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Abstract. In this paper our aim is to find the solutions of time and
space fractional heat differential equations by using new definition of frac-
tional derivative called conformable fractional derivative. Also based on
conformable fractional derivative definition conformable Fourier Trans-
form is defined. Fourier sine and Fourier cosine transform definitions are
given and space fractional heat equation is solved by conformable Fourier
transform.

Introduction

Fractional differential equations which are the generalization of differential
equations are successful models of real life events and have many applications
in various fields in science [1]-[8]. So the subject becomes very captivating.
Hence, many researchers have been trying to form a new definition of frac-
tional derivative. Most of these definitions include integral form for fractional
derivatives. Two of these definitions which are most popular:
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1. Riemann-Liouville definition: If n is a positive integer and & € [n — 1, n),
« derivative of f is given by

7 Y7 W B N (0 N
Palft) = o oy J (t— it X

a

2. Caputo definition: If n is a positive integer and o € [n — 1,n), « deriva-
tive of f is given by

In [9, 10] R. Khalil and et al. give a new definition of fractional derivative
called “conformable fractional derivative”.

Definition 1 Let f : [0,00) — R be a function. o™ order conformable frac-
tional derivative of f is defined by

TL(7)(0) = lim f(t+ st‘:‘) —f(t)

for allt > 0, o« € (0,1). If fis a-differentiable in some (0,a), a > 0, and

lim (™ (t) exists, then define
t—0+

f%(0) = lim f1%(¢).

t—0+

This new definition satisfies the properties which are given in the following
theorem [9, 10].

Theorem 1 Let « € (0,1] and f,g be ax— differentiable at point t > 0. Then

(a) Talcf+dg) = cTy(f) + dT«(g), for all a,b € R.
(b) T = ptP~* for allp € R.

(c) T =0 for all constant functions f(t) = A.
(d) Ta(fg) = fTu(g) + gTu(f).

To(g)—FTu(f
(e) Ta(é>:9 (g)gz (f)
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(f) If, in addition to f is differentiable, then Ty(f)(t) = tP“%.

In Section 2, we will give the solution of fractional heat equation for 0 <
o < 1 with the help of conformable fractional derivative definition. In Section
3, we will give conformable Fourier transform, conformable Fourier sine and
cosine transform definitions and solve the space fractional heat equation with
this transform.

2 Time fractional heat equation
General form for one dimension heat equation is

ou o*u

e
Heat equation has many fractional forms. In this paper we investigate the
solution of time fractional heat differential equation:

Zi::ng;,0<x<L,t>o (1)
with conditions
u(0,t)=0,t>0 (2)
u(L,t) =0,t>0 (3)
u(x,0) =f(x), 0 <x <L (4)

where the derivative is conformable fractional derivative and 0 < o < 1.
Firstly we can mention conformable fractional linear differential equations with
constant coefficients
O 2y -0 (5)
ot y=>r

From formula (f) in Theorem 1 we can obtain

aocy 1—x dy
=t —_.
ot dt (6)

By substituting (6) in (5) it becomes following first order linear differential
equation

d
e sy =o. (7)
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One can easily see that the solution of equation (7)

y=ce « . (8)

Now we can use separation of variables method [11] for solution of our time
fractional heat equation (1). Let uw = P(x)Q(t). Substituting this equation in
Eq. (1), we have

d*Q(t) d*P(x)
o P =S QM
from which we obtain
d*Q(t) _dPP(x) _
S /KQU) = S /P = w.
As a result: 4= (1)
Tt wkQ(t) =0
and 2p(x)
d-P(x
ol wP(x) =0.
Now, we think about the equation
d?P(x)
o wP(x) =0.

For this equation, there are three cases for values of w to be evaluated. w =
0, w=—p?, w=yp’
Conditions (2) and (3) give

W= nTﬂ and Pn(x) = an sin nTT[X (9)
Equations (5) and (8) give,
nr 2 Ko
Qu(t) = bye (T)75, (10)

Then, using the equations (9) and (10) the solution of the Cauchy problem
which satisfies two boundary conditions obtained as

(11)
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With the help of condition (4)

L

2 . (M7X

Cn = LJ'f(X) S1n (T) dx. (12)

0

Substituting (12) in (11) we find the solution as

) L

nmx _(M)tha < (TLTEX)
u(x,t) = . ]sm T e 'L i Jf(x) sin  —— dx
= 0

3 Conformable Fourier transform

In [12] Abdeljawad gave the definition of conformable Laplace transform and in
[13] Negero made a study on application of Fourier transform to partial differ-
ential equations. Now in this section we define conformable Fourier transform,
infinite and finite Fourier sine and cosine transform. We give some properties
of this transforms. At the end we use finite Fourier sine transform to solve
space fractional heat equation.

Definition 2 Let 0 < « < 1 and h(x) is real valued function defined on
(—o0,00). The conformable Fourier transform of h(x) which is denoted by
Fo{h(t)} (W) is given by

FeclROFw) = M) = 127r J e ™S h(t)t* ! dt.

—00

Theorem 2 Let 0 < & < 1 and h(x) is a— differentiable real valued function
defined on (—oo,00). Then

Fa{Ta(M)(t)} (W) = iwHqu(w).

Proof. The proof followed by Theorem 1 (f) and known integration by parts.
O

Lemma 1 Let f: (—o0,00) — R be a function which satisfies Fo {h(t),w} =
Hy(w) property. Then,

Fa{R(6)} (W) = F{n((at) %) } (w) (13)
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where F{h(t)} (w) =~ [ e ™ h(t) at.

Proof. One can prove it easily by setting t = *-. U

Lemma 2 Fy{h(t)} (w) Fourier transform is a linear operator.
Fo{af +bg} = aF4 {f} + bFy{g}.

