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Abstract. Generalizations of Kato and Furuta inequalities for power
series of bounded linear operators in Hilbert spaces are given. Appli-
cations for normal operators and some functions of interest such as the
exponential, hyperbolic and trigonometric functions are provided as well.

1 Introduction

In the following we denote by B (H) the Banach algebra of all bounded linear
operators on a complex Hilbert space (H;(-,-)).

If P is a positive selfadjoint operator on H, i.e. (Px,x) > 0 for any x € H,
then the following inequality is a generalization of the Schwarz inequality in
H

[(Px, y)I* < (Px, %) (Py, ), (1)
for any x,y € H.

The following inequality concerning the norm of a positive operator is of
interest as well, see [13, p. 221].
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Let P be a positive selfadjoint operator on H. Then
2
[[Px]|™ < (P[] (Px, x) (2)

for any x € H.

The “square root” of a positive selfadjoint operator on H can be defined as
follows, see for instance [13, p. 240]: If the operator A € B (H) is selfadjoint
and positive, then there exists a unique positive selfadjoint operator B := VA €
B (H) such that B = A. If A is invertible, then so is B.

If A € B(H), then the operator A*A is selfadjoint and positive. Define the
“absolute value” operator by |A] := VA*A.

In 1952, Kato [14] proved the following celebrated generalization of Schwarz
inequality for any bounded linear operator T on H:

(T, )l < (TP, x) (TP y, ) (K)

for any x,y € H and o € [0,1].
In order to generalize this result, in 1994 Furuta [12] obtained the following

(e ()

for any x,y € H and o, 3 € [0,1] with x+ 3 > 1.
If one analyses the proof from [12], that one realizes that the condition «, 3
€ [0, 1] is taken only to fit with the result from the Heinz-Kato inequality

result:

(T, y)l < A% ||B' | (HK)

for any x,y € H and « € [0, 1] where A and B are positive operators such that
[Tx|| < [|Ax]| and [[T*y|[ < [[By]| for all x,y € H.
Therefore, one can state the more general result:

Theorem 1 (Furuta Inequality, 1994, [12]) Let T € B(H) and o, > 0
with oo+ B > 1. Then for any x,y € H we have the inequality (F').

If we take p = «, then we get

[(Trpe x,y>]2 < (ITP*x %) (TP y,y) 3)

for any x,y € H and o > % In particular, for o« =1 we get

(T )P < (TP %) (TP y,y) ()
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for any x,y € H.
If we take T = N a normal operator, i.e., we recall that NN* = N*N, then
we get from (F) the following inequality for normal operators

(NINFE )] < (INE ) (NP y, ) (%)

for any x,y € H and o, 3 > 0 with o« + 3 > 1.
This implies the inequalities

[(NINE sy [ < (NP ) (INP ) (6)

for any x,y € H and o > % and, in particular,

(NN, )P < (INPx,x) (INPy,y ) (7)

for any x,y € H.
Making y = x in (6) produces

’<N INJ2! x,x>’ < <|N|2“x,x>
for any x € H and o > % and, in particular,
NINTx, %) < (INPx,x)

for any x € H.
If we take p =1 — & with o« € [0,1] in (5), then we get

(N, Y2 < (INP,x) (NP y ) ®)

for any x,y € H.

We can state the following corollary of Furuta’s inequality for the numerical
radius w of an operator V € B (H), namely w (V) = sup 1 [(Vx,x)|, which
satisfies the following basic inequalities

1
DIV < wv) < V.
Corollary 1 Let T € B(H) and o, p > 0 with «+ > 1. Then we have

(o) e %
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In particular, we also have

- 1
w (TITP) < 3 P+ e (10)

for any o > % and, as a special case,

1 :
w (TIT) < 5 ||ITP + TP

( . (11)
Proof. We have from (F) for any x € H that

(Tt x| < <|T|2°‘x,x>]/2<|T*|2ﬁx,x>]/2 (12)

% < [|T|2°‘ + |T*\2ﬂ X, x>

IA

where o, 3 > 0 with ac+ > 1.
Utilising the inequality in (12) and taking the supremum over x € H, ||x|| =1
we get

w(T|T|“+ﬁ*‘) - ||i1||1£)]‘<T|T|“+ﬁ1x,x>‘

3 g, [+ T )

IN

1 H|T|2cx n 'T*|ZBH .
2
O

For various interesting generalizations, extension of Kato and Furuta in-
equalities, see the papers [3]-[12], [17]-[21] and [23].

