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Abstract. In the paper we establish some new results depending on
the comparative growth properties of composite entire or meromorphic
functions using generalised , L*-type with rate pand generalised , L*-weak
type with rate p and wronskians generated by one of the factors.

1 Introduction, definitions and notations

Let C be the set of all finite complex numbers and f be a meromorphic function
defined on C. We will not explain the standard notations and definitions in
the theory of entire and meromorphic functions as those are available in [4]

and [9]. In the sequel we use the following notation : log[k} x = log (log[k*” x)

for k=1,2,3,.... and log[O} X =X.
The following definitions are well known:
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Definition 1 A meromorphic function a = a(z) is called small with respect
tof if T(r,a) =S(r,T).

Definition 2 Let a1, ay,....ax be linearly independent meromorphic functions
and small with respect to f. We denote by L (f) = W (aj, az, ....ax; f) the Wron-

skian determinant of ai, az,....,ax, f i.e.,
aj a .. . ax f
a; al2 .o a{< f
L(f) =
agk) agk) .. a]ik) £k

Definition 3 If a € CU{oo}, the quantity

_ N (7, a; )
S(a;f) = 1-—1 2
(a;f) im sup T f)
~ i af)
B r—00 T(‘r,f)

s called the Nevanlinna deficiency of the value ‘a’.

From the second fundamental theorem it follows that the set of values of
a € CU{oo} for which 6 (a;f) > 0 is countable and )_ & (a;f) + & (o0;f) < 2

a#oo
(cf [4], p. 43). If in particular, Y & (a;f)+ & (o0;f) = 2, we say that f has the
a#oo
maximum deficiency sum.

Let L = L (r) be a positive continuous function increasing slowly i.e., L (ar) ~
L(r) as r — oo for every positive constant a. Singh and Barker [7] defined it
in the following way:

Definition 4 [7] A positive continuous function L (r) is called a slowly chang-
ing function if for ¢ (> 0),

1 < L (kr)
ke —

<k forr>r(e) and

uniformly for k(> 1).
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Somasundaram and Thamizharasi [8] introduced the notions of L-order and
L-lower order for entire function where L = L (r) is a positive continuous
function increasing slowly i.e., L(ar) ~ L(r) as 1 — oo for every positive
constant ‘a’. The more generalized concept for L-order and L-lower order for
entire function are L*-order and L*-lower order. Their definitions are as follows:

Definition 5 [8] The L*-order pt" and the L*-lower order AL of an entire
function f are defined as

. log? M (r, f . log? M (v, f
pt" =lim supiOg (r, ) and AF = lim infog MDD (r, f)
r—o0  log [ret(] 100 log [ret(™]

When f is meromorphic, the above definition reduces to

. log T (v, f . log T (r, f
pt" =1lim supL(T’) and AF = lim meﬁ’).
roo0 log [ret(] =00 log [relr)]

In the line of Somasundaram and Thamizharasi [8], for any two positive
integers m and p, Datta and Biswas [1] introduced the following definition:

Definition 6 [1] The m-th generalized ,L*-order with rate p denoted by E;T;)p%*

and the m-th generalized ,L*-lower order with rate p denoted as 8517\%* of an
entire function f are defined in the following way:

(m)
(p)

p]‘* = lim sup log[erH M (T’ f) d (m))\l_* — lim mf IOg[erH M (T, f)
T e log[rexpll L(n)] P e log [rexpl! L (1)

where both m and p are positive integers.
When f is meromorphic, it can be easily verified that

(m) (m)

and ™AL — i ing 108 T (1)
(p) °f oo log [rexp® L(r)]’

Ly log™ T (v, f)
= limsu
p) P r—>ooplog [rexplP L (v)]

where both m and p are positive integers.

To compare the relative growth of two entire or meromorphic functions hav-
ing same non zero finite generalized ,L*-order with rate p, one may introduce
the definitions of generalised ,L*-type with rate p and generalised ,L*-lower
type with rate p of entire and meromorphic functions having finite positive
generalised ,L*-order with rate p in the following manner:
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Definition 7 The m-th generalised ,L*-type with rate p denoted by E;l)) GF and

m-th generalised ,L*-lower type with rate p of an entire function f denoted by
(m) L+

(p) O are respectively defined as follows:
. log™ M (r, f
ES)GI{ = limsup %8 ( ’(mz — and
"7 [rexpP L (r)] ) Pr
. log™ M (r, f .
MGt = liminf—2 ( ’(ﬁj —, 0< (Mol < oo,
e [rexp® L (r)]® Pr
where m and p are any two positive integers.
For meromorphic f,
. log™ T (r,f
E;l)) O'If‘ = limsup 8 ( (’m)) — and
"% [rexplPl L(r)]®) Pf
[(m—1]
(m)—r* .. log T (r,f) (m) L*
p) OF = hrrg(ljr.}f o 0< (p) PF < 00,

|:‘|~ exp[p] L (‘r)] (p) Ps
where both m and p are positive integers.

