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Abstract. In this paper, we study the geometry of the pseudo-slant
submanifolds of a cosymplectic space form. Necessary and sufficient con-
ditions are given for a submanifold to be a pseudo-slant submanifold,
pseudo-slant product, mixed geodesic and totally geodesic in cosymplec-
tic manifolds. Finally, we give some results for totally umbilical pseudo-
slant submanifold in a cosymplectic manifold and cosymplectic space
form.

1 Introduction

The differential geometry of slant submanifolds has shown an increasing devel-
opment since B. Y. Chen [3, 4] defined slant submanifolds in complex manifolds
as a natural generalization of both the invariant and anti-invariant subman-
ifolds. Many research articles have been appeared on the existence of these
submanifolds in different knows spaces. The slant submanifols of an almost
contact metric manifolds were defined and studied by A. Lotta [2]. After, this
type submanifolds were studied by J.L Cabrerizo et. al [7] of Sasakian mani-
folds. Recently, in [8] M. Atgeken studied slant and pseudo-slant submanifold
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in (LCS)n-manifolds. The notion of semi-slant submanifolds of an almost Her-
mitian manifold was introduced by N. Papagiuc [12]. Recently, A. Carriazo [1]
defined and studied bi-slant immersions in almost Hermitian manifolds and
simultaneously gave the notion of pseudo-slant submanifolds in almost Her-
mitian manifolds. The contact version of pseudo-slant submanifolds has been
defined and studied by V. A. Khan and M. A. Khan [15].

In this paper, we study pseudo-slant submanifolds of a cosymplectic mani-
fold. In section 2, we review basic formulas and definitions for a cosymplectic
manifold and their submanifolds. In section 3, we recall the definition and
some basic results of a pseudo-slant submanifold of an almost contact metric
manifold. In section 4, we give some new results for totally umbilical pseudo-
slant submanifold in a cosymplectic manifold M and cosymplectic space form
M(c).

2 Preliminaries

In this section, we give some notations used throughout this paper. We recall
some necessary fact and formulas from the theory of Cosymplectic manifolds
and their submanifols.

Let M be a (2m + 1)-dimensional almost contact metric manifold together
with a metric tensor g, a tensor field ¢ of type (1,1), a vector field & and a
1-form n on M which satisfy

$*X = —X +n(X)E, (1)
$E =0, n(dX) =0, n(&) =1, n(X) = g(X, &) (2)

and
g(dX, dY) = g(X,Y) —n(X)n(Y), g(dX,Y)=—g(X, pY) (3)

for any vector fields X,Y on M. An almost contact structure (¢, &,m) is said
to be normal if the almost complex structure J on the product manifold M x R
given by
X, F0) = (X = f£,n(X) )

I( ) dt )T] dt b
where f is the C®°— function on M x R. The _condition for normality in
terms of ¢, & and 1 is [, Pp] +2dn @ & = 0 on M, where [d, §] (X,Y) = ¢?
X, Y1+ [dX, dY] — ¢ [dX, Y] — ¢ [X, dY] is the Nijenhuis tensor of ¢. Finally
the fundamental 2—form @ is defined by @ (X,Y) = g(X, ¢Y).
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An almost contact metric structure (¢, &,n,g) is said to be cosymplectic,
if it is normal and both @ and are n closed. So we have on a cosymplectic
manifold M

(Vx$)Y =0 (4)

for any vector fields X, Y on M. (4) implies that
Vx& =0 (5)
for any X € F(Tﬁ), that is & is a killing vector field.

Let R be the curvature tensor of the connection V. The sectional curvature
of a ¢- sectional is called a ¢- sectional curvature. A cosymplectic manifold
with constant ¢- sectional curvature c is said to be a cosymplectic space form
and it is denoted by M(c). The curvature tensor R of a cosymplectic space

form M(c) is given by

RO, Y)Z = H{g(% Z)X = g(X, Z)Y +n(X)n(Z)Y —n(YIn(Z)X

+1(Y)g(X, 2)E —n(X)g(Y, Z)E + g(dY, Z) X (6)
+g(X, dZ) Y + 2g(X, PY)PZ}

for any vector fields X, Y, Z tangent to M([13].

