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Abstract. In this paper, a general integral identity involving Riemann-
Liouville fractional integrals is derived. By use this identity, we establish
new some generalized inequalities of the Hermite-Hadamard’s type for
functions whose absolute values of derivatives are convex.

1 Introduction

The following definition for convex functions is well known in the mathematical
literature:

The function f : [a,b] C R — R, is said to be convex if the following
inequality holds

fAx 4+ (1 =A)y) < Af(x) + (T —=A)f(y)

for all x,y € [a,b] and A € [0,1]. We say that f is concave if (—f) is convex.
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Many inequalities have been established for convex functions but the most
famous inequality is the Hermite-Hadamard’s inequality, due to its rich geo-
metrical significance and applications(see, e.g.,[12, p.137], [6]). These inequali-
ties state that if f : I — R is a convex function on the interval I of real numbers
and a,b € [ with a < b, then

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of
convexity and it follows easily from Jensen’s inequality. Hadamard’s inequality
for convex functions has received renewed attention in recent years and a
remarkable variety of refinements and generalizations have been found (see,
for example, [6, 8, 9, 12], [14]-[16], [22], [23]) and the references cited therein.

In [16], Sarikaya et. al. established inequalities for twice differentiable convex
mappings which are connected with Hadamard’s inequality, and they used the
following lemma to prove their results:

Lemma 1 Let f:1° C R — R be twice differentiable function on 1°, a,b € I°
with a < b. If f' € L1[a,b], then
pra Jo Fx)dx — £ (432)
(2)

jo ) [f”(ta+ (1 —t)b) + ”(tb + (1 — t)a)] dt,
where

2, te[0,3)
m(t) .=

(1—t)?%, tel,.

Also, the main inequalities in [16], pointed out as follows:

Theorem 1 Let f : I C R — R be twice differentiable function on 1° with
7 € L1la, bl. If |f"] is convex on [a,b], then

f flx a}rb) < (b—a)? [\f”(a)lﬂf”(b)\} ' (3)

24 2
Theorem 2 Letf:1 CR — R be twice differentiable function on 1° such that
f” € L1la,b] where a,b €1, a < b. If [f"|9 is convez on [a,b], q > 1, then

1 (b b) (b—a)2 [ (@)|9+1"(v)]9] /9
Ta,,raf(x)dx_ a+ = 82p+])1/p [ 7 } (4)
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1,1
wherep+q—1.

In the following we will give some necessary definitions and mathematical
preliminaries of fractional calculus theory which are used further in this paper.
More details, one can consult [7, 10, 11, 13].

Definition 1 Let f € Ly[a,bl. The Riemann-Liowville integrals 5 f and J§_f
of order o« > 0 with a > 0 are defined by

IQHMZF&J:R—U*WHMQx>a
and

[2 1 b o—1
Jo_f(x) = F(oc)J (t—x)" f(t)dt, x<b

respectively. Here, T'(a) is the Gamma function and ](()Hf(x) = ]%_f(x) = f(x).

Meanwhile, Sarikaya et al. [19] presented the following important integral
identity including the first-order derivative of f to establish many interest-
ing Hermite-Hadamard type inequalities for convexity functions via Riemann-
Liouville fractional integrals of the order « > 0.

Lemma 2 Let f: [a,b] — R be a differentiable mapping on (a,b) with 0 <
a<b. Iff" € Lla,b], then the following equality for fractional integrals holds:

27 M+ 1) ., « a+b
(b—@“DP?H“M+JW?)ﬂaﬂ_f<;Z>

b—a ([ t 2t ] 2t t
= t*f [ = = b )dt—| t*f -b | dt
P Gor t) o e (e o) af

with o« > 0.

It is remarkable that Sarikaya et al. [19] first give the following interesting
integral inequalities of Hermite-Hadamard type involving Riemann-Liouville
fractional integrals.

()

Theorem 3 Let f : [a,b] — R be a positive function with 0 < a < b and
feLlla,b]. If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

a+b 201 (& 4 1) X )
f< 2 >§ Boa Ve )+t f(@)] < =25 ©

with o« > 0.
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For some recent results connected with fractional integral inequalities see
([1, 2, 3, 4, 5], [17], [18], [20], [21], [24])

In this paper, we expand the Lemma 2 to the case of including a twice dif-
ferentiable function involving Riemann-Liouville fractional integrals and some
other integral inequalities using the generalized identity is obtained for frac-
tional integrals.