Analogously to determine the relative growth of two entire or meromorphic
functions having same non zero finite generalized ,L*-lower order with rate p
one may introduce the definition of generalised ,L*-weak type with rate p of
entire and meromorphic functions having finite positive generalized ,L*-lower
order with rate p in the following way:

Definition 8 The m-th generalised ,L*-weak type with rate p denoted by

ES)TE* of an entire function f is defined as follows:
oy logM M (rf) :
E;)TL = lim inf ’(m))\“ , 0< ES)}\% < 00,
f

[1‘ explP! L (r)] (p)

where both m and p are positive integers.

Also one may define the growth indicator Eg;)fy of an entire function f in
the following manner:
e log™ M (r, f) .
E;m))ﬁc% = lim sup ’(m))\” , 0< E;T;))\f < o0,

"% [rexplP! L (r)]
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where m and p are any two positive integers.
For meromorphic f,

(m)L* log™ YT (1, )

= limsup and
(p) CANE
P T—00 [T exph’] L (T)] ) AL
[(m—1]
T = th_l)(l)Iolf e , 0< (p) A < 00

[rexplP! L (r)]
where both m and p are positive integers.

Lakshminarasimhan [5] introduced the idea of the functions of L-bounded
index. Later Lahiri and Bhattacharjee [6] worked on the entire functions of
L-bounded index and of non uniform L-bounded index. Since the natural ex-
tension of a derivative is a differential polynomial, in this paper we prove our
results for a special type of linear differential polynomials viz. the Wronskians.
In the paper we establish some new results depending on the comparative
growth properties of composite entire or meromorphic functions using gener-
alised ,L*-order with rate p, generalised ,L*- type with rate p and generalised
pL*-weak type with rate p and wronskians generated by one of the factors
which extend some results of [2].

2 Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 [3] Let f be a transcendental meromorphic function having the maz-
imum deficiency sum. Then

@) (P)™otiy = (1+k—k8(00;f)}- (p)™a} for m =1 and
(p)™ O-Hf) = Eg) ok otherwise

and

(i) (™ol = {1+k—k (o0} (p)™o} for m =1 and

(p)(m)ﬁﬁﬂ = E?)JEIZ* otherwise.
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Lemma 2 [3] Let f be a transcendental meromorphic function having the maz-
imum deficiency sum. Then

) ) ™y = {1+k—kd(o0;f)}- (p)™f for m =1 and
(p™ )THﬂ = ES]TF otherwise
and
(i) (p) ™ty = {1+k—k8(c0if)}+ (m/7F for m=1and
(p)( )TH” = EB)TF otherwise.

3 Theorems

In this section we present the main results of the paper.

Theorem 1 If f be tmnscendent@l meromorphic and g be entire such that
(m)—L* (m) (n) 5L (m) 1+ (m) 1 _ (M) L~

0 < (p)Tfog < () Oog < 00 0 < ()Tf < jor <00, PRy = P and

> d(a;f) + 8(o0; f) = 2 where m, n and p are any three positive integers,

a#oo

then
(m)—*
Of, log™ T (r, f
(p) Ofog < liminf og (r,fog)
{1+k—X5 (00;f)} - (p)ot r—00 T (r,L(f))
(m)—*
< (p) Ofog
T {14+ k=X (005 )} (p)OF
log[m*” T(r,fog)
<1
=Y T (L)
(m) *
< (p) Tfog
{1+ k—kb(o0;f)}- (p)ﬁlf‘*
and
(m) ]_* (m)—r*
o log™ "' T (v, f Ofo
(2) Ofog < liminf 1og - ”T(r Lo 9) < % ng
T—00 *
(p)crf 0g (r,L(f)) (p) OF
(m) p*
< hmsuplOg[m 1] T(r,fo g) (p) Ofog
rao0 log™ T (1, L(F)) gg; o

form>1.
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Proof. From the definition of Eg)) (TH”, ES)EEQ and in view of Lemma 1, we

have for arbitrary positive ¢ and for all sufficiently large values of r that

(m) _L*
* P °
log™ VT (r,fog) > (E;l))ﬁ%og — s) [rexp[p] L (r)} (P} oo (1)
(m) r*
. P
log[“_”T(r,L(f)) < (E;))th) +£> {rexp[p]L(r)](m H
n) L*
. P
e log" VT (L) < (o} +e) repP L] (2)
forn > 1 and
. ot
T (L) < {1+ k= k8 (0051} (ot +¢) [resp™ L] ™ . (3)
Now from (1), (2) and the condition E;n)) L 9= Eg)) pk, it follows for all sufficiently
large values of r that,
_ (m)—L* _
log™ T (r,fog) > [P Otog — € forn > 1
log™ T (rL(f) ~ Mok 1
(P -f
As ¢ (> 0) is arbitrary, we obtain from above that
(m)—p*
log™ T (r,f Ot
lim inf—2 (nfog) o %ee ¢ oy, (4)