Theorem 3 (Convolution Theorem). Let g(t) and h(t) be arbitrary func-
tions. Then

Foc{g * h} =V ZT[Foc{g} Fa {h}
where gxh is the convolution of functions g(t) and h(t) defined as

[ee] o0

(gxh)(t) = J g(x)h(t—x)dx = J g(t —x)h(x)dx.

—0o0 —00

Proof. From Lemma 1, by using definition and changing the order of integra-
tion, we get

Fallg =m0} = F{lg=n((et)«)},

= \/]ZTT_J g((ocx)t]x)eiw"dxj h((ocv)i)e*iwvdv,
= V2nFa{g)Fu{h}.
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Conformable Fourier transform of partial derivatives
Lemma 3 For given u(x,t) with —oo < x < oo and t > 0, we have

i Fo { Sl 1)} (w) = Stiw,b).

n

ii. Fy {;Z[—nn(u(x,t))} (w) = §muw, t),n=1,2,3, ...

iil. Fo{Te(u(x, 1))} (w) =iwu(w,t).

iv. Fo{ Tooo. Te(u(x, t)) p (W) = (iw)"u(w,t),n=1,2,3,...
—_——

n times

Fourier sine and cosine transform

In this subsection we shall discuss the Fourier sine and cosine transforms and
some of their properties. These transforms are convenient for problems over
semi-infinite and some of finite intervals in a spatial variable in which the
function or its derivative is prescribed on the boundary.

Infinite Fourier sine and cosine transform

Definition 3 (Fourier cosine transform). The Fourier cosine Transform
of a function f:[0,00] — R which is denoted by FX(f(t)) is defined as

FE(f(O) = f(w) = F(w) = % J f(x) cos (wtj) X% dx.

Definition 4 (Fourier sine transform). The Fourier sine Transform of a
function f: [0,00] — R is defined as

o0

PR = Flw) = Fow) =2 [ 10c)sin (w5 ) x
0

Lemma 4 FY and FY are linear operators, i.e.,

F¢{af + bg} = aFZ{f} + bF¥{g},
FX{af 4+ bg} = aF¥ {f} + bFX{g}.

Theorem 4 Let f be a function defined for t > 0 and f(t) — 0 as x — oo.
Then
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1. F(T(f)(1) = wE((t)) — /2¢(0).
2. FY(Ta(f) (1)) = —wFZ(f(t)).

Proof. It can be easily proved by using Theorem 1 (f) and integration by
parts. ]

Finite Fourier sine and cosine transform

When the physical problem is defined on a finite domain, it is generally not
suitable to use transformation with an infinite range of integration. In such
cases usage of finite Fourier transform is very advantageous.

Definition 5 The finite Fourier sine transform of f(t),0 < t < L defined as
L 04
t
FE () = F¥(n) = Jf(t) sin (“L”a) 1 dt
0

where 0 < a < 1.
The inverse Fourier sine transform is defined as follows,

200 & . [ mmt®
_(XZ]F;X(TL)SIH< = >
n=

Definition 6 The finite Fourier cosine transform of f(t),0 < t < L defined
as

Fe (1)) = F¥(n) = Jf(t) cos (T) > dt

where 0 < o < 1.
The inverse Fourier cosine transform is defined as follows,

04
f(x) = 7ch ZF“ cos (nlit‘: >

In bounded domain, the Fourier sine and cosine transforms are useful to solve
PDE’s. Therefore we can give following calculations.

o%*u N
F {M‘} =T (x, )},




138 Y. Cenesiz, A. Kurt

o[ 5T EN w, f5
S| &x* 6x* Lo €] &xx

n’m?o? nmo 14)
= —WFg‘{u(x,t)} ~ I [w(L,t) cosnm —u(0,t)].
And then,
FX % = TR {ulx, t)} — [w(0,t) —u(L, t) cosnm,
o s 2,22 [ o
F 5%275 = _n{;“a F{u(x,t)} — % 2 ;,;(g’t) _ 2 ;f};’t) cosmr} .
Now, let’s apply this transform to solve space fractional heat equation,
du 0% d%*u
—=——0<x<Lt>0 15
St exa o ST D (15)
with the conditions,
u(L,t) =u(0,t) =0 (16)
u(x,0) = f(x) (17)

where 0 < o < 1.
When we apply the Fourier sine transform both sides of the equation, we
have the following equality by using (14) and the conditions (16)

du(n,t) n’mo’
T 1= u(n,t).

Solving the above differential equation gives us,

2.2 2
_nimtaty

u(n,t) = Ce 12

To evaluate C, we apply Fourier sine transform to the condition (17). At the
end we have C as,

L
04
C = (m,0) = [ fx)sin <“€‘;‘ )w—] dx.
0

Hence we get,

2.2 2

L
~ . nmx® _ _n?rla?
u(n,t) = Jf(x)sm( >x°‘ Tdx| e tz= *
0

L(X
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At the end applying inverse Fourier sine transform, the solution of Eq. (15)
obtained as

L

e o4 n2n2 82 o
Z Jf(x) sin <n17_t;( >X°‘_]dx e 12 'sin <nf;( >

n=1 0

rﬂ‘hé
R

u(x,t) =

4 Conclusion

In this paper we discuss about the solution of time and space fractional heat
differential equations. Conformable fractional derivative definition is used for
the solution time fractional heat equation. Conformable Fourier transform
which will have very important role in fractional calculus like conformable
Laplace transform is defined and given an application for space fractional
heat equation. We can say that this definition has many advantages in the
solution procedure of fractional differential equations. Some comparisons with
classical fractional differential equations are given by Khalil and Abdeljawad
before. This paper can help to see the researchers that given definitions are
very helpful under the suitable conditions.
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