E DE GRUYTER

orEn AcTA UNIV. SAPIENTIAE, MATHEMATICA, 7, 2 (2015) 278-286

&

DOI: 10.1515/ausm-2015-0019

Properties of certain class of analytic
functions with varying arguments defined
by Ruscheweyh derivative

Agnes Orsolya Pall-Szabo Olga Engel
Babeg-Bolyai University, Romania Babeg-Bolyai University, Romania
email: pallszaboagnes@yahoo.com email: engel_olga@hotmail.com

Abstract. In the paper are studied the properties of the image of a
class of analytic functions defined by the Ruscheweyh derivative trough
the Bernardi operator.

1 Introduction

Let A denote the class of functions of the form:
flz) =z+ ) a2k, (1)
k=2

which are analytic and univalent in the open unit disc U={z € C: |z| < T}.
Let g € A where

9(z) =z+ ) bz~ (2)
k=2
The Hadamard product is defined by
(fxg)(z) =z+ ) aybiz® = (g f)(2). (3)
k=2
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Ruscheweyh [4] defined the derivative DY : A — A by

__
(1 =z

In the particular case n € Ny ={0,1,2...}

DYf(z) = «f(z2), [y = —1). (4)

227 (z)™

Df(z) =
n!

()

The symbol D™f(z)(n € Ny) was called the n-th order Ruscheweyh deriva-
tive of f(z) by Al-Amiri [1]. It is easy to see that

D%f(z) = f(z), D'f(z) = zf'(2)

Df(z) =z + Z §(n, k) az® (6)
k=2
where
5(n, k) = (“ﬂf_]). (7)

Definition 1 Let f and g be analytic functions in U. We say that the function
f is subordinate to the function g, if there exist a function w, which is analytic
in U and w(0) = 0;lw(z)| < 1;z € U, such that f(z) = g(w(z)); Vz € U. We
denote by < the subordination relation.

Attiya and Aouf defined in [2] the class Q(n,A, A, B) this way:

Definition 2 [2], [3] For A > 0;—1 < A <B < 1,0 < B < Ijn € Ny let
Q(n, A, A, B) denote the subclass of A which contain functions f(z) of the form
(1) such that

14+ Az
1+ Bz’

(1=2A)(D™(2))’ + AD"'(2)) < (8)
Definition 3 [5] A function f(z) of the form (1) is said to be in the class
V(6y) if f € A and arg(ay) = 0k ,Vk > 2. If 30 € R such that

O+ (k—1)0 = m(mod 2m), Vk > 2 then f(z) is said to be in the class V(0y, b).
The union of V(0y,0) taken over all possible sequences {6y} and all possible
real numbers & is denoted by V. Let VQ(n,A,A,B) denote the subclass of V
consisting of functions f(z) € Q(n, A, A, B).
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Theorem 1 [3] Let the function f defined by (1) be in V. Then
f € VQ(n,A,A,B), if and only if

E(f) =) kd(n,k)Clarl < (B—A)(n+1) (9)
k=2

where
Ck=(04+B)n+1+A(k—1)].

The extremal functions are

fr(z) =z+ Weiﬂkzk, (k > 2).

Main results

Theorem 2 Let

] Z
F(z) = Lf(z) = C; j f()tTdt, ¢ € N*
0

If f € VQ(nyA,20c — 1, B) then F € VQ(n, A, 23 — 1,B), where

142 1
B—pBlo) = 2 z(tf‘g* ) o

The result is sharp.
Remark: The operator 1. is the well-known Bernardi operator.

Proof.
Let f € VQ(n, A, 2 — 1, B) and suppose it has the form (1). Then

c+1(* o k) et
Flz) = — J(Hém)f dt =

0

k k
:z+E az:z+g byz".
k_zc—i-kk = k

Since f € VQ(n,A,20c — 1,B) we have

> k8(n,k)Crlal < B—(2a—1)](n +1)
k=2
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or equivalently

2 kd(n, k)Cy lay]
k=2

B—20+1
We know from Theorem 1 that F € VQ(n, A, 2 — 1, B) if and only if

<n+1. (10)

Y k8(n,k)Cylbil < [B— (2 —1)I(n+1)
k=2
or

(e ¢}
3 ke, kCi

B—2p+1
We note that the inequalities

<n+1. (11)

k8(n, k)Ci s laxl  kd(n, k) Cy |ayl
< ’ k>2 12
B—-2p+1 ~ B—-2x+1 V2 (12)
imply (11). From (12) we have

c+1 < 1
(c+k)(B—2B+1) = B—2x+1

(c+1)(B—-2a+1)<(c+k)(B-23+1),Vk>2

B < (k—1)(B+1)+2x(c+1)
- 2(c +k) )

Let us consider the function

E(x) = (x—1)(B+1)+2x(c+1)
b 2(c+x) ’

then its derivative is:

reoy  1e+T)(B+T1—2a)
E'(x) = 5 (c1x7? > 0.