T—00 10g[“_”T(r,L(f)) = E;L))O_]f_*

Similarly from (1), (3) and in view of the condition E?}) pE 9= (p)p%, we obtain
that )
m)—j *
.. log™ U T (1o g) (p) Ofog
liminf > - (5)
T—00 T(T,L(f)) {] +k — kb (oo;f)}- (p)Of
Again for a sequence of values of r tending to infinity,
(m) r*
_ i Pt
log™ VT (r,fog) < (E;}) G]Eog + s) {rexp[p] L (r)} (p) Tt (6)
and for all sufficiently large values of r,
(n) St
_ n)_—yg=*
g™ T (r, (M) > (ot —¢) [re L]
(n) r*
. P
e, log™ T (rL(f)) > (336; - e) [r expP L (r)] L (7)
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for n > 1 and

L*

T(r, L(f)) > {1 + k — k6 (00; )} - ((p)aﬁ - s) [rexp[ﬂ L(r)] P (®)

Combining (6) and (7) and the condition EB) p%;g = E;)) pk, we get for a sequence
of values of r tending to infinity that
(m)—
log™ T (r,foq) < ) cyfog t¢

T < forn > 1.
log™ "' T (7, L(f))

(n)
(pof ¢

Since € (> 0) is arbitrary, it follows from above that

[m—1] (m) L*
hmmflog T T fo g) < F)) Y forn>1. (9)
r=00 Jog™ ! T (r, L(f)) (2)6

Likewise from (6) and (8) and in view of the condition ES) pgg = (p)p%, we

obtain that

(m)—r*

log™ " T (r, f Ofo
lim inf—& (fog) < (p) o9 I - (10)
T—00 T(T,L(f)) {1 +k — kb (oo;f)}- (p)Of
Also for a sequence of values of r tending to infinity it follows that
1] (n)=L*
log T(r,L(f)) < ((p) O (p) T+ e) [T‘ expP L (r }
e, log" T (rL(N) < ((NoF +e) [rexp® L] ol (11)

for n > 1 and

L*

T (r, L(f)) < {1 +k — k& (00; )} - (p)o% —i—a) [rexphf’]ur)] WP (1)

Now from (1), (11) and the condition E;l)) L g = Eg)) pk, we obtain for a sequence
of values of r tending to infinity that

(m) 1+
log™ T (r,fog) _ ip) Oty —

log™ T (v, L(f )) -

- forn > 1.
(P)Gf + &
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As € (> 0) is arbitrary, we get from above that

lo g[mfﬂ T(r,fog) (m))iL*
lim sup > ](Dn) * forn > 1. (13)
T—00 log T(T‘ L( )) (p)a

Analogously from (1), (12) and in view of the condition Eg;) pgg = (p)p%, we

get that

[m—1] (m)—r*
: log™ " T(r,fog) (p) %fog
lim sup > I - (14)
T—00 T(T,L(f)) {1+k—kd (OO;f)}' (p) O
Also for all sufficiently large values of r,
. (m)plf_o*
log™ T (r,fog) < (E;l)) G%og + s) [r exp® L (r)} e (15)
In view of the condition E;T;)p%;g = E;)) pk, it follows from (7) and (15) for all
sufficiently large values of r that
(m) _*
log™ T (r,f Ofog T €
% (nfog) < fo for n > 1.
log™ 1T (1, L(F))  (ok — ¢
Since € (> 0) is arbitrary, we obtain that
log™ "' T (r,f o g) (“3) fo
lim sup < 9 forn > 1. (16)
rooo 1og™ T (v, L(F)) EE))O'

Similarly from (8) and (15) and in view of the condition ES] p%;g = (p)pg, we

obtain that

log™ VT (r,fo g) Em)) GE:
lim sup : < X : - (17)
r—00 T (v, L(f)) {T+%k—X%b(oc0;f)}- (p)O

Thus the theorem follows from (4), (5), (9), (10), (13), (14), (16) and (17). O

The following theorem can be proved in the line of Theorem 1 and so its
proof is omitted.
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Theorem 2 If f be meromorphic and g be transcendental entire with 0 <
(m)—* (m]) 1+ (M) =r* (m) _1* (m) 1= _ () =~

(p) Ofog = (p) Ofog < 00, 0 < (05 =< ()05 < 00, () Prog = (pyPg and
> d(a;g) + 8(oc0;g) = 2 where my 1 and p are any three positive integers,

aoo

then
(m)—r*
Of, [m—1]
(p) "~ fog =< limianOg T(r,fog)
{T+k—Xk8(00;9)}+ (o =~ =00 T(r,L(g))
(m)—L*
- (p) Yfog
o {] +k—k6 (OO,g)} (p)ﬁé
log[m*” T(r,fog)
< lim su
= YT Tn L)
(m) r*
< (p) ®fog
T {T+k—kd(c0;9)}- (p)ﬁlg‘*
and
E )) Ejg log™ T (r,fo g) (n;)a]f_;g
Fn) L <hrglnf1 T 1 I(Dn) n
DRE i (mLle) 59
(m) r*
log™ VT (r, f Ot
< lim sup og[ 1] (r,fog) < p)_tog
T—00 logni T(T,L(g)) (n)EL*
(p) 9
forn>1T.

