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Abstract. In this paper the notion of pvg-closed sets and certain char-
acterizations of such sets have been given. As an application of pvg-
closed sets, the notion of (W, v)-regular spaces and (W, v)-normal spaces
have been introduced and some characterizations of such spaces are also
given.

1 Introduction

For the last one decade or so, a new area of study has emerged and has been
rapidly growing. The area is concerned with the investigations of generalized
topological spaces and several classes of generalized types of open sets. Re-
cently, a significant contribution to the theory of generalized open sets, was
extended by A. Csdszdr [1, 2, 3]. It is observed that a large number of papers
are devoted to the study of generalized open sets, containing the class of open
sets and possessing properties more or less similar to those of open sets.

We recall some notions defined in [2]. Let X be a non-empty set and expX
denote the power set of X. We call a class u € expX a generalized topology
[2], (briefly, GT) if @ € p and union of elements of p belong to . A set X
with a GT p on it is called a generalized topological space (briefly, GTS) and
is denoted by (X, ). For a GTS (X, u), the elements of p are called p-open
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sets and the complements of p-open sets are called p-closed sets. For A € X,
we denote by c,(A) the intersection of all p-closed sets containing A, i.e., the
smallest p-closed set containing A; and by 1i,,(A) the union of all p-open sets
contained in A, i.e., the largest p-open set contained in A (see [2, 3]).

It is easy to observe that i,, and ¢, are idempotent and monotonic, where the
operator y : expX — expX is said to be idempotent if A € X implies y(y(A))
= v(A) and monotonic if A £ B € X implies y(A) € y(B). It is known from
[3, 1] that if pisa GT on X, x € X and A € X, then x € ¢, (A) iff xe M e p
= MNA # 2. It is also well known from [3, 1] that x € i, (A) if and only if
there exists U € p with x € U such that x € U £ A and ¢ (X\A) = X\ iu(A)
and 1, (X \ A) =X\ cu(A).

2 pvg-closed sets and pvg-open sets

Definition 1 Let u and v be two GT’s on a set X. Then A S X is called
uvg-closed [4] if c,(A) € U whenever A € U and U € w. The complement of
a wvg-closed set is called a pvg-open set.

Proposition 1 Let w and v be two GT’s on a set X. Then for A,B S X the
following holds:

(i) If A is v-closed then A is wvg-closed.
(ii) If A is wvg-closed and p-open then A is v-closed.
(iii) If A is uvg-closed and A € B € ¢ (A), then B is uvg-closed.

Proof. (i) Let A be a v-closed subset of X and A € U € p. Then ¢, (A) =
A € U and thus A is pvg-closed.

(ii) Let A be a pwvg-closed, p-open subset of X. Then c,(A) £ A and hence
A is v-closed.

(iii) Let B € U where U is a p-open set. Then A € U and hence by pvg-
closedness of A, ¢, (A) € U. Now ¢ (A) S c,(B) Sc, (c,(A)) =c,(A). Hence
c,(A) =c,(B). Therefore c,(B) € U and hence B is pvg-closed. O

Theorem 1 Let w and v be two GT’s on X. Then A € X is uvg-closed if and
only if ¢,(A) NF =@ whenever ANF =& and F is p-closed.

Proof. Let A be a pvg-closed subset of X and F be p-closed with ANF = @.
Then A € X\ F where X\ F is p-open. Thus ¢ (A) € X\ F. Therefore we have
c,(A)NF=o.
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Conversely, let A € U and U be p-open. Then AN (X\ U) = & where X\ U
is p-closed. Thus by hypothesis, ¢, (A) N (X\ U) = @ and hence ¢, (A) € U
showing A to be pvg-closed. U

Definition 2 [5] Let (X,u) be a GTS and A € X. Then the subset /\u(A is
defined by

AL(A) = N{G:A < G,G €y}, if there exists G € w such that A & G;
T X, otherwise.