2 Main results
For our results, we give the following important fractional integrtal identity:

Lemma 3 Let f : [a,b] — R be twice differentiable mapping on (a,b) with
0<a<b. Iff" € Lla,b], then the following equality for fractional integrals
holds:

(a+1) (1 =AN)*A*f(Aa+ (1 —A)b)

1Nr 1
_ W |:7\¢x+1 I?‘)\a+(1_)\)b)7f(a) + (] - AJ“+]J?Aa+(1—7\Jb]+f(b)]

1
= —(b—a)? (1 = A)xHTpxH] {(1 —A) Jt"‘“f” tAa+ (1=A)b)+(1—t)aldt (7)
0

1
+>\J (1—=1)*"" " [tb + (1 —t)(Aa + (1 — A)b)] dt}
0

where A € (0,1) and o« > 0.

Proof. Integrating by parts

1
Jt"‘“f” [t(Aa+ (1 =A)b) + (1 —t)al dt
0

T [EAa+ (1= A)b) + (1 — t)a] |

(1—=2A)(b—a) 0
o+ 1
— | t*f tAa+ (1 =A)b) + (1 — t)a] dt
(1—A)(b a)l
_ A+ (1=A)b) o+ 1

(1=A)(b—a) (1=A)(b—a)
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1
Jt“1f[dAa4—U-—A)b)+(1——Ua]dt

0
f'(Aa+(1—=A)b) (ax+1)f(Aa+ (1 —A)b)

f(Aa+ (1=A)b) o
1-=ANb—a) (1=2A)(b—a)

(1-Ab—-a)  (1-A%b—a)?
( D Aa+(1-A)b
o+ a,
+( )\)ochZ( )cx+2 J (x—a) ]f(x)dx
f’(7\a+(1 A)b) (oc+1)f(7\a+(1—7\)b)
~ (1-A)(b—a) (1—2)2(b—a)?

(+UF(+U
(1 iX)\)owrz(b(x_ a)ourz] Aa+(1-np)- (@)

that is,

1
— Jt“*‘f” tAa+ (1 —=A)b) + (1 —t)a] dt
0

f'(Aa+ (1—A)b) | (a+1)f(Aa+ (1—A)b) (8)
- NO—a) (- Nb_aP?
(x+DT(x+1) y
(1 =2A)*2(b— a)oc+ZI (Aa+(1-A)b (a)

and similarly we have
1
— J (1= [tb + (1 —t)(Aa+ (1 —A)b)] dt

0
f"(Aa+ (1 —A)b) n (c+1)f(Aa+ (1 —A)b)

7\(b - a) }\Z(b . Cl)z
b
(c+T1)x o 0
T AxZ(p — q)ai2 J (b—x)*" f(x)dx )
Aa+(1-A)b
_fAa+(1—=A)b)  (a+1)f(Aa+ (1 —A)b)
A(b - Cl) 7\2(b _ a)z

(c+DT(x+1)
- }\oc+2(b )oc+2 I)\aJr] —A)b *f(

b).

Adding (8) and (9) we have (7). This completes the proof. O
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Corollary 1 Under the assumptions Lemma 3 with A = %, then it follows
that

2 1
%@{Jtmfﬁ [t <a;b>+“_ﬂa} y

0

1
o1 o a+b
+J(1—t) tf [tb—l—(]—t) 5 }dt}
0

fla) +J%ny+ ()] -

:(a+1)f<a+b>_(oc+1)F(oc+1)[I(X s

2 (b—a)®2l—> ["(*5°)

Remark 1 If we choose x =1 in Corollary 1, we have

b
a+b 1
f( > )—b_an(x)dx

2 1
— _(b]ga) {Jtzf” [t <a;b> + (1 —t)a] dt
0

1
2 a+b
Jo-efoen-nsial,

Theorem 4 Let f:[a,b] — R be twice differentiable mapping on (a,b) with
0<a<b. If[f"|9, q > 1 is convex on [a,b], then the following inequality for
fractional integrals holds:

(x+ 1T (x+1)
(b—a)®

< P s f(@) + (0= A g (D))

_ (b—a) (1 = A IAH {“ 2 <(oc+ 2) 1" (Aa+ (1= A)b)|? + 1 (@) )é

(x+1) (1T =AN*A*f(Aa+ (1 —A)b) —

B (+2)""a a3

+A ((oc+z) [ (Aa+ (1= A)b)|" + " (b)lq>‘*} .