Now, let M be an isometrical immersed submanifold of a contact metric
manifold M and denote by the same symbol g the Riemanian metric induced
on M. Let I'(TM) and I'(T+M) be the diferential vector fields set tangent and
normal to M, respectively. Also we denote by V and V= induced connections
on I'(TM) and T'(T+M), respectively. Then the Gauss and Weingarten formulas
are, respectively, given by

VxY = VxY + h(X,Y) (7)
and
VxV = —AvX + ViV, (8)

for all X,Y € T(TM) and V € T'(T+M), where h and Ay are the second funda-
mental form and shape operator for the immersed of M into M, respectively.
They are related as
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We put

n
hj; = g(h(eyej),er) and [h|* =) g(hles ), hlese),

i,j=1

where, {e1, €2,...,en} is an orthonormal basis of I'(TM) and {en11y...,€xmi1}
is also orthonormal basis of T'(T+M).
The mean curvature vector H of M is given by

H= %trace(h) = % Z h(ei,ei). (10)

i=1

A submanifold M of an contact metric manifold M is said to be totally um-
bilical if
h(X>Y) = Q(X>Y)H) (11)

where H is the mean curvature vector. A submanifold M is said to be totally
geodesic submanifold if h(X,Y) = 0, for each X, Y € T'(TM) and M is said to
be minimal submanifold if H = 0. .

For any submanifold M of a Riemannian manifold M, the equation of Gauss
is given by

R(X,Y)Z =R(X,Y)Z+ Anxz)Y — Anv X + (Vxh) (Y, Z) — (Vyh)(X, Z), (12)

where R and R denote the Riemannian curvature tensor of M and M, respec-
tively, where the covariant derivative Vh of h is defined by

(Vxh)(Y,Z) = Vyh(Y, Z) — h(VxY, Z) — h(VxZ,Y) (13)

for any X, Y, Z € T(TM).
The normal component of (12) is said to be the Codazzi equation is given
by
(RX,V)Z)" = (Vxh)(Y,Z) = (Vyh) (X, Z), (14)

where (R(X,Y)Z)" denotes the normal part of R(X,Y)Z.If (R(X,Y)Z)" =0,
then M is said to be curvature-invariant submanifold of M. The Ricci equation
is given by

g( ROGYIV,U) = g(R (6, V)V, W) + g([Aw, AvIX, Y), (15)
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~L
for any X,Y,€ T(TM) and V,U € T(T+M), where R denotes the Rieman-

nian curvature tensor of the normal T*M and if ﬁl = 0, then the normal
connection of M is called flat.

A cosymplectic manifold M is said to be n-Einstein if its Ricci tensor S of
type (0,2) is of the from

S(X,Y) = ag(X,Y) + bn(X)n(Y) (16)

where a,b are smooth functions on M. Ifb = 0, then the manifold is called
FEinstein.

3 Pseudo-slant submanifolds of a cosymplectic
manifold

In this section, we study pseudo-slant submanifolds in a cosymplectic manifold
and we give some characterization results. .

Let M be a submanifold of an almost contact metric manifold M. Then for
any X € I'(TM), we can set

$X = TX + NX, (17)

where TX and NX denote the tangential and the normal components of ¢X,
respectively. In the same way, for any V € I'(TtM), we can write

¢V =tV+ny (18)

where tV(resp.nV) are tangential(resp. normal) components of ¢V.

A submanifold M is said to be invariant if N is identically zero, that is,
$dX € T'(TM) for all X € T(TM). On the other hand, M is said to be anti-
invariant if T is identically zero, that is, $X € F(Tl M) for all X € T(TM).

Thus by using (1), (17) and (18), we obtain

TP=-1-tN+n®§ NT4+nN=0 (19)

and
n?=—I—Nt, Tt+tn=0. (20)

Furthermore, the covariant derivatives of the tensor field T, N, t and n are,
respectively, defined by

(VxT)Y = VxTY — TVxY (21)
(VXN)Y = VxNY — NVxY (22)
(Vxt)V = VxtV —tVxV (23)
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and
(Vxn)V = VgnV —nVx V. (24)

Furthermore, for any X,Y € I'(TM), we have g(TX,Y) = —g(X, TY) and V,U €
I'(T+M). By using (3), (17) and (18), we have g(U,nV) = —g(nl, V). These
show that T and n are also skew-symmetric tensor fields. Moreover, for any
X e (TM) and V € T(T*M), we have

which gives the relation between N and t.
Taking into account (6) and (15), we have

€L

g(R (X, Y)V,U) = 2{g(X, tV)g(U, NY) — g% tV)g(NX, W)

(26)

for any X,Y € I(TM) and V,U € T'(T+M).
By using (6) and (12), the Riemanian curvature tensor R of an immersed
submanifold M of a cosymplectic space form M(c) is given by

R(X,Y)Z = %{Q(Y, Z)X—g(X, 2)Y +n(X)n(Z2)Y —n(Y)n(Z2)X

+n(Y)g(X, 2)& =n(X)g(Y, 2)& + g(X, dZ)dY (27)
+9(dY, Z)pX + 2g(X, dY)PZ} + Apy )X — Anix,) Y
+ (Vyh)(X, Z) — (Vxh)(Y, Z).