Theorem 2 Let w and v be two GT’s on X. Then A(S X) is wvg-closed if

and only if ¢, (A) & A\, (A

Proof. Suppose that A is pvg-closed. Let x & /\u(A)' Then there exists a
p-open set G with x ¢ G and A £ G. Then x ¢ c,(A) (as A is pvg-closed).
Thus c,(A) € /\u(A

Conversely, suppose that ¢, (A) € /\ . Let A € U where U is p-open.
Then ¢, (A) E A, (A) € /\u( = UW. Thus A is uvg-closed. O

Theorem 3 Let w and v be two GT’s on X. Then A(S X) is called uwvg-closed
if and only if ¢, ({x}) NA # @ for each x € c,(A).

Proof. Suppose that A is uvg-closed and ¢ ({x}) NA = & for some x € ¢ (A).
Then A € X\ ¢, ({x}) where X\ ¢, ({x}) is p-open. Thus c,(A) & X\ c ({x}) &
X\ {x}. This contradicts the fact that x € ¢ (A).

Conversely, suppose that A be not pvg-closed. Then ¢ (A)\U # & for some
w-open set U with A € U. Let x € ¢,(A)\ U. Then x € ¢, (A) and x ¢ U.
Then ¢, ({x}) "U = @ and hence c,({x}) N A € ¢, ({x}) N U = &. This shows
that c, ({x}) N A = & for some x € c,(A). O

Theorem 4 Let w and v be two GT’s on X. Then a subset A(S X) is uvg-
open if and only if F €1, (A) whenever F € A and F is p-closed.

Proof. Suppose that A is uvg-open. Let F £ A and F be p-closed. Then
X\A € X\F € pand X\ A is pvg-closed. Thus X\ 1, (A) =c (X\A) & X\F
and hence F S 1 (A).

Conversely, let X\ A € U where U is p-open. Then X\ U € A and X\ U
is p-closed. Thus by the hypothesis, X \ U € 1, (A) and thus c, (X \ A) =
X\ 1,(A) € U. Hence A is pvg-open. O
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Definition 3 Let u and v be two GT’s on X. Then w and v is said to have
the property (%) if A € u, B € v implies that AUB € p.

Theorem 5 Let i and v be two GT’s on X satisfying the property (x). Then
the following are equivalent:

(1) A is uwvg-closed.
(2) ¢, (A)\ A does not contain any non-empty w-closed set.
(3) ¢, (A)\ A is uwvg-open.

Proof. (1) = (2): Suppose that A is a pvg-closed set. Let F € ¢, (A
F be p-closed. Then A € X\ F where X\ F is p-open and hence, ¢ (A
Therefore, we have F € X\ ¢, (A) and hence, F € ¢, (A)N (X \ c,(A))
Thus F = 2.

(2) = (3): Let us assume that F < ¢, (A)\ A and F be p-closed. By (2), we
have F = @ and F £ i, [c,(A)\A]. Hence by Theorem 4, ¢ (A)\A is pwvg-open.

(3) = (1): Suppose that A € U and U is p-open. Then, ¢, (A)\U € ¢ (A)\A.
By (3), ¢, (A)\ A is pvg-open. Since pn and v have the property (*), ¢, (A)\ U
is p-closed (as ¢, (A) is v-closed and X\ U is p-closed). By Theorem 4, we have
c,(A\NUC i, (c,(A)\A)=a. [In fact if i, (c,(A)\A) # &, then there exists
some x € 1,(c,(A)\A). Then, there exists G € v such that x € G € ¢ (A)\A.
Since G € X\ A, we have GNA =@ and G € v. Thus GNc,(A) = @ and
G € X\ ¢, (A). Therefore, we obtain G € ¢ (A)N(X\c,(A)) = @.] Therefore,
we have ¢, (A) € U and hence A is pvg-closed. O

Theorem 6 Let w and v be two GT’s on X satisfying the property (). A
subset A of X is wvg-open if and only if G = X whenever G is w-open and
i, (AJU(X\A) CG.