x+3

where A € (0,1) and o > 0.
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Proof. Firstly, we suppose that g = 1. Using Lemma 3 and convexity of [f”|9,
we find that

(x+1)T (x+1)
(b—a)*

x A 1ma) @)+ (1 =N a1 ey F0)]|

(c+ 1) (1T=A)*AF(Aa+ (1 —A)b) —

1
< (b—a)? (1 —A)xrTpet! {(1 —A) thx“ It [t(Aa+ (1 —A)b) + (1 — t)a]| dt
0
1
+)\J (1=t)*"" [ [tb + (1 —t)(Aa + (1 = A)b)]| dt}
0
1
< (b—a)® (1= A)xHTpet] {(1 —A) thx“ I Aa+ (1—=A)b)|+ (1 —1)|f (a)]] dt
0

1
—&—)\Jﬂ — ) I (D) + (1T —t) [f (Aa+ (1= A)b)]] dt}
0

(b—a)? (1 —A)*+TExH { ((06+2) If” (Aa+ (1 —A)b)| + [f” ((UI)
= (1—=2A)
x+2 x+3
A ((oc+2) [ (Aa + (1 —A)b)| + [ (b)q)}.
x+3

Secondly, we suppose that q > 1. Using Lemma 3 and power mean inequality,
we have

1
{(1 —)\)Jt"‘“f” [t(Aa+ (1 —=A)b) + (1 —t)a] dt
0

1
+7\J (1=t [tb + (1 —t)(Aa + (1 — A)b)] dt}
0

1—1

1 q 1
<(1=2A) (Jt‘x“) (Jt‘x“ It [t(Aa + (1 = A)b) + (1 — t)a]|? dt)
0

0

1 -3 /1 T
+A (JU —t)““) (Ju — T b+ (1 — t)(Aa + (1 = A)b)]|? dt) )

0 0
(11)

q
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Hence, using convexity of [f’|9 and (11) we obtain

(1) (1= A)A%(Aa+ (1 —A)p) — Xt DIlat D)
(b—a)
A st @)+ (=A% 8y 7))

_ 2 _ oa+1yax+1 ! %
L U—M(Jt“*‘ [t|f“ma+(1—A)b)|+(1—t)|f”(a)udt>
(x+2) 4 5

1 q
+A (J (1= [t (0)l + (1 =) [f” (Aa+ (1 —A)b)] dt)
0
SELETRUED Mty SR (et 2 et A (a)|)3
- (a+2)' 7 (o +2) (o +3)

o ((oc+2) £ (Aa + (1= A)b)| + [f” (b)|9 ) a
(ot +2) (x+3) )

This completes the proof.

Corollary 2 Under assumption Theorem 4 with A = %, we obtain

a+b (o +1) « N
H 2 > T b-a2 [I(azb)“‘” * J(a;b)*“")] ’

8o+ 1) (ax+2)"4 x+3

((cx+z) [ (252) |9 + 1" (b)|q> 3}
+ .
o+3

Remark 2 If we choose o« =1 in Corollary 2, we have
b
f (a;b) B blajf(x)dx
a
_ (b-a) { (3 £ (42)|* + 1 (a)|q>3‘ . (3 |7 (252) | + £ (b)|q>31 } .
T 16x3 4

T 4
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Theorem 5 Let f:la,b] — R be twice differentiable mapping on (a,b) with
0<a<b. If[f"|9 is conver on [a,b] for same fized q > 1, then the following
inequality for fractional integrals holds:

(c+ DT (x+1)
(b—a)®

X [7‘“+]]f3\a+(14\)b)7f(a) + (1 _)\)O‘JF]IE);\aJr(]f)\)b)*f(b)”
(b—a)? (1— A< A= {“_M<|f"ma+m_A)b)|q+|f"(a)|q>3 (12)
(plat+1)+1)% 2

+A <|f” (Aa+(1 —Az)bnq + 1 (b)lq)q} .

(1) (1= A)*A%F(Aa + (1 —A)b) —

<

where%%—%:],?\e(o,ﬂ and o« > 0.