Theorem 3 Iff be tmnscendental meromorphic and g be entire such that 0 <

E))crfog<oo 0< ))G% < 00, ()pfog ( pf and Y 8(a;f) + 8(oc0;f) =2

a#oo
where m, N and p are any three positive integers, then

. dog™ VT (r,fog) ) g
lim inf < =
T—00 T(T,L(f)) {1 +k —kbd (oo,f)}' (p)Of
. . dog™ T (1, fog)
= P o L)
and
log[m ! T(r,fog) ;) o lo g[m*”T(r,fo g)
lim inf ] < < limsup
=00 Jog™ T (v, L(f)) E;))Gp r=o0 log™ ! T (1, L(f))
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form > 1.

Proof. From the definition of | )GL”) and in view of Lemma 1, we get for a
sequence of values of 1 tending to infinity that

log™ VT (r,L(f) > (EP)JO']]:( = s) [rexp[ r} to
v

e, log™ T (rL(f) > (E;))GF — e) [rexp[ Pl L(r)}[ )er (18)
for n > 1 and
L*
T(rL(N) > (1 +k =k (00,7} (ot —¢) [rexpP L] ™™ . (19)

Now from (15), (18) and the condition E;n)) Pk g= Eg)) pt", it follows for a sequence
of values of r tending to infinity that

(m) 1
log™ "' T (r,fog) < Ofog 1 €

log™ 1T (1, L()) ~ gggoy —e

forn>1.

As ¢ (> 0) is arbitrary, we obtain that

log™ T (r,fog) _ 5k
lim inf i < ®) 19 frmn>1. (20)
=0 Jog™ T (1, L(f)) gg;a
Similarly from (15), (19) and in view of the condition E?))p%;g = (p)PF, We
obtain that
(m) 1+
log™ "' T (r, Oto
lim inf-2& nfog) p) _Tog — (21)
T—00 T (r,L(f)) {1 +k—%kb8(00;f)}- (p)oy

Again for a sequence of values of r tending to infinity that

(m) p*
_ * Pro
log™ ' T (r,fog) > (E:))Glf‘og — s) {rexph’] L (r)] ) Tes (22)
So combining (2) and (22) and in view of the condition 83) plf-zg = Eg)) pL", we
get for a sequence of values of r tending to infinity that

(m) r*

log™ ' T(r,fog) _ (p) Ofog —
n

log™ T (r,L(1) ~ Mok +

3

forn>1.
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Since € (> 0) is arbitrary, it follows that

(m) L*

log™ T (v, f
lim sup o8 (r,fog) (p]

r00 log™ T (1, L(f)) g ok

9 forn>1. (23)

Analogously from (3) and (22) and in view of the condition E;l)) pE 9= (p)p]E we

get that

log™ "' T (r,fo g) E;l)) 0—%*9
lim su ! > ° - . 24
et T(r,L(T)) {T+k—k8(00; )} (pyof 24
Thus the theorem follows from (20), (21), (23) and (24). O

The following theorem can be carried out in the line of Theorem 3 and
therefore we omit its proof.

Theorem 4 If f be meromorphic and g be transcendental entire with 0 <
ES)G}SQ < o0, 0< EE))GI; < 00, Eg)p};g = E;;pg* and ; d(a;g) + 08(oc0;g) =2
a+o00o

where m, n and p are any three positive integers, then

flog““’” T(r,fog) En;) Gfog
lim in < -
T—00 T(r,L(g)) {1 +k—Kkd(o0;9)}: (p)0f

. . log[m T (r,foq)
< lim suplim inf
= LT T L)

and
(m) L* _
hmmfk)g[m ' Tmfo g) (p) Ot < hmsupl g[m ”T(r fog)
T—00 log[n 1] T(T L(g)) EE))GI_@* oo log T(T L(g))
form>1.

The following theorem is a natural consequence of Theorem 1 and Theorem 3.

Theorem 5 If f be tmnscendental meromorphic and g be entire such that
(m)—L* (m) )= oL (m) 1~ (m) =~ _ (m) L~

0 < (p)Trog < () Oog < 00 0 < ()Tf < (jor <00, PRy = ()P and
> d(a;f) + 8(oc0;f) = 2 where m, n and p are any three positive integers,

a#oo
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then

1] (m) 51> (m) ;L

.. .log T(r,fog) . (p) Ofog  (p) Ofog
lim inf < min I i
T—00 T (r,L(f)) A p0f A (p)Of
(m)—r* (m) =

()-O O-O
< max (p) ffL*) (p) f QL*

A p)0f A (p)Of

MU (o, f
< limsup. 28 (r,fog)

T—00 T (r, L(f))
where A ={1 + k — kb (o00; )} and

(m)—r*x (m) [*
log™ T (v, f Ofog (p) %fo
lim inf o8 T (r,fog) < min (Fi) f*g,(m) f*g
= log™ T (1, L()) ek ot
(m)—r* (m) [*
O—O O-O
< max (p) fg’(p) fog
(gle * () 1
(p) - f (p)f
log™ "' T (r,
< lim sup © 7 (r,fog)
r—o0 log™ T (1, L(F))

form > 1.

Analogously one may state the following theorem without its proof.

