line-of-sight channel components [24, 50] or cross—channel correlations
[2, 3, 19, 20, 38, 44, 45].

In this paper, we present a novel generalized Laguerre polynomial series
representation of the generalized Marcum Q-function, which extends the result
of the first order Marcum Q-function in Pent’s paper [32] to the case of the
generalized Marcum Q-function with real order v > 0. We further show the
absolute convergence of the proposed power series expansion, together with
a convergence speed analysis by means of truncation error. A brief review of
related studies in the literature is provided, which may assist the readers to
get a more complete vision of this area. Finally, some numerical results are
provided as a complementary of these theoretical analysis.

2 The generalized Marcum Q-function via Laguerre
polynomials

2.1 Novel series representation of the generalized Marcum Q-
function

We start with the following well-known formula [43, p. 102]

L1 (x) zn B
ém)(o)n! = Mo+ 1)e*(xz) " u(2v/x2), (3)

where x,z € R and « > —1. Here J stands for the Bessel function of the first
kind of order «, L%‘X) is the generalized Laguerre polynomial of degree n and
order «, defined explicitly as

—x n

Ok
(™) M+a+1) (—x)

S T(k+oat N n—k+1) K

e*x

L(x) = =

Changing in (3) z with —z and taking into account I, (x) =1i7"],(ix) we obtain
that [26]

n!

L (x) (=1)nzn 5
; 0, =T(a+1)e" I.(2v/xz). (4)
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Now, if we use
'm+a+1)

NEESINCESIR

and replace x with a and « with v — 1, respectively, (4) can be rewritten as

Li(0) =

—1
A L

wo B a B
(2) 7 emnavan —et Y g )
n>0
which holds for all a,v >0 and z > 0.
Now, consider the following formula [46, 47|
TR _ I'v+mn,b)a™
Qv(v2a,v2b) =e ¢ r(’v—l-TL))TL'
n>0 ’
0 y—1
:J (—) 2 e 79, 4(2Vaz)dz, (6)
b a

where a,v > 0 and b > 0. We note that the function b — Q. (v/a,vb),
defined by

o0

y—1
(g) et Iv_1(v/az)dz,

is in fact the survival function (or the complementary of the cumulative distri-
bution function with respect to unity) of the non—central chi-square distribu-
tion with 2v degrees of freedom and non—centrality parameter a. With other
words, for all a,v > 0 and b > 0 we have

1(® T _zta
Qv(va, vb) =1 - zjo (2) 7 e Loavae (7)
See [39] for more details. Combining (5) with (7) we obtain

Qv(v2a,v2b) =1 — J (5) T eral, L (2y/az)dz

o \a

1
Qu(va, Vo) = ZJ

b

v—1

b

b L('V*])
=1 —J e*aZ(—U“in (a)z““'*]dz

0 = Iv+mn)
(v—1) b
L
ay e—aZ(_])nir“ (a) J 2"z
= (v+mn) Jo
=1- Z(—U“e“LQ”(a) bty
rMv+n+1) ’

n>0
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where in (a) the integration and summation can be interchanged, because the
series on the right-hand side of (5) is uniformly convergent for 0 < z < b.
For more details see the last paragraph of Section 2.2. After some simple
manipulation, we obtain a new formula of the generalized Marcum Q-function,

i.e.,
o2 Lgin (ajz) b2\ Y
Qv(a,b) =1— Z(—]) e 2 m <2> ) (8)

n>0

valid for all a,v >0 and b > 0.
In order to simplify the numerical evaluation of the series (8), we consider
the expression

by (a)

P b)= >
’V,TL(aa ) F(V—i—n—l—])’

which satisfies the recurrence relation

2n+~v—a)b
(n+])w+n+”Pv,ﬂ(a,b)
B (m+v—1)b?