Motivated by the above results, we establish in this paper some generaliza-
tions of Kato and Furuta inequalities for functions of operators that can be
expresses as power series with real coefficients. Applications for some functions
of interest such as the exponential, hyperbolic and trigonometric functions are
provided as well.

2 Functional inequalities

Now, by the help of power series f (z) = Y 17 ) anz"™ we can naturally construct

another power series which will have as coefficients the absolute values of the
coefficient of the original series, namely, fa (z) := Y 17 lan|z™. It is obvious
that this new power series will have the same radius of convergence as the
original series. We also notice that if all coefficients a,, > 0, then f5 = f.
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Theorem 2 Let f(z) = Y ;2 anz™ and be g(z) = Y 2, bnz" be two func-

n=0
tions defined by power series with real coefficients and both of them convergent

on the open disk D (0,R) C C, R> 0. If T is a bounded linear operator on the
Hilbert space H and z,u € C with the property that

2 [, I TI* <R, (13)
then we have the inequality

[(TF (2[T) g (wIT]) %, y)I? (14)

< ta (122) ga () (fa (ITR) %) (TP g (IT°F) w,)
for any x,y € H.

Proof. From Furuta’s inequality (F) we have for any natural numbers n > 0
and m > 1 the following power inequality

(Tt < (mee)  (memy ) )

where x,y € H.

If we multiply this inequality with the positive quantities |a,||z|™ and |by_1]
/™! , use the triangle inequality and the Cauchy-Bunyakowsky-Schwarz dis-
crete inequality we have successively:

k

1
Z Z anznbmf]umi‘l <T |T|n+m—l X,y>

n=0 m=1
k

1
Z S lanl 2 ol ™ [(TIT™ 5, y)
0 m=1

(16)

L
12 B i} 12
<> |an||z\“<|T|2“x,x> > ol ™ (T y,y)
n m=1

=~

1/2 k
(Z anl |z2“> <Z lanl [TF"x, x>
n=0
1/2 1 1/2
x (Z [ |u|2““”) <Z L] |T*|2‘“y,y>

m=1 m=1

172

for any x,y € Hand k > 0,1 > 1.
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Observe also that

ko1
Z Z nz"bpju™! <T T mT x,y> (17)

n=0 m=1

k 1
= <T (Z anz" ITI“> < b u™! ITI“M) X»y>
n=0 m=1

for any x,y € Hand k > 0,1 > 1.
Making use of (16) and (17) we get

k 1
‘<T (Z anz" ITI“) (Z b u™! |T|m1> X,y>
n=0 m=1

K 172 ¢ 12
< <Z |an] |z|2“> <Z lan [T x,x>

n=0 n=0

. 1/2 1 1/2
x <Z Bt |u|2(m-”> <|T*|2 D [omg [T y,y>
m=1

m=1

for any x,y € H and k > 0,1 > 1.

Due to the assumption (13) in the theorem, we have that the series Y 17 ) anz"
T % by ™ [T™, 32 lan| [T and Y%, [by| [T*[*™ are convergent in
B (H) and the series } 2, |an| "™ and > o lbml lu*™ are convergent in R
and then, by taking the limit over k — oo and | — oo in (18), we deduce the
desired result (14). O

Remark 1 The above inequality (14) can provide various particular instances
of interest.
For instance, if we take g = f in Theorem 2 then we get

‘<sz (z[T)) x,y>‘ (19)

=Ta (‘ZF) <fA ('ﬂz) X, X>]/2 <IT*|2fA (|T*|2) y,y>”2

for any x,y € H.
Also if we take g (z) =1 in (14), then we get

(T M%)l < (122) (fa (ITR) %) (T Py,y)  (20)

for any x,y € H.
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Corollary 2 With the assumptions of Theorem 2 we have the norm inequality

T (2[T1) g (w[TD)? (21)

< o (58) o () o (79) 2 ()|

and the numerical radius inequality

w (TF (z[T) g (uT]) (22)
<5 [ (12) o (ha?)] "l ea (ITR) + 1R ga (1TF)

Proof. The inequality (21) follows from (14) by taking the supremum over
X,y € Hwith x| = [jy]| = 1.
From (14) we also have the inequality

(T (21T g (ulT]) %, )
< [ta (22) 0 (1)) (oa (7)) (TR g (1T77) )
<o [ (128 on ()] ([ra (ITF) 41T ga (T°F) ] r0x)

for any x € H, which, by taking the supremum over ||x| = 1 produces the
desired result (22). O

The following result also holds:

Theorem 3 Let f(z) =) ;7 anz™ be a function defined by power series with
real coefficients and convergent on the open disk D (0,R) C C, R>0. If T is a
bounded linear operator on the Hilbert space H with the property that ||TH2 <R,
then we have the inequality

(e (1) xow) [ < (TP o (ITR) o) (TR 0 (ITF) wy) (29)
for any x,y € H.