Theorem 6 If f be meromorphic and g be transcendental entire with 0 <
(m)—L~ (m) L~ (n)—r* () L~ (m) 1 _ () L*

(p) Ofog = (p) Ofog < 00, 0 < ()05 < (0 < 00, (1) Pog = ()Pg and
> d(a;g) + 8(oc0;g) = 2 where my 1 and p are any three positive integers,
a#oo

then

[m—1] (m)ﬁl_* (m) O_L*

.. log T(r,fog) . (p) Ofog  (p) Ofog
lim inf < min T =

roco T (rL(g)) “ (p0g B (»0g

(m)_r* (m) _L*

< max 4 _P) Ofog  (p) 9fog
— —J *) *

- (p)0g B (p)0g

log™ T (r,fog)
< lim sup
300 T(r,L(g))
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where B ={1 +k — k& (o005 g)} and

log™ T (r,fog)

lim inf ] < min ’
T—00 log[nf } T (T, I—(g)) EE))EIQ* E;)) 0-19_*
(m)—r* (m) 1=
< max { P Ofog  (p) %fog
(n)al_* > (n) oL
P9 (p) 9
(m—1]
<limsup10 ] 1infog)
T—00 log[n_ IT (7, L(g))

form > 1.

Now in the line of Theorem 1, Theorem 3, Theorem 5 and Theorem 2,
Theorem 4, Theorem 6 respectively and with the help of Lemma 2 one can
easily prove the following six theorems using the notion of generalised ,L*-weak
type with rate p and therefore their proofs are omitted.

Theorem 7 If f be transcendental meromorphic and g be entire such that
(m),_L* (m)=L* (m),_L~ (n) =L~ (m)yrx _ ()L~

0 < (p) Trog = () Trog < 9 0 < () TF < ()Tr < 09 5y Afeq = (pAr and

> d(a;f) + 8(oc0;f) = 2 where m, n and p are any three positive integers,

a#oo

then
(m)_r* _
(p) Thog <l iglog" T fog)
{14+%k—k8 (00 )} (pyTE = 7T T(r,L(f)
(m)_r*
< (p) Tfog
o {1 + k —kd (oo;f)} : (p]T]f‘*
log™ T (r,fog)
< lim su
=T T L)
(m)=L*
- (p) Tfog
- {] + k —k& (OO,f)} : (p)’T]f‘*
and
) T log™ T (r,f0g) _ (3 Th
(p) “fog < liminf g y1049 < ) fog

M= — 5 m-1] - () r=*
() Tt © log™ T (r,L(f) i
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log™ T (r,fo g) Em])ﬂ;
< lim sup ’ < ) 709

oo log™ T (1 L(F) T (M

form > 1.

Theorem 8 If f be transcendental meromorphic and g be entire with 0 <

(m) L+ (n)—L* (m)yL* _ (M)yL* . L)
(p) Thog < 0, 0< T <00 () Afog = (p)Af and G#Zooé(a,f) + 8(o0;f) =2
where m, n and p are any three positive integers, then

fm—1] (m)=L*
lim imflog T(rfog) (p) Trog
T T (v, L(f)) T {14+ k—kb (o0;f)}- (p)flf‘*
log[m_” T(r,fog)
< lim su
=Y T L)
and
(m)—r*
log™ T (r, Tt log™ "' T (1, f
hmlnf Og[ 1 (T) ° g) S ('P) fog S limsup Og[ 7 (T', (¢] 9)
roo 1og™ T (v, L(f)) ggﬁ* r—o0 log™ T (v, L(f))
formn>1.

Theorem 9 If f be transcendental meromorphic and g be entire such that
(m),_L* (m)=L* (n), L~ (n)=L* (m)yrx _ (n)yLx

0 < (p)Trog < (p) Trog < 90 O < )T < ()TF < 00 () Ag = Ay and

> d(a;f) + 8(oc0;f) = 2 where m, n and p are any three positive integers,

a#oo

then
log™ VT (r,fo g) Em))Tg Eﬁ;)%ﬂ:
lim inf ) < min P gL* , P EL*
T—00 T (T, L(f)) (p]Tf A (p)Tf
(m)_r* (m)—r*
T [e] T o
< max (p) “fog (p) “fog
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where A ={1 4+ k — kb (o0;f)} and

(m)_r* (m)=r*

log[m T (r,fo g) (p) Tfog (p) Tfog

lim inf

1 < mi R
r=00 Jog™ T (v, L(f)) E“)) EQ
Emﬂé Sﬂw log™ T (1, o g)
< max , < lim sup 1 >
() L= (M) r—00 1og[“ IT (mL(F))
T Bk
form > 1.