Mm+1(v+n)(v+n+1)

PV,TL+1 (Cl, b) =

Pv,nfl (a) b)

for all a,v >0,b>0and n €{1,2,3,...}, with the initial conditions

1 (v—a)b

P\,‘o(a,b) = m and P\,J(a,b) = m

Here, the recurrence relation for P, n(a,b) were obtained from the recurrence
relation [43, p. 101]

(n+ DL ) = (2n+ o+ 1 =)L (%) — (n+ LY, (%)

and the initial conditions from
L¥x) =1 and L¥(x)=—x+a+1.
With the help of the expression Py n(a,b), (8) can be easily rewritten as

2 2\"V 2 2
Qv(a,b)=1— Z ei% (bz> Pv,n (C;)_bz> . (9)

n>0
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2.2 Convergence analysis of the new series representation

We note that for a > 0, v > 1 and b > 0 the absolute convergence of the
series in (8) or (9) can be shown easily by using the following inequalities

L) oy e
—a2 ™ \2) (b7
F(v+n+1)<2>

n

—
—_
—_—

n>0
2 2\ N+v 2
o Errien(3) 1 (5)
= (v+n+1)
a2 1 b2\ r(v+n) o
<e 2 _ | — —  ‘e4
- Nv4+n+1)\ 2 n!l'(v)
n>0
1

or

B - bz n+v
Thvant) (2)
- e_% 1 bﬁz n+v L('v—]) Uj
- “T(v+n+1)\ 2 " 2
5 2\ N+v 5 2N\ 1—v
S eiclT Z ] (b) F(V+Tl) eclT <a>
= FMv+n+1) \ 2 n! 4

.
2 262\ 1 p2\ ™!
< e 1 |2 ==
= <a2> nz(nm!(z)

which contain the known inequalities of Szeg6 [43] for generalized Laguerre
polynomials
< Ma+n+1)

S et 1) &

ILa(x)
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and of Love [25]
MNMa+n+1) (X)*“ x
- @ | = e2
n! 2 ’

where in both of the inequalities o« > 0, x >0 and n € {0,1,2,...}.

Moreover, for a > 0, 0 <v < 1 and b > 0 the absolute convergence of the
series in (8) or (9) can be shown in a similar manner by using the following
inequality

LAl <

a2 LQH])(%Z) b2 n+v
(e Fv+n+1) (2)

bz n+v L(yf]) Ui
" 2

ety (Y (e

- = MNv+n+1)\ 2 n!l(v)

a2 1 2 1 b2\ "
-’ v—l—n(r(v—i—n)_nlr(v)) <2>

which contains the classical inequality of Szegd [43] for generalized Laguerre
polynomials

nl(ee+1)
where —1 < a <0, x >0 and n € {0,1,2,...}. In addition here we used the
fact that for all fixed n € {1,2,3,...} the function

1 2 1
A v+n (F(v—i—n) _n!F(v)> '

which maps 0 into 2/n!, is decreasing on (0, 1] and consequently for all n €
{0,1,2,...} and 0 <v <1 we have

1 2 1 y_2
v+n\T(v+n) nll(v)) — nl’
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We note that other uniform bounds for generalized Laguerre polynomials can
be found in the papers of Love [25], Lewandowski and Szynal [21], Michalska
and Szynal [28], Pogény and Srivastava [33]. See also the references therein.

Finally, note that by using the above uniform bounds for the generalized
Laguerre polynomials the uniform convergence of the series on the right-hand
side of (5) can be shown easily for 0 < z < b. This is important because in
order to obtain (8) we have used tacitly that the series on the right-hand side
of (5) is uniformly convergent and then we can interchange the integration
with summation. For example, if we use the above Szegé’s uniform bound,
then for allm €{0,1,2,...}, a>0,v>1and 0 <z <b we have

n

o

e?
<
r

(a) »

(=" =7 z

I'v+mn)

T

‘ L

)

2
3

By the ratio test the series e® = 2 >0 b/l is convergent and thus in view
of the Weierstrass M-test the original series on the right-hand side of (5)
converges uniformly for all 0 <z <b.

2.3 Truncation error analysis

For practical evaluations of our power series expansion, we need to approxi-
mate the generalized Marcum Q-function Q~(a, b) by the first ng € {1,2,3,...}
terms of (8), i.e.,

o 2 LQHU o b2 n+v

n=0
We note that the absolute value of the truncation error

L(V_1) <C172> 2\ ntv
B B . _1yn+1 *GTZ¥ b—
et = Qv(a,b) — Qv(a,b) = Z (=1 e F(v+n+1)<2>

n>ng+1

can be upper bounded by using the upper bounds for the generalized Laguerre
polynomials as in subsection 2.2. More precisely, by using the same argument
as in subsection 2.2 and Sewell’s inequality [29, p. 266]

n k X
X xXe
e* — E EST, TLG{1,Z,3,...},XZO,
k=
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we can deduce the following: if a > 0, b > 0 and v > 1, then