Comparing the tangential and normal parts of the both sides of this equation,
we have, following equations of Gauss and Codazzi equation respectively:

(RX,V)Z) = 2{9(¥,Z)X = g(X, Z)Y +n(X]n(Z)Y =n(Y)n(Z)X

+n(Y)g(X, Z)& —n(X)g(Y, Z)& + g(X, TZ)TY (28)
+ Q(TY, Z)TX + Zg(X, TY)TZ} + Ah(Y,Z)X — Ah(X,Z)Y

and
(Vxh)(Y,Z) — (Vyh)(X,Z) = %{9(X> TZ)NY + g(TY, Z)NX
+2g(X, TY)NZ}.

(29)

By an easy computation, we obtain the following formulas

(VxT)Y = AnyX + th(X,Y) (30)
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and
(VxN)Y =nh(X,Y) — h(X, TY). (31)

Similarly, for any V € T(T+M) and X € I'(TM), we obtain
(Vxt)V =AvX —TAyX (32)

and
(Vxn)V = —h(tV, X) — NAyX. (33)

Since M is tangent to &, making use of (5), (7), (9) and (17), we obtain
Vx¢& =0, h(X> &) = 0, AvE=0 (34>
for all V € I(T+M) and X € T(TM).

Definition 1 A submanifold M of an almost contact metric manifold M is
said to be slant submanifold if for any x € M and X € TuM — & the angle
between TyM and $X is constant. The constant angle [0, 5] is then called slant
angle of M. If 8 = 0, the submanifold is invariant submanifold, if © = 5 then,
it is anti-invariant submanifold, if © € (0,5) then it is proper slant submanifold

[2].

In almost contact metric manifolds, J. L Cabrerizo [7] proved the following
theorem.

Theorem 1 Let M be a slant submanifold of an almost contact metric mani-
fold M such that & € T(TM). Then, M is slant submanifold if and only if there
exists a constant A € [0, 1] such that

T2 =-AI-n®E) (35)
furthermore, in this case, if @ is the slant angle of M, then A = cos®0 [7].

Corollary 1 Let M be a slant submanifold of an almost contact metric man-
ifold M with slant angle 8. Then for any X,Y € I'(TM), we have

g(TX, TY) = cos? 0{g(X,Y) —n(Xn(Y)} (36)

and
g(NX,NY) = sin? 0{g(X,Y) —n(X)n(Y)} [7. (37)
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Let M be a slant submanifold of an almost contact metric manifold M with
slant angle 0. Then for any X € I'(TM), from (19) and (35), we have

—cos? (X —n(X)E) = =X +n(X)E — tNX
from which
tNX = —sin? 0(X —n(X)&) (38)

by using (37),
NZX = —sin? 8(X —n(X)&) (39)

from (38) and (39) we, obtain
N? = tN.

It is well known that th = 0 plays an important role in the geometry of sub-
manifolds. This means that the induced structure T is a cosymplectic structure
on M.

By using (30) and (34), we obtain

n((VxT)Y) =0,
for X,Y € I'(Dg).

Definition 2 We say that M is a pseudo-slant submanifold of an almost con-
tact metric manifold M if there exist two orthogonal distributions Dy and D+
on M such that

(a) TM admits the orthogonal direct decomposition TM = D+ @ Dy, & €
(Do),

(b) The distribution D+ is anti-invariant(totally-real) i.e., $D+ C (T*M),

(¢) The distribution Dg is a slant, that is, the slant between of Dy and $(Dyg)
is a constant [15].

Let d; =dim(D%) and d; = dim(Dg). We distinguish the following five cases.

(i) If d =0 or 0 = 7, then M is an anti-invariant submanifold.

(ii) If dy = 0 and 6 = 0, then M is invariant submanifold.

(iii) If d; = 0 and © # {0, 7}, then M is a proper slant submanifold.

(iv) If dpdy # 0 and 6 = 0, then M is a semi-invariant submanifold.

