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Abstract. In this paper we give a classification of (k, p)-contact metric
manifolds with certain curvature restrictions.

1 Introduction

In 1995, Blair, Koufogiorgos and Papantoniou [3] introduced a type of contact
metric manifolds M1 (b, & 1, g) whose curvature tensor R satisfies

R(X,Y)E = kn(V)X =n(X)Y] + un(Y)hX —n(X)hY], VX, Y € X(M).

Here, (k, 1) are real constants and 2h denotes the Lie-Derivative in the direc-
tion of &. In this case we say that the characteristic vector field & belongs to
the (k, pu)-nullity distribution and the class of contact metric manifolds sat-
isfying this condition are called (k, p)-contact metric manifolds. In case the
vector field & is Killing, this class of manifolds are called Sasakian manifolds.
In 1999, Boeckx [5] proved that a (k,p)-contact metric manifolds is either
Sasakian or locally ¢-symmetric. Later in 2000, Boeckx [6] gave a full clas-
sification of non-Sasakian (k, p)-contact metric manifolds. In 2008, Ghosh [7]
proved that all conformally recurrent (k, i)-contact metric manifolds are lo-
cally isometric either to the unit sphere S*™*1 or to EM! x S™. In this paper,
we study (k, u)-contact metric manifolds with different curvature restrictions
and classify such manifolds.
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2 Preliminaries

Let (M?™1 g) be an almost contact metric manifold with an almost contact
metric structure (¢, &,1,g). Then we have

Pr=—-T14+M®E nE) =1, =0, nodp =0, g(X,& =n(X)
1

)
g(dX,pY) =g(X,Y) =n(X)n(Y), g($X,Y) =dn(X,Y) = —g(X, $Y) 2)
for all X,Y € x(M). The operator h satisfies the following results [2], [3], [4]:
hg = —¢h, noh=0, g(hX,Y)=g(X,hY), h?=(k—1)¢%
hE& =0, g(X,¢hZ) = g(dphX,Z);
Vx& =—¢6X—o¢hX, (V,n)(Y) =g(X+ hX,$Y), (5)
where V is the Riemannian connection of g. In a (k, pt)-contact metric mani-
folds we have the following [3], [4]:

R(E,X)Y = k{g(X, V)& —n(Y)X} + w{g(hX, Y)& —n(Y)hX]; (6)

R(X, V)& = k{n(Y)X =n(X)Y} + u{n(Y)hX —n(X)hY}; (7)

SIX,Y) ={2(n—1) = np}g(X,Y) +{2(n — 1) + uig(hX,Y) (8)
+{2(1 —n) + n(2x + WM (XM (Y);

S(X,&) =2nkn(X), Q& =2nké; 9)

r=2n(2n—24+«k —nu); (10)

and

(Vxh)(Y) = (Vyh)(X) = (T = ){2g(X, dY)E + n(X) Y —n(Y)dX]}

+ (1 = wW{n(X)hY —n(Y)phX} (11)
for all X,Y € x(M) where S, r are respectively the Ricci tensor and the scalar
curvature of M.

For (k, p)-contact metric manifolds with h = 0, we have k = 1, and in this
case the manifold reduces to a Sasakian one. The following relations hold in a
Sasakian manifold [2]:

(1) Vx& ==X, (i1) (V) (Y) = g(X, ¢Y), (
R(X,Y)E =n(Y)X =n(X)Y, (
R(E,X)Y = g(X,Y)E =n(Y)X, (14
S(X, &) = 2nn(X), (
S(X, ¢Y) =S(X,Y) — Znn(X)n(Y), (

~— — ~— ~— ~—
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for all X, Y € x(M). The above formulae will be used in the sequel.

3 On a class of (k, u)-contact metric manifolds

A Riemannian manifold (M, g) is called a hyper-generalized recurrent manifold
(for details we refer to [8]) if and only if its curvature tensor R satisfies the
condition

(VL RI(X,Y)Z =A(W)R(X,Y)Z (17)

+ B(W){S(Y, Z)X = S(X, Z2)Y + g(Y, Z)QX — g(X, Z)QY}
for all X,Y,Z € x(M); where A and B are two non-zero 1-forms metrically
equivalent to two vector fields o and p, respectively. Moreover, if the the scalar
curvature r is a non-zero constant, then these associated 1-forms are related

by
A +4nB = 0. (18)

Consequently we have
o+4np =0. (19)

Before proceeding for the main theorems of the paper, we are to state the
following lemma [7]:

Lemma 1 For a (k, p)-contact metric space, the relation Vgh = phd holds.