Proof. Let A be a pvg-open set and G be p-open with i, (A) U (X\ A) € G.
Then X\ G € ¢, (X\ A)\ (X\ A). Since X\ A is pvg-closed and X \ G is
u-closed, by Theorem 5, X\ G = @ and hence G = X.

Conversely let us assume that F £ A and F be p-closed. Since pu and v have
the property (x), we have i, (A)U(X\A) € i, (A)U(X\F) and iy (A)U(X\F) is
u-open. Thus by the hypothesis, X =1, (A)U(X\F). Hence, F = FN (i, (A)U(X\
F)) =FNi, (A) €1, (A). Thus from Theorem 4 it follows that A is wvg-open.
O

Theorem 7 Let w and v be two GT’s on X. For any x € X, {x} is u-closed or
Lwvg-open.
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Proof. Suppose that {x} is not p-closed. Then X\{x}is not p-open. Then either
there does not exist any p-open set containing X \ {x} or the only u-open set
containing X \ {x} is X itself. Therefore, c_ (X \ {x}) £ X and hence, X \ {x} is
uwvg-closed. Thus {x} is wvg-open. O

3 (u,v)-regular space and (W, Vv)-normal space

Definition 4 Let w and v be two GT’s on X. Then (X,u,v) is said to be
(1, v)-regular if for each p-closed set F of X not containing x, there exist dis-
joint v-open sets U and V such that x € U and FS V.

Theorem 8 Let u and v be two GT’s on X. Then the followings are equiva-
lent:

(i) X is (u,v)-regular.

(ii) For eachx € X and each U € W containing x there exists V € v containing
x such that x € V < ¢y (V) € U.

(iii) For each p-closed set F of X, {cy(V):FE Vev)=F.

(iv) For each subset A of X and each U € w with ANU # &, there exists a
V € v such that ANV # & and ¢y (V) € U.

(v) For each non-empty subset A of X and each p-closed subset F of X with
ANF = @, there exist VW € v such that ANV # &, F C W and
wnv=g.

(vi) For each p-closed set F with x € F there exists U € w and a wvg-open set
V such thatx e U, FEV and UNV = &.

(vii) For each A € X and each p-closed set F with ANF = & there exists U € p
and a wvg-open set V such that ANU# I, FECVand UNV = 2.

(viii) For each pu-closed set F of X, F = N{cy(V) : F S V|V is wvg-open}.

Proof. (i) = (ii): Let U be a p-open set containing x. Then x ¢ X\ U, where
X\ U is p-closed. Then by (i) there exist G,V € v such that X\ U £ G and
xeVand GNV=g. Thus VE X\ Gandsox eV Ccy(V)EX\GE U

(ii) = (iii): Let X\ F € u be such that x ¢ F. Then by (ii) there exists U € v
containing x such that x € U € ¢y (U) € X\F. So, F € X\ ¢cy(U) =V (say)e v
and UNV =@. Thus x € ¢y(V). Thus F 2 Nfcy (V) : FEV € v}

(iii) = (iv): Let U € p with x € UN A. Then x ¢ X\ U and hence by (iii)
there exists a v-open set W such that X\ U €& W and x ¢ ¢, (W). We put
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V = X\ ¢y(W), which is a v-open set containing x and hence ANV # & (as
x€ANV). Now VC X\ W and so ¢, (V) EX\WC U

(iv) = (v): Let F be a p-closed set as in the hypothesis of (v). Then X\ F is
a p-open set and (X\F)NA # @&. Then there exists V € v such that ANV #£ &
and ¢y (V) € X\ F. If we put W =X\cy(V),then FEW and WNV = 2.

(v) = (i): Let F be a p-closed set not containing x. Then by (v), there exist
W,V € vsuch that FEWand x € Vand WNV = 2.

(i) = (vi): Obvious as every v-open set is pvg-open (by Proposition 1).

(vi) = (vii): Let F be a p-closed set such that ANF = & for any subset
A of X. Thus for a € A, a € F and hence by (vi), there exists U € pu and a
uvg-open set V such that ae U, FEVand UNV =g and ANU # &.