(v) If dody # 0 and 0 # {0, T}, then M is a proper pseudo-slant submanifold.
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By u we denote the orthogonal complementary of ¢(TM) in T-M, then we
have the following sum

TM = N(D+) @ N(Dg) @

Let M be a proper pseudo-slant submanifold of a cosymplectic manifold M.
Then for any Z,W € T'(D+) and U € T'(TM), also by using (4), (7) and (9),

we have

g(AnzW — AnwZ, U) = g(h(W,U),NZ) — g(h(Z,U),NW)
= g(VuW, $Z) — g(VuZ, W)

= g(dVuZ, W) — g(dVuW, )
= 9(VudZ — (Vud)Z, W) + g((Vudp)W — VudW, 2)
= g(VudpZ,W) — g(VudW, 2)

—g(AnzU, W) + g(AnwlU, Z)

= g(AnwZ — AnzW, U).

It follows that
AnzW = AnwZ.

Theorem 2 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. Then the tensor N is parallel if and only if the tensor t is parallel.

Proof. By using (9), (31) and (32), we have

g((VxN)Y, V) = g(nh(X,Y), V) — g(h(X, TY), V)
= —g(h(X,Y),nV) — g(AvX, TY)
= —g(AnvX,Y) + g(TAVX,Y)
= g(—AwX+TAVX,Y) = g((Vxt) V) Y),

for any X,Y € T(TM) and V € I'(T+-M). This proves our assertion. O

Theorem 3 Let M be a proper pseudo-slant submanifold of a cosymplectic
mamnifold M. Then the tensor N is parallel if and only if

AvTY = —AvY
for any Y € T(TM) and V € T(TtM).
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Proof. By using (9) and (31), we have

g((VxN)Y, V) = g(nh(X,Y), V) — g(h(X, TY), V)
= —g(h(X,Y),nV) — g(AyTY,X)
= —g(AwwX,Y) — g(AvTY; X)

for any X,Y € I'(TM) and V € I'(T+-M). This proves our assertion. O

Theorem 4 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. The covariant derivation of T is skew-symmetric, that is

9((VxTY, Z) = —g((VxT)Z,Y),
for any X, Y, Z € T(TM).
Proof. For any X,Y,Z € T'(TM), by using (9), (25) and (30), we obtain

g((VxT)Y, Z) = g(AnyX + th(X,Y), Z)
= g(h(X, Z),NY) — g(h(X,Y),NZ)
= —9g(th(X, Z),Y) — g(AnzX,Y)
= —g(AnzX + th(X,Z2),Y)
=—g((VxT)Z,Y).

This complete the proof. O

Theorem 5 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. Then the tensor T is parallel if and only if

AnyX = AnxY
for any X, Y € T(TM).
Proof. For any X,Y,Z € T'(TM), by using (9), (25) and (30), we obtain

= g(AnvZ, X) — g(AnzY, X)

This complete the proof. O
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Theorem 6 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. The covariant derivation of n is skew-symmetric, that is,

g((Vxn)V,U) = —g((Vxn)U, V),
for any X € T(TM) and V,U € T(T+M).

Proof. For any X € I'(TM) and V,U € T(T+M), from (9), (25) and (33), we
reach

g((Vxn)V,U) = g(—h(tV,X) — NAyX, U)
= g(—AuX,tV) + g(AyX,tU)
= g(NAyX, V) + g(h(X,tU), V)
= —g(—NAyX —h(X, tU), V)
=—g((Vxn)U, V).

This proves our assertion. ]

Theorem 7 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. Then the tensor n is parallel if and only if the shape operator Ay
of M satisfies the condition

AvtlU = Ayty, (40)
for all U,V € T(T+M).
Proof. From (9), (25) and (33), we have

g((Vxn)V,U) = —g(h(tV,; X),U) — g(NAyX, U)
= —g(AutV, X) + g(AvX, tU)
= g(AvtU — AytV, X),

for all X € T(TM). The proof is complete. O

Theorem 8 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. If tensor n is parallel then, M is totally geodesic submanifold of
M.
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Proof. Since n is parallel, from (33) and (17), we have
h(tV,X) + dAyX = 0 (41)

for all X € I'(TM) and V € T'(T*M). Applying ¢ to (41) and taking into
account (1) and (34), we obtain

0 = ¢*AVX+ dh(tV,X)
= —AvX+n(AvX)E + th(tV, X) + nh(tV, X).