We are now going to prove the main theorems of the paper:
By contracting (17) with respect to W, we obtain

(divR)(X,Y)Z = g(R(X,Y)Z,0) + {S(Y, Z)g(X, p) — S(X, Z)g(Y, p) (20)
+9(Y,Z)S(X,p) — g(X, Z)S(Y,p) }.
Using the result
(divR)(X,Y)Z = (VxS)(Y,Z) — (Vv¥S)(X, Z),

in (20), one obtains

+9(Y,2)S(X,p) — 9(X, Z)S(Y, p)].
(21)
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Setting Z = &, yields on using (9)

2nk[g(X+hX, dpY) — g(Y 4+ hY, $X)]
+ S(Y, dX) — S(X, dY) + S(Y, phX) — S(X, phY)
= g(R(X,Y)&, o) + 2nkM(Y)g(X, p) —n(X)g(Y, p)]
M(Y)S(X, p) +n(X)S(Y, p)]. (22)

Replacing X by ¢$X and Y by ¢Y and using (1) and (3), we have
2k +p+np—pk =0. (23)

In a (k, u)-contact metric manifold, the scalar curvature r is a non-zero con-
stant, therefore using (18) in (17) and thereby contraction over W yields

(VxS)(Y,Z2) = (V¥S)(X, Z) = g(R(X,Y)Z, 0) — % [S(Y,Z)g(X, 0)

— S(X,Z)g(Y,0) + g(Y,2)S(X, o) (24)
— 9(X,2)S(Y,0)].

Using (8) and (11) on (24), one obtains

(3p+ 2nk — np — w?) (n(X)g(dhY, Z) —n(Y)g(dhX, 2))
= g[RIX,V)Z,0) — 1 [S(Y,Z)a(X,0) ~S(X, Z)g¥,0)  (25)

+9(Y,Z)S(X,0) — g(X,Z)S(Y, 0)].
Putting X = & and setting Z = o in the above equality, we have by (6)
(3w + 2nk — np — p?)g(phy, o) = 0. (26)
Two cases arise from above
i) 3p+2nk —np—p? =0, (27)

(i) ¢pho =0. (28)

From (23) we have
—K(p—=2)+(n+1T)u=0.

or, K:(TL+1)H752. (29)
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Putting this value of k in (23) we have
pp—m-—-3)(nt+2n—-2) =0. (30)

From (29) and (30) we get the following set of corresponding values of pu and
K:

i K
0 0
n+3 | n+3
2—2n n—Tll

Since, k < 1 and n > 1, therefore only the case k = 0 = p is admissible
and other possibilities will be ignored. For k = 0 = p, from (11) we have,
R(X,Y)& = 0, for all X, Y. Therefore by [1], a (K, p)-contact metric manifold
(M2 g) admitting such a structure is locally isometric to either (i) the unit
sphere S 1(1) or (ii) to the product space E™1 x S™(4).

Next let us consider the case (ii). From (28) we have the following:

dgo=0
= $%ho = —ho +n(ho)§
= ho =0, by (3)
= h%c = (k — 1)¢p20 =0.

Since, k < 1, it follows that ¢p?c = 0 and consequently o = 1(0)é i.e. for
all vector field W on M, A(W) =n(o)n(W). Applying (18), we find B(W) =
n(p)n(W). Hence putting the values of A and B in (17), one obtains

(VWR)(X,Y)Z
(W)R(X,Y)Z

= mn(omn
n(emW){S(Y,2)X = S(X, Z)Y + g(Y, Z)QX — g(X,Z)QY}. (31)

Placing ¢?W in lieu of W and thereby contracting over W in the resulting
equation, we find
(VxS)(Y,Z) = (V¥S)(X,Z) = g((VeR)(X,Y)Z,E). (32)

Replacing Y by &, the above equation reduces to

(VXS)(&,Z) = (VeS)(X,Z) = g((VeR) (X, Y)Z,E). (33)
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We have,

(VXS)(&, Z) = Ink(Vn)(Z) + S($X, Z) + S(dphX, Z)
= (2nk + npu + w)g(hX, dZ). (34)
Again, from (8) we have
(VeS)X, Z) = (2n =2+ w)g((V h)(X), Z)
= pu{Z(n—1) + ulg(hdX, Z). (35)

Moreover, applying covariant differentiation with respect to the vector field &
we obtain

(VR)(X, &)Z = —pg((V, h)(X), Z)€ + u(V, n)(Z)hX
= —ng(u(he)(X), Z)€ + un(Z)u(hd)(X), by Lemma 3.1
= —u2g(hdX, Z). (36)

Combining the results (33), (34), (35) and (36) we finally obtain
(2nk+np+ g (hX, Z) — u2(n —1) + wg(hX, Z) = u?g(hoX, Z).

ie., (2nk + nu+ u)g(hdX, Z) =0.
ie., (2nk +nu+ u) =0, since g(hdX,Z) Z0 . (37)
From (37) we get k = “Z—fu. Putting this value of k in (23) we find

W{p(n—3) —2(n—1)(n+3)} =0. (38)
So, either u =0 or p = W Hence we obtain the following set of values
for k and w:
n K
0 0
2(n:11(3n+3] (nfl}rsn-iﬁ)7 unless 1L = 3

In case n = 3 from (37) we find k = 0. Hence from (23) we find p = 0,
whenever n = 3.