Theorem 10 If f be meromorphic and g be tmnscendental entire with 0 <

(m),_r* (m)—L~ () L~ (n)=L* x _ (n)yrx
p Trog < () Thg < 00, 0 < (T S (I < oo, (AR = (A and
> d(a;g) + 8(oc0;g) = 2 where my . and p are any three positive integers,

a#oo

then

(m) L~ [m—1]
(p) Trog < limine 08 T(hfog)
— ) oA < ks T(mL(
{T+k—Kkd(00;9)} - (»)T5 (r,L(9))
(m),_r*
- (p) Tfog
“{T+k—kd(c0;9)}- (p)Tg*

[m—1]
. og T(r,fog)
< lim su
=Y T LU(g)

(m)—r*
(p) Tfog

< =
{1 +k—kd (OO,g)} : (p)Tg

and

form > 1.
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Theorem 11 If f be meromorphic and g be transcendental entire such that

0< Ml <00, 0< MAL" < oo, ML = MAL* g4 > d(a;g)+0(o0;g) =
(p) “fog (p) 9 oo

n
g (p) “fog ™ (p)

2 where m, n and p are any three positive integers, then

log™ T (r,f o g) ik
lim inf : < P 1=
500 T(r,L(g)) {1+k—Kkbd(o0;9)}- PTg

log™ YT (r,foqg)

< limsu
=LY T L)
and
)=L*
log™ I T (r, f o) To log™ T (r, f
i inf og[n_” (r,fog) < (Fi),f*g < limsup og[n_” (r,fog)
T—00 Jog T(r,L(g)) (p)TE r—oo  log T(r,L(g))
form > 1.

Theorem 12 If f be meromorphic and g be transcendental entire with 0 <
(m),_r* (m)—* (), _1* (n)=r* (m)arx _ (n)yL~

) Trog S (p) Trog < 00 0 < )Tg S )Tg < 00 (pArg = pAg and
> d(a;g) + 8(c0;g) = 2 where my 1 and p are any three positive integers,

a#oo

then

_ (m)_p* (m)—L*

o dog™ T (rfog) | () Treg  (p) Trog
lim inf < min R -
500 T (r,L(g)) B p)Tg B (T4

(m)_p* (m)=L*

T o T [}
< max (p) °f - (p) ffL*

B Ty B Ty

1 [m—ﬂT f
< lim sup o8 (r,fog)

r—300 T(r,L(9))
where B = {1 +k — k& (c0;g)} and

(m) *  (m)=r=*

1 m T f T o T o
liminf 28 < min o o (FQJ;_*Q
1= Jog T(r,L(g)) (p)Tlé (p)Tg

(m) *  (m)=r=*
Teo Teo
< max {4 P fg)(p) fog
() oix ” ()L
(p) "9 (p) "9
< lim sup og[ ” (r,fog)
r—oo log™ " T (r,L(g))
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form > 1.

We may now state the following theorems without their proofs based on
generalised ,L*- type with rate p and generalised ,L*-weak type with rate p.

Theorem 13 If f be transcendental meromorphic and g be entire such that
(m)—* (m) _* (), L (M) =r* (m) 1= _ (n)yL*

0 < p)Orog < (p) Orog < 00, 0 < ()T < ()Tr < 00, () Pog = (A7 and

> d(a;f) + 8(o0; f) = 2 where m, n and p are any three positive integers,

a#oo

then
(m) L~ _
(p) Ofog < lim ianOg[m T (r,fog)
{1+%k—kb8 (005 f)}+ (pTF ~ 700 T (r,L(f))
(m)—L*
< (p) Ofog
{1+ k—kb (c0;f)}- (p)T]f‘*
log™ T (r,fog)
< lim su
=T T L)
(m) r*
< (p) Ofog
T {1 +k—Kkd (005 F)} - (TF
and
(m)—* (m)—*
Ofo log™=UT (r, f Ofo
(I()r)t) ig < lim inf log o uT(r’LOfg) < (I()T]m) ;9
=L* T—00 - *
(p) T 0g (r,L(f)) (p) Tf
(m) _*
log™ T (v, Ofo
< lim sup og[ 1] (r,fog) < (p) _fog
oo log™ T (1, L(f)) — Male
(p) °f
form > 1.

Theorem 14 If f be transcendental meromorphic and g be entire with 0 <

E}TJ)GEQ < oo, 0< EE))?L* < 00, Eg)pgg = 8;))7\%* and #Z 8(a;f) + 8(o0;f) =2
a+00

where m, n and p are any three positive integers, then

log™ 1T (1,0 g) i) %%
lim inf : < P9 -
T—00 T (r, L(f)) {T+k—kd(00; )} (p)7T5

log[m_” T(r,fog)
< lim su
= ST T L)
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and
(m) L*
1 [m—1] 1 [m—1]
lim inf 08 1 T(T fog) < (p) %tog < lim sup o8 Trfog)
=0 1og™ T (1, L(1)) g;; roeo log™ T (1, L(f))
form > 1.