Proof. Using Lemma 3, convexity of || well-known Holder’s inequality, we
have

(x+1)T (0c+1)
(b—a)®
X A T 1oae) (@) (=N g 1o F(0)]|

1

’(oc—i— 1) (1= A)*A%F(Aa+ (1 — AJb) —

1 P
< (b o (1)2 (1 7}\)cx+1?\oc+1 (-I 7}\) (Jtp(“+1))
0

q

1
(JH” [tha+ (1=A)b) + (1 — t)a]| dt)
0

1 P 1 q
+A (J(] —t)m‘””) (Jh‘” [tb + (1 —t)(Aa+ (1 —A)b))| dt)

0 0
<(b— (1)2 (1 7>\)oc+1>\cx+1

1

J [tIf”(Aa+ (T—=NB)* + (1 —t) [f ()] dt)

X
\
=
&)
1S3
+
+
=
~
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1
q
1

A
(ple+1)+1)7¥

1
(J [tIf” (0)|7 + (1 —1) [f"(Aa+ (1 —A)b)|] dt)
0

_ (b= (1A A { (|f~ma+ (1-A)b)|* + 1" ()| ) .
- 1 (1 _)\)
(pla+1)+1)% 2

o (e X e 1 } .

2

Corollary 3 Under assumption Theorem 5 with A = %, we obtain

a+b I(oe+1) N .
(50 eyt ey 110+ T 100

< (b—ay (\f"(%b)!‘wlf"(a)lq)q
T 8(at D (platl) 1) 2

(e +f“(b>“)q}.

Remark 3 If we choose o« =1 in Corollary 3, we have

b
a+b 1
f< > >—b_an(x)dx

LS (lf"<az+b>\“+lf"(a)l“>“+(\f”<az+b>!q+lf"(b>l‘*>q .
C16(2p+ 1) 2 2

Theorem 6 Let f:[a,b] — R be twice differentiable mapping on (a,b) with
0<a<b. If f"|% is conver on [a,b] for same fived q > 1, then the following
inequality for fractional integrals holds:

(c+ 1T (x+1)
(b—a)*

X [}\o‘H]%\aHlf}\)b)*f(a) +0 _}‘)aﬂ]%\aﬂlﬁ\)b)*f(b)”
< (b—a)* (1 —A)*HIAH

‘(cx—k 1) (1 =AN*A*f(Aa+ (1 —A)b) —
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- ((q(oc+1)+1)|f”(7\a+(1 —A)b)|q+|f"(a)|q>é
(qle+T1)+1)(q(x+1)+2) 13

+7\ ((q(oc+1)+1)|f” (Aa+ (T —=A)b)|9 + | (b)|q>l
(qla+1)+1)(q(x+T1)+2) )

where A € (0,1) and o« > 0.
Proof. Using Lemma 3, convexity of [f/|9 well-known Holder’s inequality, we
have

(x+1)T (x+1)
(b—a)®

X A o am f@) + (1= 0% T F(0)]|

1o\ /1 q
<(b-—a)?(1 A)““A““{m —2) (JW) (Jt‘“‘”” [ t(ha+ (1= A)b) + (1 — t)al|*? dt)
0

0

(4 1) (1 =A)"A*f(Aa + (1 —A)b) —

1 P 1 %
A (Jw) (J(1—t)q“"+”|f”[tb+(1—t)(xa+(1—>\)bn|“dt) }

0 0

1 T
<(b—a)?(1=A)>"AxH {(1 —A) (th“"*” [t]f" Aa+ (1T=A)B)|*+ (1T =) | (a)|"] dt)

0

0

1 T
+A (J(l — 9|7 (D)) + (1 =) [f"(Aa+ (1= A)b)|] dt) }

et g (L@l D)+ 1) (Aa+ (1= A+ I ()T
ST {“ 0 (T T )

+}\<(Q(06+1)+U|f" (Aa+ (1 =AB)* + If” (b)|">3
(qle+D+1)(qec+1)+2) '

Corollary 4 Under assumption Theorem 6 with A = %, we obtain

a+b Maoa+1) . X
(*57) = e [y 7@+ ey 0|

b—a)? {((q(cx—H)—H) | (a;b)\“ﬂf"(anq);

<

(
8(ax+1) (qle+1)+1)(q(x+1)+2)
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N (q o+ 1)+ 1) [ (<2)] 7 + 1 (b)) .
(qlax+T1)+1)(q(ax+1)+2)

Remark 4 If we choose & =1 in Corollary 4, we have

b
a+b 1
f( > >_b—an(X)dX

- (b—a)? 2q+1) | (%b)}q + " (a)|9 @
- 16 (29+1)(29+2)

. ((Zq £ (5529 47 (b)|q>3‘

(2g+1) (29 +2)
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