2

2
eet () e Uy ) s 1 ey
= riv) \ 2 nl\ 2 ~ no+1T(v)\ 2

n=0

or

\g|<e*%T2 g v ebzz_m)ZH] biz " <e%7a4ibi2 Zibz v
= a? n!\ 2 “no+1 2 \ a? '

n=0

Similarly, it can be shown that if a > 0, b > 0 and 0 < v < 1, then the
absolute value of the truncation error is upper bounded as follows

eaet () e 3 ()] L2 ey
frl = o€ 2 ) |° nl \ 2 =T 2 ‘

n=0

Observe that the above upper bounds of the absolute value of the truncation
error converge to zero at a speed of 1/ng. In practice, we can use these upper
bounds to decide the number of terms, i.e. ng, for achieving a pre—determined
accuracy.

2.4 A brief review of related studies

As far as we know the formula (8), or its equivalent form (9), is new. However,
if we choose v =1 in (9), then we reobtain the main result of Pent [32]

b? a2 a’? b2
Q](aab):1_726 2Pn<2a_2>)
n>0
where

L
Pala,b) = Prafa,b) = 208,

which for alla > 0,b > 0and n €{1,2,3,...} satisfies the recurrence relation

2n+1—a)b nb?

mrmr Y T T Im g

PﬂJr](a)b) = an(a,b)

with the initial conditions

(1—a)b

Po(a,b) =1 and Pi(a,b)= 7
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Here L, = Lg? ) is the classical Laguerre polynomial of degree n.

It should be mentioned here that another type of Laguerre expansions for
the Marcum Q-function was proposed in 1977 by Gideon and Gurland [16],
which involves the lower incomplete gamma function. This type of Laguerre
expansions requires to use a complementary result of (4), i.e.

(o) nyn
> L?oc)(Z) (_])1 T =t e (x2) " Lal2vx2). (10)
n>0 I—Tl (0) n

Now by some simple manipulation we obtain

v—1
z

(7)T —z— aIV ] 2\/& — v 1 722 rv—i—n (V*”(Z)) (11)

a

which is equivalent to Tiku’s result [48], available also as equation (29.11) in
the book [18]. By integrating (11) in z and by using the differentiation formula
[26]

d
= [ e @] = nzte Y ),

where n € {1,2,3,...}, « > —1 and z € R, we can obtain another generalized
Laguerre polynomial series expansion of the generalized Marcum Q-function

. 1 n 7beL2’—)1(b) n
V(m,m)—l—mv(v,b)—ﬂ—n ey v Ll

n>1

which in turn implies that

1 b? net2 (02) a*
Qulaw= 1 iy (v ) - T e 2<2> e
] b2 ntt () B (E) a2y

o (v 7) - Z e (3) n”+“ <2)

n>1

| s o\ L () fa2y
oo Tt (5) Sl (9)

2
n>1

where y(-,-) is the lower incomplete gamma function, defined by

X
v(a,x) :J t% Tetdt.
0
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Here we used that
Ma,x) =T(a) —v(a,x), (13)

and

. 1 b?
e =it (v )

Some other Laguerre expansions for the Marcum Q-function are provided
in Gideon and Gurland’s paper [16], available also as equation (29.13) of
[18]. Moreover, a new unified Laguerre polynomial-series—based distribution
of small-scale fading envelope and power was proposed recently by Chai and
Tjhung [9], which covers a wide range of small-scale fading distributions
in wireless communications. Many known Laguerre polynomial-series—based
probability density functions and cumulative distribution functions of small—-
scale fading distributions are provided, which include the multiple-waves—
plus—diffuse—power fading, non—central chi and chi-square, Nakagami—-m, Ri-
cian (Nakagami-n), Nakagami-q (Hoyt), Rayleigh, Weibull, Stacy, gamma,
Erlang and exponential distributions as special cases. See also [42], which con-
tains some corrections of formulas deduced in [9]. In particular, (12) is a special
case of the unified cumulative distribution function given in corrected form in
[42]. We note that the expression of (12) and the unified cumulative distribu-
tion function in [42] are quite different from our main result (8) or (9). This is
because they are based on two different Laguerre polynomial expansions of the
modified Bessel function of the first kind I given in (4) and (10). Therefore,
these Laguerre polynomial expansions are expanded over different variables of
the generalized Marcum Q-function. Finally, we note that since Nakagami’s
work [30] the Laguerre polynomial series expansions of various probability
density functions have been derived. We refer to the papers of Esposito and
Wilson [15], Yu et al. [51], Chai and Tjhung [9] and to the references therein.