Proof. From Furuta’s inequality (F) we have for any natural numbers n > 1
the power inequality

(T x| < () (g ) (24)

where x,y € H.
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If we multiply this inequality with the positive quantities |a, 1],

use the

triangle inequality and the Cauchy-Bunyakowsky-Schwarz discrete inequality

we have successively

k
‘<Z an TITP y>‘

<> lanal [(TITP " x,y)|

n=1

=~

12 12
<3 lanal (TP ) (TP y,y)

Mw

3
X

12,
< <Z a1 |T|2“x,x> <Z a1/ [T*
n=1

n=1

for any x,y € H and k > 1.
Observe also that

k k
D> anaTITP =TT an [TV
n=1 n=1

12
IZ“y,y>

(n-1)

k k
D lanl TP =T lag gl TPV
n=1 n=1

and

k k
S lanal TP =T Jang TP
n=1

n=1
for any k > 1.
Therefore, by (25) we have the inequality

K 2
<T TS ang TP x,y>

n=1

k k
< <T|2 > lan TP x,x> <|T*|2 > lanal TPy y

n=1 n=1

for any x,y € H and k > 1.

(25)

(26)
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Due to the assumption |[T||* < R, we have that the series Y 2 oan T,
Y olanl IT™ and > oo lan IT*”™ are convergent in B (H) and taking the
limit over k — oo in (26) we deduce the desired result from (23). O

Corollary 3 With the assumptions of Theorem 3 we have the norm inequality
frme )| < e () ()
and the numerical radius inequality
w (T (1)) < 3[R a (1) + 7R 6 (11°F)]
The following result for functions of normal operators holds.

Theorem 4 Let f(z) =Y >0y anz™ be a function defined by power series with

n=0
real coefficients and convergent on the open disk D (O,R) C C, R > 0. If N is
a normal operator on the Hilbert space H and o, p > 0 with x + p > 1 with

the property that |[N|**, |IN||*® < R, then we have the inequality

e (v ) )< (o (N ) (50 (V) wow) 27

for any x,y € H.

Proof. Utilising Furuta’s inequality written for N™ we have

[N IN BT )< N ) I PPy (29)

for any x,y € H.
Since N is normal, then

INPP = (N™M)*N" = N*..N*N...N
= N*..NN*..N=..
(N*N) ... (N*N) = [N

for any natural number n, and, similarly,
(NP = (NP = NP = NP

for any n € N,
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These imply that [N = NP (NP = NP and [(NP*HP-T =
INJ©@B=D" for any o, B > 0 and for any n € N.

Utilising the spectral representation for Borel functions of normal operators
on Hilbert spaces, see for instance [1, p. 67], we have for any «, 3 > 0 and for

any n € N that

N™ |N|(cx+[571)n _ Pk |Z|(oc+[571)n dpP (Z)
Jo(N)

[ n
= [Z |Z|(“+B71)} dP (z)
Jo(N)

r n
— N |N|(0€+f5—1)] ,

where P is the spectral measure associated to the operator N and o (N) is its
spectrum.
Therefore, the inequality (28) can be written as

T S A e

for any x,y € H and for any n € N.

If we multiply the inequality (29) by |an| > 0, sum over n from 0 to k >
1 and utilize the Cauchy-Bunyakowsky-Schwarz discrete inequality, we have
successively

<i an [N |N|(°‘H3”rx,y>‘ (30)

n=0
<3 fa (NN )

n=0
(] ) ([ 5)

< <g|an| [|1\1|2°‘}“x,x>]/2 <ni)|an| [|N|ZB}”y,y>

for any x,y € H and for any k > 1.
Since ||N|*, [N||*® < R then HN |N|(°‘H37”H < R and the series

3 lanl [NE]", 3 lanl[INEF]"
n=0 n=0

<

I\/]x‘

3
<H3

1/2
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and

i an [N |N|(°‘+ﬁ*”}n

n=0

are convergent in the Banach algebra B (H).
Taking the limit over k — oo in the inequality (30) we deduce the desired
result from (27). O

Corollary 4 With the assumptions of Theorem 4, we have the inequality

2
(v

<Jon ()

[ -

Remark 2 If we take B = 1 — o« with o« € [0,1] in (27), then we get the
following generalization of Kato’s inequality for normal operators (8)