By similar argument, as explained earlier, we are to consider k = 0 = L.
Hence the same result follows for case (ii). Thus we can state:

Theorem 1 A hyper-generalized recurrent (k,u)-contact metric manifold
(M2 g) s locally isometric to either (i) the unit sphere SP™1(1) or (ii)
to the product space E™1 x S™(4).
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Recalling Theorem (2.1) (viii) of [8], a hyper-generalized recurrent (k,p)-
contact metric manifold is generalized 2-Ricci recurrent. Hence we can state
as follows:

Corollary 1 A generalized 2-Ricci recurrent (x,w)-contact metric manifold
is locally isometric to either (i) the unit sphere S?™1(1) or (ii) to the product
space EMT x S™(4).

Again by virtue of Theorem (2.1) (v) of [8], a hyper-generalized recurrent
(k, u)-contact metric manifold is generalized conharmonically recurrent. Thus
we have the following:

Corollary 2 A generalized conharmonically recurrent (K, w)-contact metric
manifold is locally isometric to either (i) the unit sphere S?™1(1) or (ii) to
the product space EM1 x S™(4).

Again, in a (k,p)-contact metric manifold, if k = 1, then it reduces to a
Sasakian manifold. Now we are going to find the consequences of the above
theorem for k =1 i.e. for the case of Sasakian manifolds.
Taking X = & in (21) gives
(VeSIY, Z) — (VYS)(E, Z)
= 9(R(&,Y)Z,0)
+ [S(Y,Z)n(p) —2nn(Z)g(Y, p) + 2ng(Y, Z)n(p) —n(Z)S(Y, p)].

Since, for a Sasakian manifold & is a Killing vector field, therefore £:S = 0
and hence V¢S = 0. Thereby from the above we obtain

—S(¢Y,Z) + 2ng(dY, Z)
= 9g(R(&,Y)Z,0)
+ [S(Y,Z)n(p) — 2nn(Z)g(Y, p) + 2ng(Y, Z)n(p) —1(Z)S(Y,p)]. (39)

Replacing Y and Z by ¢Y and ¢Z respectively and using (1) and (2) yields

S(Y,dZ) — 2ng(Y, pZ)
= n(o)}{g(Y,Z) —n(Yn(Z)}
+ n(p){S(Y,Z) 4+ 2ng(Y,Z) —4nn(Y)n(2)}. (40)

Again replacing ¢Y for Y in (40), we obtain

S(Y,Z) — 2ng(Y, Z) =n(0)g(dY, Z) +n(p){S(dY, Z) + 2ng(dY, Z)}.  (41)
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Since, S and g are symmetric, the left hand side of (41) is symmetric with
respect to Y and Z. Hence we have

S(Y,Z) =2ng(Y, Z). (42)

Thus a hyper-generalized recurrent Sasakian manifold is an Einstein man-
ifold with non-vanishing scalar curvature v = 2n(2n + 1). Using (42) in (17)
and thereafter by (18), we acquire

(VwR)I(X,Y)Z = —4nB(W){R(X,Y)Z — (Y, Z)X + g(X, Z)Y}. (43)

On cyclic transposition of the last equation twice over X,Y, W and thereafter
summing up these resulting equations we get by virtue of the second Bianchi
identity,

BW){R(X,Y)Z—g(Y,Z)X + g(X,Z)Y}
+ B(Y){RW,X)Z — g(X, Z)W + g(W, Z)X}
+ BX){R(Y,W)Z —g(W,Z)Y + g(Y,Z)W} = 0. (44)

On contraction with respect to W and using (42), we obtain
R(X,Y)p = B(Y)X — B(X)Y. (45)
In a similar fashion, we can also find
R(Z,p)X =B(X)Z—g(X, Z)p. (46)
Assigning W = p in (44) and utilizing (45) and (46) one determines
9(p, PHR(X,Y)Z = g(Y, Z)X + g(X, Z)Y} = 0.
Since p # 0, one must have for arbitrary vector fields X, Y and Z on M
R(X,Y)Z =g(Y,Z)X — g(X, Z2)Y. (47)

This implies the space under consideration 1 is of constant curvature 1 and
hence locally isometric to the unit sphere. This gives the following theorem:

Theorem 2 A hyper-generalized recurrent Sasakian manifold (M2 g) is
of constant curvature 1 and hence locally isometric to a unit sphere S?™1(1).

Also by virtue of Theorem (2.1) (v) of [8], a hyper-generalized recurrent
Sasakian manifold is generalized conharmonically recurrent. Hence we state
the following:
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Corollary 3 A generalized conharmonically recurrent Sasakian manifold is
of constant curvature 1 and hence locally isometric to a unit sphere S#™1(1).

Retrieving the Theorem (2.1) (viii) of [8], a hyper-generalized recurrent Sasakian
manifold is generalized 2-Ricci recurrent. Thus one obtains,

Corollary 4 A generalized 2-Ricci recurrent Sasakian manifold is of constant
curvature 1 and hence locally isometric to a unit sphere S™H1(1).
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