This yields to
—AyX+th(tV,X) =0.
On the other hand, also by using (9), (19), (25) and (40), we conclude that

g(AvX, Z) = g(th(tV; X), Z) = —g(h(tV; X),NZ)
= —g(AnztV, X) = —g(AvtNZ, X),

for Z € T(TM). Taking into account of tNZ = —Z +1(Z)& — T?*Z, we obtain

9(AVZ,X) = —g(~AvZ + n(Z)AvE — AVT?Z,X)
= 9(AvZ,X) + g(AvX, T?Z)
that is,
g(T?AvX, Z) = 0.
Here, by using (36), we conclude

0 =—g(TAyX, TZ) = —cos? 0g(AvX, Z)

for all Z € T(TM). Since M is a proper pseudo-slant submanifold, we arrive at
Ay =0, that is, M is totally geodesic in M. O

Definition 3 A pseudo-slant submanifold M of cosymplectic manifold M is
said to be Dg-geodesic (resp. D*-geodesic) if h(X,Y) = 0 for X,Y € T'(Dp)
(resp. WN(Z,W) =0 for Z,W € T(D1)). If h(X,Z) = 0, M is called mized
geodesic submanifold, for any X € T(Dg) and Z € T(D1).

Theorem 9 Let M be a proper pseudo-slant submanifold of a Cosymplectic
manifold M. If t is parallel, then either M is a mized-geodesic or an anti-
mwvariant submanifold.
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Proof. From Theorem 2 and (31) we obtain
nh(X,Y) =0,

for any X € I'(Dg) and Y € T'(D*). Also by using (31) and (34), we conclude
that
nh(Y, TX) — h(Y, T2X) = cos? Oh(X,Y) = 0.

This proves our assertion. ]

Theorem 10 Let M be a proper pseudo-slant submanifold of a cosymplec-
tic manifold M. If t is parallel, then either M is a D' -geodesic or an anti-
mmwariant submanifold of M.

Proof. If t is parallel, then making use of (32), we obtain
TAnyZ =0,

for any Y, Z € T(D™). This implies that M is either anti-invariant or ANyZ = 0.
So we obtain

for any Y, Z, W € I'(D1). Also by using (32), we conclude that
9(AnvZ,Y) — g(TAVZ,Y) = g(h(Y, Z),nV) =0,

for any V € T'(T+-M). This tells us that M is either Dt-geodesic or it is an
anti-invariant submanifold. O

Given a proper pseudo-slant submanifold M of a Cosymplectic manifold M,
if the distributions Dg and D™ are totally geodesic in M, then M is said to
be contact pseudo-slant product.

Theorem 11 Let M be a pseudo-slant submanifold of a cosymplectic manifold
M. Then M is a contact pseudo-slant product if and only if the shape operator
of M satisfies

AnpLTDg = Anp, D

Proof. Since the ambient space Mis a cosymplectic manifold, for any X,Y €
I'(Dg) and Z € I'(D*), we have

9(VxY, Z) = g(VxdY, $Z) = g(VxTY, $Z) + g(VxNY, $Z)
= —g(VxdTY,Z) + g(VxNY,NZ)
= —g(VxT?Y,Z) — g(VxNTY, Z) + g(VxNY,NZ)
= cos” 0g(VxY, Z) + g(AntvX, Z) + g(NVXY,NZ) — g(h(X, TY),NZ),
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which implies that
cos?0g(VxY, Z) = g(ANTvZ — AnzTY, X). (42)
On the other hand, for any Z, W € I'(D+) and X € I'(Dg), we reach at

9(VZW, X) = —g(VzX, W) = —g(Vz$X, pW)

= —g(VZTX, dW) — g(VZNX, pW)

= g(VzHTX, W) — g(VZNX,NW)

= g(VZzT?X, W) + g(VzNTX, W) — g(VNX,NW)

= —cos? 0g(VzX, W) — g(ANxZ, W) — g(NVzX, NW)
—g((VzZN)X,NW)

= cos’ 0g(VzW, X) — g(AnTxZ, W) — g(NVzX, NW)
+ g(h(Z,TX),NW).

This implies that
cos?0g(VzW, X) = g(ANxW — Anw TX, Z). (43)

From (42) and (43), we get desired result. O

4 Pseudo-slant submanifolds in cosymplectic space
forms

In this section, we will study pseudo-slant submanifolds in a cosymplectic
space form, give some characterization and submanifold will be characterized.

Theorem 12 Let M be a pseudo-slant submanifold of a cosymplectic space
form M(c) such that ¢ # 0. If M is a curvature-invariant pseudo-slant sub-
manifold, then M 1is either semi-invariant or anti-invariant submanifold.