(vii) = (i): Let x ¢ F, where F be p-closed. Since {x} NF = &, by (vii) there
exist U € p and a pvg-open set W such that x e U, FE W and UNW = &.
Now put V = iy, (W). Then F € V (by Theorem 4) and UNV = &.

(iii) = (viii): We have F € N{cy (V) : F < V and V is pvg-open} € nfcy (V) :
FC Vand Vis v-open} = F.

(viii) = (i): Let F be a p-closed set in X not containing x. Then by (viii)
there exists a pvg-open set W such that F € W and x € X\ ¢y (W). Since F
is p-closed and W is pvg-open, F € 1, (W) (by Theorem 4). Take V = i, (W).
Then FEV, x € X\ ¢y(V)=U (say) (as ( X\F)NV=g)and UNV =2. O

Definition 5 Let w and v be two GT’s on a set X. Then (X, w,Vv) is said to
be (1, v)-normal if for disjoint u-closed sets F, and F,, there exist U, U, € v
such that F, S U,,F, €U, with U, NU, = 2.

1Y'2 =

Theorem 9 Let u and v be two GT’s on X. Then the following properties are
equivalent:

(i) (X,u,v) is (K, v)-normal;

(ii) for any two disjoint n -closed sets F1, F,, there exist uvg-open sets V,,V,
such that F, S V,, F, £V, and V, NV, = 2;

(iii) for any wu-closed set F and any p-open set U containing F, there exists a
uvg-open set V such that FE V S ¢ (V) € U;

(iv) for any pu-closed set F and any p-open set U containing F, there exists a
v-open set G such that FS G S ¢, (G) € U;

(v) for any disjoint p-closed sets F,,F,, there exists a uvg-open set V such
that F, SV and c,(V)NF, = o;

(vi) for any disjoint w-closed sets F,, F,, there exists a v-open set G such that
F,£Gandc,(G)NF, =02.
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Proof. (i)= (ii): Follows from (i) as, every v-open set is pvg-open.

(ii) = (iii): Let F be a p-closed set and U be any p-open set containing F.
Then F and X\ U are disjoint p-closed sets and by (ii) there exist pvg-open
sets V|, V, such that FE V,, X\ U €V, with V, NV, = @. Since V, is pvg-
open, by Theorem 4, X\ U € i, (V,). Hence, c,(V,) N1, (V,) = @. Therefore,
we obtain F £V, € ¢ (V,) € X\1i,(V,) & U. Put V =V,, then we obtain
FEVCec, (V)CU

(iii) = (iv): Let F be a p -closed set and U be any p-open set containing F.
Then by (iii) there exists a pvg-open set V such that F&E V € ¢, (V) € U. By
Theorem 4, F € 1 (V). Put G =1,(V). Then G is a v-open set. Furthermore,
we obtain FE€ G S ¢, (G) & ¢ (V) S U

(iv) = (v): Let F,,F, be any two disjoint p-closed sets. Since X \ F, is
a p-open set containing F,, by (iv) there exists a v-open set V such that
F, €V <, (V)E X\F,. By Proposition 1, V is pvg-open. Furthermore, we
have F, € Vand ¢, (V) NF, =@.

(v) = (vi): Let F,, F, be any disjoint p-closed sets. Then there exists a pvg-
open set V such that F, € Vand ¢, (V) NF, = &. By Theorem 4, F, £ i, (V).
Set G=1,(V). Then Gev,F, £ Gand c,(G)NF, =@.

(vi) = (i): Let F,,F, be any two disjoint p-closed sets. Then by (vi) there
exists G € v such that F, £ G and ¢, (G) NF, = @. Now, put U, = G
and U, = X\ ¢, (G). Then U, and U, are disjoint v-open sets, F, £ U, and
F, € U,. This shows that (X, w,v) is (i, v)-normal. O

4 Conclusion

Interchanging p and v by different weak forms of open sets we can character-
ize different weak forms of generalized open sets and different weak forms of
regular and normal spaces. If 1 = v, then we get the results obtained in [6].
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