Finally, by using the infinite series representation of the modified Bessel
function of the first kind (1) and the formula

o0 m+1 o?
m**dt—ZfF
J, ¢ ("5).

where T'(+, ) is the upper incomplete gamma function, defined by

I'a,x) :J t% Tetdy,

X
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we easily obtain that

1 00 2n+v 1
Qv(a,b) = — J e dt
av— )
b n>0
2 2n [ee] 2
_ eiaT a 67% t2n+2vf1dt
= 22v=InIl (v +n) Jp
n>

2 1 <a2>“r<v+n,b22>

Iv+mn)

v (c@)”(”“»bf), »

2 nir(v+mn)

We note that (14) is usually called the canonical representation of the vth
order generalized Marcum Q-function. Recently, Annamalai and Tellambura
[2] (see also [3]) claimed that the series representation (14) is new, however it
appears already in 1993 in the paper of Temme [46]. See also Temme’s book
[47] and Patnaik’s [31] result from 1949, which can be found also as equation
(29.2) in the book [18]. Interestingly, our novel series representation (9) for the
generalized Marcum Q-function resembles to the series representation (14).

2.5 Numerical results

We now consider some numerical aspects of our generalized Laguerre poly-
nomial expansions (8) or (9). In practice, we usually need to compute the
detection probability for different values of b with fixed a to decide a proper
detection threshold. Since the generalized Laguerre polynomial in (8) is de-
termined by only a, we can save computation time by storing the values of
the generalized Laguerre polynomials for computing the generalized Marcum
Q-function with different values of b.

The next tables contain some values of the generalized Marcum Q-function
calculated using (9) and using the Matlab marcumq function. For the consid-
ered choices of a and b, the numerical value of (9) is exactly the same with
that of the Matlab marcumq function, if v € {1,5} is integer. When v = 7.7,
the Matlab marcumq function does not work, and the numerical value of (9) is
provided in the tables. Finally, we note that more accurate intermediate terms
are required for larger a and b.
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a=02,b=0.6 v=1 v=>5 v=77
9) 0.838249985438908  0.999998670306184  0.999999999927717
marcumq 0.838249985438908  0.999998670306184 —
a=12b=1.6 v=1 v=>5 v=77
9) 0.501536568390858  0.994346394491553  0.999944937223540
marcumq 0.501536568390858  0.994346394491553 —
a=22,b=26 v=1 v=>5 v=77
9) 0.426794627821735  0.929671935077756  0.993735633182201
marcumgq 0.426794627821735  0.929671935077756 —
Acknowledgments

The work of S. Andras was partially supported by the Hungarian Univer-
sity Federation of Cluj. The research of A. Baricz was supported by the Jédnos
Bolyai Research Scholarship of the Hungarian Academy of Sciences and by the
Romanian National Authority for Scientific Research CNCSIS-UEFISCSU,
project number PN-II-RU-PD _388/2011. The work of Y. Sun was supported
by National Basic Research Program of China (2007CB310608), National Nat-
ural Science Foundation of China (60832008) and Lab project from Tsinghua
National Lab on Information Science and Technology (sub—project): Key tech-
nique for new distributed wireless communications system.

References

[1] A. Annamalai, C. Tellambura, Cauchy—Schwarz bound on the generalized
Marcum Q-function with applications, Wireless Commun. Mob. Comput.,
1 (2001), 243-253.

[2] A. Annamalai, C. Tellambura, A simple exponential integral representation
of the generalized Marcum Q-function Qa(a,b) for real-order M with
applications, Military Communications Conference MILCOM 2008, San
Diego, CA, pp. 1-7.

[3] A. Annamalai, C. Tellambura, J. Matyjas, A new twist on the general-
ized Marcum Q-function Qm(a,b) with fractional-order M and its ap-
plications, Consumer Communications and Networking Conference CCNC
2009, Las Vegas, NV, pp. 1-5.

[4] A. Baricz, Tight bounds for the generalized Marcum Q-function, J. Math.
Anal. Appl., 360 (2009), 265-277.