E(x) is an increasing function. In our case we need f < E(k) and for this

B+1+42 1
reason we choose B = B(x) =E(2) = + ZE: —:C; +1)

Blx) > B+ 1+20c+ 200 >200c+4x & B+1—2a> 0.
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The result is sharp, because if

(B_Z‘X‘"”(“"‘])ewzzz

f3(z) =
22 =24 =S 2) )

then
F =116

belongs to VQ(n,A,23 — 1,B) and its coefficients satisfy the corresponding
inequality (9) with equality. Indeed,

Fa(z) g Brlat et G, 0 (B=2B(a)+T)n+1) 4, »

2Cy4(n, 2) c+2 2C50(n,2)

and

(B—2B(x) +1)(n+1)

E(F;) =25(n,2)C; =(B—-2B(x) +T)(n+1).

2C,8(n, 2)
O
Theorem 3 If f € VQ(n,A A, B) then F € VQ(n, A\, A*,B), where
B 1
A = BrAl+1) > A. The result is sharp.
c+2

Proof. Let f € VQ(n, A, A, B) and suppose it has the form (1). Then

F(z) :z+Z C+kakzk :z+Zbkzk.
k=2 k=2

Since f € VQ(n,A\,A,B) we have > kd(n,k)Cyla] < (B —A)(n +1) or
k=2
equivalently

> kd(m, k) Cy |ay]

k=2 <n+1.

B—A
We know from Theorem 1 that F € VQ(n,A, A%, B) if and only if

o0
L kan, k)Cigt

< .
A <n+1,vk (13)
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We note that

k8(n, k) C & lay] _ k8(n,k)Cic|ay
B — A* - B—A
implies (13). From (14) we have
c+1 < 1

(c+k)(B—A*) " B—A

(c+1(B—-A)<(c+k)(B—A*),Vk>2

A* < B(k—1)+A(c+1)

- (c+k)

Let us consider the function

(14)

B(x—1)+A(c+1)

E(x) = :
(x) x+c '
its derivative is: B A N
—Al)lc+
E'x)=——— - >0.
(x) (x +c)? -

E(x) is an increasing function.
In our case we need A* < E(k),V k > 2 and for this reason we choose
B 1
A*=E(2) = M

We note that A* > A, because
B+A(c+1)>A(c+2)& B> A.

The result is sharp, because if

B—A)n+1) i, >
f = —————e"?
2(z) =z + 3C20(n,2) e'’2z%,
then
Fy =1
belongs to VQ(n,A,A* B) and its coefficients satisfy the corresponding in-
equality (9) with equality. Indeed,

(B—A)(n+1)c+1eiezzz_z+ (B—A*)(n+1) 0,2

Rl =2+ ma 128 - 2C,5(m,2)

and
(B—A*)(n+1)

E(F2) =28(n,2)C, 2C38(n, 2)

— (B—A")(n+1).
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Theorem 4 If f € VQ(n,A,A,B) then F € VQ(n, A, A, B*), where

B — Bc+1)+A

< B.
c+2

The result is sharp.

Proof. Let f € VQ(n,A, A, B) and suppose it has the form (1).
(0.0

Since f € VQ(n,A\,A,B) we have > k8(n,k)Cyla] < (B — A)(n +1) or
k=2
equivalently

2 kd(m, k) Cic |ay]

=2 <n+1.

B—A
We know from Theorem 1 that F € VQ(n,A, A, B*) if and only if

> k8(n,k)Cifby| < (B* —A)(n+1)
k=2

or
> k8(n, k) Crest fay

k=2
< n . 5

We note that ]
k&(n, k) C S lay] _ kd(n, k) Cy fay

B*—A - B—A
implies (15). From (16) we have

Wk (16)

c+1 < 1
(c+k)(B*—A) " B—A
(c+1)(B—A)<(c+k)(B*—A),Vk>2
B(c+1)+A(k—1)

c+k =
Let
E(x) = B(c+1)+A(x—1)
X+c
its derivative is:
E/(x) — w < 0.

(x + ¢)?
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E(x) is a decreasing function. In our case we need E(k) < B* and for this
_ A+B(c+1)

reason we choose B* = E(2)
c+2

B*<B&A+Bc+B<Bc+2B& A <B.

The result is sharp, because if

(B—A)Mm+1) i, 2

f =
2(z) =z + 3C25(n, 2) et2z7,

then
F, =16

belongs to VQ(n,A,A,B*) and its coefficients satisfy the corresponding in-
equality (9) with equality. Indeed,

(B—A)(n+1)c+1e-19222 . (B*—A)(n‘f‘”eiezzz

Rl =2+ e ma c12° 2C,5(m,2)

and
(B*—A)n+1)

E(F2) = 28(n,2)C, 2C,5(n,2)

=(B*—A)(n+1).
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