Theorem 15 Let f be transcendental meromorphic and g be entire such that
m) L * (m) L+ (), 1 o~ (M=~ (m) 1* _ (n)yr*

0 < {3 Thy < () 0F < 00, 0 < (7F < (f’ < oo, (Holly = [TAF and

> 6 (a;f) + 8(o0;f) = 2 where m, n and p are any three positive integers,

a#oo

then

[m—1] (m) O_ (m) O.L*

.. log T(r,fog) : (p) fog (p) Yfog
lim inf < min ) -

T—00 T (r,L(f)) AT A (p)Ts

(m)—]g* (m)U%*
< max (p) OQL“ (p) (EJL*

AT A ()T

log™ T (r,f
< lim sup 28 (r,fog)

500 T (v, L(f))
where A ={1 +k — kb (o0; )} and

(m)—r* (m) _r*
log™ VT (1, f Ofo Ofo
lim inf o8 T (r,fog) < min (Fi) f*g, (Fi] f*g
s 1ogm T (1, L(1)) et el
(m)—r* (m) p=*
Or, of,
< max (p) fg)(p) fog
(n)TL* (anL*
(p)°f (p) °f
log™ VT (v,
< lim sup & 3 (r,fog)
o0 log™ T (1, L(f))

form > 1.

Theorem 16 If f be transcendental meromorphic and g be entire with 0 <

(m) 1+ o (m)_r* (Mts o () i L _ () o
p TRy < () Ty < 00, 0 < (1o} < (o}’ < oo, AL, = (ol and

fog
> d(a;f) + 8(oc0;f) = 2 where m, n and p are any three positive integers,
a#oo
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then
(m)
(p) Tiog . Jog™ T (r,f0 g)
o < liminf
{1+%k—k8(c0;f)}+ (o — o0 T(r,L(f))
(m) _L*
< (p) Trog
T {1+ k—%kb (c0;f)}- (p)ﬁlf‘*
log™ T (r,fog)
<1
= YT T L)
(m)=L*
- (p) Tog
o {] +k —kd (OO,f)} . (p)ﬁlf‘*
and
(m)_p* [m—1] m)_[*
(p) Tfog .. 10g T (T) fo 9) (p) Tfog
(n) ol = hrrgg)lf log[n T (r, L(f)) (H)EL*
(» OF ) (p) O
(m)—r*
[m—1] T
: g™ ' T(r,fog) _ (p) Hog
< limsup—r—; S -
oo log T (v, L(f)) (p) Of
form > 1.

Theorem 17 If f be transcendental meromorphic and g be entire such that
(m) =L~ (m) 1+ (m)yL* (n) L . )
0< (p) Thog < 0, 0< 0 9F <0 () Afog = (p) Pf and a#zooé(a, f)+08(o0;f) =

2 where m, 1 and p are any three positive integers, then

[m—1] (m)—r*
i inf 28 T(r,fog) (p) Tfog
r—00 T (r,L(f)) {14+ k—Kkb (005 )} (pok
log[m*” T(r,fog)
< lim su
=Y T L)
and
(m)—*
o log™ VT (rfog) _(p Teo _ . log™ T (r,fog)
lim inf ] < < limsup 3
e log™ T (n L) T Mok T e log™ T (n, L(f))
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Theorem 18 If f be transcendental meromorphic and g be entire with 0 <
(m]) _r* (m)—* (n)—r* (n) _1* (myrx _ () r*

(p) Trog = (p) Trog < 00 0 < ()TF < y0f < 00, (yApg = ()Pf and
> d(a;f) + 8(o0; f) = 2 where m, n and p are any three positive integers,

aoo

then

[m—1] (m) _r* (m)—r~

.. Jog™ U T (r,fog) . (p) o (p) Tog
lim inf < min I i
T—00 T (r, L(f)) A (p0f A (p)0y
(m)_r* (m)—L*

TO TO
< max | 0090 oo

©p)Of A (p)Oy

log™ T (r,f
< lim sup o8 (r,fog)

00 T (7, L(f))
where A ={1 + k — kb (o0; )} and

log™ VT (r,fo g)

lirrg(i)gfl =T (v, L(F)) < min (ML=’ (n) 1~
8 : o »Or
(m)_* (m)=L*
Tio T,
< maxd P 9’(p) fog
(n)gL> > () o1+
(p)—f (p) - f
mUT (r, f
< limsup T (rfog)
r—oo log™ ! T (1, L(f))
form > 1.
Theorem 19 If f be meromorphic and g be transcendental entire such that
(m)_L* (m) L+ M) 1* o )=r* (m) 1* _ (n)y1*
0< (p) Ofog = (p) Ofog < 0 0< 0% ST <% (p) Prog = (phg and

(
> d(a;g) + 8(oc0;g) = 2 where my 1 and p are any three positive integers,

a#oo
then
(m)_r*
(;1) O—L—og . log[m_” T(rfo 9)
—+ < liminf
{1+k—kbd (oo,g)} () Tg T—00 T(T,L(Q))

(m)_L*
< (p) Ofog
{1+ k—kb (o0 g)} . (p)Tlg*

log™ T (r,fog)
< lim sup
300 T (r,L(g))
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(m) L
< (p) ~fog
“{T+k—kd(c0;9)}- p)’rg*
and
Em))ﬁg log™ VT (r,fo g) (n;)ﬁg
Fn)?”g = o log™ 1T (r)L(g)) ](Dn)TL*g
p) "9 ’ (P9
(m) L~
m—1] ()
< lim sup. 28 1 T(r,fog) < () Tfog
oo logm W T (r,L(g)) — M-
(p) "9
form > 1.