The generalized Marcum Q-function 73

5] A. Baricz, Y. Sun, New bounds for the generalized Marcum Q-function,
IEEE Trans. Inform. Theory, 55 (2009), 3091-3100.

6] A. Baricz, Y. Sun, Bounds for the generalized Marcum Q-function, Appl.
Math. Comput., 217 (2010), 2238-2250.

[7] P. E. Cantrell, On the calculation of the generalized Q-function via Parl’s
method, IEEE Trans. Inform. Theory, 32 (1986), 817-824.

[8] P. E. Cantrell, A. K. Ojha, Comparison of generalized Q-function algo-
rithms, IEEE Trans. Inform. Theory, 33 (1987), 591-596.

[9] C. C. Chai, T. T. Tjhung, Unified Laguerre polynomial-series—based dis-
tribution of small-scale fading envelopes, IEEFE Trans. Veh. Technol., 58
(2009), 3988-3999.

[10] M. Chiani, Integral representation and bounds for Marcum Q-function,
IEEE Electron. Lett., 35 (1999), 445-446.

[11] G. E. Corazza, G. Ferrari, New bounds for the Marcum Q-function, IEEE
Trans. Inform. Theory, 48 (2002), 3003—3008.

[12] F. F. Digham, M. S. Alouini, M. K. Simon, On the energy detection of
unknown signals over fading channels, in Proc. IEEE Int. Conf. Commun.,
Anchorage, AK, May 2003, pp. 3575-3579.

[13] F. F. Digham, M. S. Alouini, M. K. Simon, On the energy detection of
unknown signals over fading channels, IEEE Trans. Commun., 55 (2007),
3575-3579.

[14] G. M. Dillard, Recursive computation of the generalized Q-function,
IEEE Trans. Aerosp. Electron. Syst., 9 (1973), 614-615.

[15] R. Esposito, L. R. Wilson, Statistical properties of two sine waves in
Gaussian noise, IEEE Trans. Inform. Theory, 19 (1973), 176-183.

[16] R. A. Gideon, J. Gurland, Some alternative expansions for the distribu-
tion function of a noncentral chi—square variable, SIAM J. Math. Anal., 8
(1977), 100-110.

[17] C. W. Helstrom, Computing the generalized Marcum Q-function, IEEE
Trans. Inform Theory, 38 (1992), 1422-1428.



74 Sz. Andras, A. Baricz, Y. Sun

[18] N. L. Johnson, S. Kotz, N. Balakrishnan, Continuous Univariate Distri-
butions, vol. 2, second ed., John Wiley & Sons, Inc., New York, 1995.

[19] V. M. Kapinas, S. K. Mihos, G. K. Karagiannidis, On the monotonicity
of the generalized Marcum and Nuttall Q-functions, IEEFE Trans. Inform.
Theory, 55 (2009), 3701-3710.

[20] S. Khatalin, J. P. Fonseka, Capacity of correlated nakagami-m fading
channels with diversity combining techniques, IEEFE Trans. Veh. Technol.,
55 (2006), 142-150.

[21] Z. Lewandowski, J. Szynal, An upper bound for the Laguerre polynomials,
J. Comput. Appl. Math., 99 (1998), 529-533.

[22] R. Li, P. Y. Kam, Computing and bounding the generalized Marcum Q-
function via a geometric approach, Proc. IEEE Int. Symp. Inform. Theory
2006, Seattle, USA, pp. 1090-1094.

[23] R. Li, P. Y. Kam, H. Fu, New representations and bounds for the gener-
alized marcum Q-function via a geometric approach, and an application,
IEEE Trans. Commun., 58 (2010), 157-169.

[24] P. Loskot, N. C. Beaulieu, Prony and polynomial approximations for eval-
uation of the average probability of error over slow—fading channels, IEEFE
Trans. Veh. Technol., 58 (2009), 1269-1280.

[25] E. R. Love, Inequalities for Laguerre functions, J. Inequal. Appl., 1 (1997),
293-299.

[26] W. Magnus, F. Oberhettinger, R. P. Soni, Formulas and Theorems for the
Special Functions of Mathematical Physics, Springer—Verlag, New York,
1966.

[27] J. I. Marcum, A statistical theory of target detection by pulsed radar,
IRE Trans. Inf. Theory, 6 (1960), 59-267.