(FNx )P < (fa (INP) ) (Ea (NPT ) yy) - (32)
where x,y € H and |[N|]**, NPT <R,

3 Applications

As some natural examples that are useful for applications, we can point out
that, if

f(Z):Z(n') Zn:]nm)zeD(o’]); (33)
n=1 ’
= (_nn 2n
g(z):Z (Zn)'z =cosz, z€ C;
n=0 )
= (_])n 2n+1 .
h(z):ZmZ =sinz, z € C;
n=0 ’
— 1
1(2)=Z(—1)“z“=m, 2eD(0,1);
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then the corresponding functions constructed by the use of the absolute values
of the coeflicients are

>
fA(z):ZEz“:m

1
1_Z,ZED(O,]), (34)

= 1
ga (z) = Z 2™ = coshz, z € C;

hA (Z) = ZO mZszr] = sinh zZ, Z € (C,

> 1
lA(Z):ZZn:E, ZED(O,])
n=0

Other important examples of functions as power series representations with
nonnegative coefficients are:
1
_ n
exp (z) = E % z € C, (35)

n=0

1 T+2\ « 1 .
zln(1_z>—nz_]2n_]z , zeD(0,1);

2n+1 .
Zf2n+1 z zeD(0,1);
tanh™! 2n—1 1 zeD(0,1)
= T'n+a)lF(n+p)T
2F1 (0(3 B)Y)Z) = Z ( ) ( B) (Y)Zn) X, B)Y > O)

T (@ T (BT (n )
zeD(0,1);
where T is the Gamma function.

Example 1 Let x,y € H.
a) If we take f(z) =sinz and g(z) = cosz in (14), then we get

(T sin (z|T]) cos (w[T]) x, y)I? (36)
< sinh (|z|2> cosh (|u|2)
X <sinh (ITIZ) X, x> <|T*|2 cosh <|T*|2) 1J>U>
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foranyze€ C and T € B (H).

b) If we take f(z) = ln”@ and g (z) :lnﬂfz in (14), then we get

‘<Tln(1H+le|)_1 In(Ty —z|T))""! x,y>‘2 (37)

1 2
<|ln
‘( 1—lzlz>
-1 —1
><<1n(1H—|T|2) x,x> <|T*|21n (h—1T7) y,y>

foranyz€ C and T € B (H) with |z] <1 and ||T|| < 1.
¢) If we take f (z) = exp(z) and g (z) = exp (z) in (14), then we get

(Texpl(z+w) [Tx,y)f (38)
< exp (127) exp (Iuf’)

x (exp (ITP) %) (IT*F exp (ITF) v,y )

forany z,zue C and T € B(H).
d) By the inequality (20) we have

(T My < sin? (127 (sin (IT) ) (TP ) (39)

and

’<T tanh~" (z|T)) x,y>‘2 (40)

< tanh™! (Izlz) <tanh*] (ITIZ) X,X> <|T*|ZU>U>

foranyz€ C and T € B (H) with |z| <1 and ||T|| < 1.

Example 2 Let x,y € H.
a) If we take f(z) = 1]@ in (23), then we get

(T (=) xy)
< (IR (= 118) o) (TR (1= TR )

2
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for any T € B(H) with ||T|| < 1.
b) If we take f(z) = lné in (23), then we get

‘<T Tin (1 + |T|2>7] x,y>
< (1P (1 =) ) (1T (1= 1) " wow)

for any T € B (H) with ||TH<1
¢) If we take f( ) =exp (z) in (23), then we get

‘<T IT|exp (|T|2) x,y>‘2 (43)
<

(TP exp (ITF) x,%) (IT*Pexp (ITF) w,y )

for any T € B(H).

2

Example 3 Let N be a normal operator on the Hilbert space H, o, p > 0 with
x+ B >1 and x,y € H.
a) If we take f(z) = ]1@ in (27), then we get

‘<(1H £ N |N|<a+ﬁ,1)>f1 X’y> ,
) <(1H - X’X> <(1H —INpP) y,9>

provided ||NJ|| < 1.
In particular, we have

(N ) (45)

< <(1H - INp=) x,x> <(1H —INp) y,y>,

for o € [0,1].
b) If we take f(z) = exp (z) in (27), then we get

Kexp (N \N|(°‘+B_”> x,y>‘2 < <exp <|N|2°‘> x,x> <eXp <|N|2f3) y,y> . (46)

As a special case, we have

exp (N) % y)2 < (exp (INP*) ) (exp (INPT) ), (47)
for a € [0,1].

(44)
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