Theorem 20 If f be meromorphic and g be transcendental entire with 0 <

E;)O']E;g <00, 0< E;])TE < 00, E ))pfOg 7\L* and #Z d(a;g) + 0(o0;g) =2
a+00

where m, n and p are any three positive mtegers, then

[m—1] (m)O.L*
. Jog™ T (1, fog) (p) tog
lim inf < =g
T—00 T(r,L(g)) {1+k—kd(o0;9)} - (n7Tg
log™ VT (r,fo g)
< lim suplim inf
T—o0 T00 T (T‘, L(g))
and
(m) L* _
. flog[m]T(rfog) ) fg<1 log™ 1]T(r,fog)
R 10gm T (1, L (n)zL- lmsuPl T (r,L
og (rLlg)) — )7y oo log™ T (r,L(g))
form>1.

Theorem 21 If f be meromorphic and g be transcendental entire such that
)=L (m) _1* (n) = (n)=r* (m) 1+ _ (n)yL*

0 < () 0fog = (p) Ofog < 00, 0 < ()Tg < ()Tg < 00, () Prog = ()Ag and

> 8(a;g) + 8(o0;g) = 2 where my 1 and p are any three positive integers,

a#oo
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then
[m—1] (m)_p* (m) O_L*
.. log T(r,fog) . (p) Ofog  (p) Ofog
lim inf < min R -
r—o0 T (r,L(g)) B Ty B Ty
(m)—* (m) *
G o O- o]
< max (p) °f QL*) (p) fi*
B Ty B Ty
mUT (o, f

00 T(r,L(g))
where B = {1 +k — k& (oc0;g)} and

log™ VT (r,fo g)

m)—}g* (m)clf_*
lim inf =) < min (Fi) =5 (FT)I) ig
" logm T Lig)) W% ()%
(m)—r* (m) =
Or, of,
< max (p) fg’(p) fog
DTN
(p) 9 (p) 9
log™ "' T (r,
< lim sup og[ 1 (r,fog)
T—0o0 Ogni T(T‘,L(g))

form > 1.

Theorem 22 If f be meromorphic and g be transcendental entire with 0 <
(m),_1* (m)=L* (n)—=r* (n) 1+ (m)yr* _ (m) L+

(p) Trog = (p) Tog < 00, 0 < (0g = )05 < 00, yARg = )Py and
> d(a;g) + 8(oc0;g) = 2 where my 1 and p are any three positive integers,
a#oo

then
(m) 1+
(p) Tfog . log™ T (r,fog)
o < liminf
{T+k—Xk8(00;9)}+ (o =~ =00 T(r,L(g))
(m)_L*
(p) Trog

< —
{] +k — kb (OO,g)} (p)Ug

log[m*” T(r,fog)
< li
= YT T, Lg)

(m)—p*
(p) Tfog

S 71_*
{1 + k —kb (oo,g)} (p)Gg
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and
(m)_r* ) L*
Tfo log™ 1T (v, f Tfo
(Frz) ng Shmlnflog[n 1]T((r)]_(o ?)) (FTi) ];_g
© o T log™ T (1, L(g [l
(p) 9 (p) ™9
(m)=L*
[m—1] T
g™ "T(r,fog) _ (p) Tog
< lim sup <
oo log™ T (r,L(g) T (Mol
form > 1.

Theorem 23 If f be meromorphic and g be tmnscendental entire such that
0< ))Tfog<oo 0< ))crg < o0, ?\%09: ]pg anda§m6a9+6(oo 1g) =
2 where m, n and p are any three posztwe integers, then

[m—1] (m)—p*
limine 08 T(rfog) (p) Tfog
T—00 T(T‘,L(g)) “{1+k—kbd (oo,g)} (p)O'Ié*

log™ "' T (r,fog)

< limsup
00 T(r,L(g))
and
(m)—
. flog[m T (r,fo g) ;1) T% <1 log[m*” T(r,fog)
1Tn_1>1o£1 = < imsup
log IT (r, L(g)) (p)o' T—00 log T (r,L(g))

form > 1.

Theorem 24 If f be tmnscendental meromorphic and g be entire with 0 <
(m) L~ (m)= (M)—=r*  (n) [~ L _ () r*

(p) Tfog g ) Tfog <00, 0< ()0 < ()0 <00, ( )?\fog = Py a@dg has
the mazimum deficiency sum where m, n and p are any three positive integers,
then

_ (m)_r* (m)—r*

. dog™ T (rfog) ] () Tg  (p) Trog
lim inf < min = =
rooo T (rL(g)) “ (p0g B (»0g

(m)_r* (m)_*

Ts, Tro

B. )0y B (p)0g

log™ T (r,f
< limsup 2 (r,fog)

r—00 T(r,L(g))
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where B ={1 +k — k& (o005 g)} and

(m)_r* (m)=r*
log™ VT (1, f Thog (p) o
T—00 - —L* *
°8 (r,Lig)) % (Y
(m)_r*x (m)=L*
T o T o
< max (p) fg’m) fog
(gl (0] 1
P79 (P9
log™ T (v, f
< limsup © 3 (rfog)
o0 log™ U T (1,L(g))
form>1.
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