[28] M. Michalska, J. Szynal, A new bound for the Laguerre polynomials, J.
Comput. Appl. Math., 133 (2001), 489-493.

[29] D. S. Mitrinovié, Analytic Inequalities, Springer—Verlag, Berlin, 1970.

[30] M. Nakagami, The m—distribution: A general formula of intensity distri-
bution of rapid fading, in Statistical Methods in Radio Wave Propagation,
Ed. W.C. Hoffman, Pergamon, New York, 1960, pp. 3-36.



The generalized Marcum Q-function 75

[31] P. B. Patnaik, The non-central x?— and F—distributions and their appli-
cations, Biometrika, 36 (1949), 202-232.

[32] M. Pent, Orthogonal polynomial approach for the Marcum Q-function
numerical computation, Electronic Lett., 4 (1968), 563—-564.

[33] T. K. Pogédny, H. M. Srivastava, Some improvements over Love’s inequal-
ity for the Laguerre function, Integral Transforms Spec. Funct. 18 (2007),
351-358.

[34] D. A. Shnidman, The calculation of the probability of detection and the
generalized Marcum Q-function, IEEE Trans. Inform. Theory, 35 (1989),
389-400.

[35] M. K. Simon, A new twist on the Marcum Q-function and its application,
IEEE Commun. Lett., 2 (1998), 39-41.

[36) M. K. Simon, M. S. Alouini, A unified performance analysis of digi-
tal communication with dual selective combining diversity over correlated
Rayleigh and Nakagami—m fading channels, IEEE Trans. Commun., 47
(1999), 33-43.

[37] M. K. Simon, M. S. Alouini, Exponential-type bounds of the generalized
Marcum Q-function with application to error probability analysis over fad-
ing channels, IEEE Trans. Commun., 48 (2000), 359-366.

[38] M. K. Simon, M. S. Alouini, Digital Communication over Fadding Chan-
nels: A Unified Approach to Performance Analysis, John Wiley & Sons,
New York, 2000.

[39] Y. Sun, A. Baricz, Inequalities for the generalized Marcum Q-function,
Appl. Math. Comput., 203 (2008), 134-141.

[40] Y. Sun, A. Baricz, M. Zhao, X. Xu, S. Zhou, Approximate average bit er-
ror probability for DQPSK over fading channels, Electron. Lett., 45 (2009),
1177-1179.

[41] Y. Sun, A. Baricz, S. Zhou, On the monotonicity, log-concavity and tight
bounds of the generalized Marcum and Nuttall Q-functions, IEEE Trans.
Inform. Theory, 56 (2010), 1166-1186.

[42] Y. Sun, A. Baricz, S. Zhou, Corrections to “Unified Laguerre polynomial—
series—based distribution of small-scale fading envelopes”, IEEE Trans.
Veh. Technol., 60 (2011), 347-349.



76 Sz. Andrés, A. Baricz, Y. Sun

[43] G. Szegd, Orthogonal Polynomials, Colloquium Publications, vol. 23, 4th
ed., American Mathematical Society, Providence, RI, 1975.

[44] C. Tellambura, A. Annamalai, V. K. Bhargava, Closed—form and infinite
series solutions for the MGF of a dual-diversity selection combiner output
in bivariate Nakagami fading, IEEE Trans. Commun., 51 (2003), 539-542.

[45] C. Tellambura, A. D. S. Jayalath, Generation of bivariate Rayleigh and
Nakagami—m fading envelopes, IEEE Commun. Lett., 4 (2000), 170-172.

[46] N. M. Temme, Asymptotic and numerical aspects of the noncentral chi-
square distribution, Comput. Math. Appl., 25 (1993), 55-63.

[47] N. M. Temme, Special Functions. An Introduction to the Classical Func-
tions of Mathematical Physics, John Wiley & Sons, Inc., New York, 1996.

[48] M. L. Tiku, Laguerre series forms of non—central x? and F distributions,
Biometrika, 52 (1965), 415-426.

[49] G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge
University Press, Cambridge, 1944.

[50] M. D. Yacoub, The k — p distribution and the n — p distribution, IEEE
Antennas Propag. Mag., 49 (2007), 68-81.

[51] Z. Yu, C. C. Chai, T. T. Tjhung, Envelope probability density functions
for fading model in wireless communications, IEEE Trans. Veh. Technol.,
56 (2007), 1907-1912.

Received: October 11, 2010