Proof. We suppose that M is a curvature-invariant pseudo-slant submanifold
of a cosymplectic space form M(c) such that ¢ # 0. Then from (29) and (14),
we have

g(X, TZ)NY + g(TY, Z)NX + 2g(X, TY)NZ = 0, (44)
for any X,Y,Z € T(TM). Taking X = Z and Y = TZ in (44), we have

g(TZ, TZ)NZ = 0.
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Here, by using (36) and (37), we obtain
2
cos” 0 sin” O {g(Z, Z)— nz(Z)} =0.

This implies that sin20{g(Z,Z) —n%(Z)} = 0, that is, M is either a semi-
invariant or an anti-invariant submanifold. Thus the proof is complete. O

Theorem 13 Let M be a pseudo-slant submanifold of a cosymplectic space
form M(c) with flat normal connection such that ¢ # 0. If TAy = AyT for
any vector V. normal to M, then M s either an anti- invariant or it is a
generic submanifold of M(c).

Proof. If the normal connection of M is flat, then from (26), we have
c

gllALAVIX,Y) = {g(X, dV)g(U, dY) — g(¥, dV)g(dX, U)

+2g9(X, dY)g(dpV, W)}

for any X,Y € T(TM) and U,V € T'(TtM). Here, choosing U = nV and
Y = TX, by direct calculations, we can state

g(Av, AnvIX, TX) = =3 {g(TX, TX)g(nV; V)],

that is,

9(AnvAVTX = AvAnyTX, X) = = {g(TX, TX)g(nV,nV)},
from which

tr(AnAVT) — tr(AvAwT) = Str(T2)g(ny;nV).
If TAy = AyT, then we conclude that tr(A,vAvT) = tr(AvA,vT) and thus
%tr(Tz)g(nV, nV) =0,
from here dim(TM) = 2q + q + 1, then we can easily to see that
(2p + q + 1)cos*6g(nV,nV) = 0.

Thus 0 is either § or n = 0. This implies that M is either an anti-invariant or
it is a generic submanifold. O
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Theorem 14 Let M be a proper pseudo-slant submanifold of a cosymplectic

space form M(c). Then the Ricci tensor S of M is given by

S(X,W) = g{zwqfl+3cosze}(g(x,W)—n(X)n(W)) (45)
2p+q+1
+(2p + q + Ng(h( Z g(h(er, W), h(X, e1))

for any X, W € T(TM).
Proof. For any X,Y,Z € T'(TM), by using (6) and (12), we have

= S(g(Y, 2)g(X, W) — g(X, Z)g(Y, W)

4

n(Xn(Z)g(Y, W) —n(Yn(Z)g(X,W)
+n(Ym(W)g(X,Z) =n(X)n(W)g(Y, Z) (46)
+9(X,$Z)g(pY, W) — g(Y, $Z)g(pX, W)
+2g9(X, dY)g(pZ, W)} + g(h(X, W), h(Y, Z))
—g(h(, W), h(X, Z)).

9(R(X,Y)Z, W)

Now, let e1, e2,...,ep,ep 1 =secOTer, e, 2 =secOTey, ..., ey =secOTep, expi1
= &,€2p42,€2p43y---,€2p4q+1 De an orthonormal basis of I'(TM) such that
€1,€2,...,€p,epp1 = secOTer,ep 2 = secOTey, ... e = secOTep, expy1 =
& are tangent to I'(Dg) and ezpy2,€2p43,..-,€2p1q+1 are tangent to r'p+).
Hence, from (46) taking Y = Z = ej, ej,exand 1 <1< p,1 <j<p,E,2p+2 <
k <2p+ q+ 1 then, we obtain

Zg R(X,ei)ei, W) + Z g(R(X, sec 0Te;) sec 0Te;, W)
j=p+1
2p+q+1
((XEE, ‘|‘ Z g Xekek,W)

k=2p+2
= £{2p+q)g(X, W)} = £{(2p +q = In(XIn(W)

+ 3 cos? B[g(X, W) —n(X)In(W)] — g(X, W)}
P
+(2p+q+])g( Zg el) X el))
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P
— > g(h(secOTe;, W), h(X,sec0Te;)) + g(h(&, W), h(X, £))
j=p+1
2p+q-+1

— Y glhlen, W), h(X, ex)).

k=2p+2

Here
2p+q+1 p

Z g(h(er, W),h(X,e1) = Y g(h(ei, W), h(X, e;)

)
+ Z g(h(sec 0Te;, W), h(X, sec 0Te;))
j=p+1
2p+q-+1

+ ) g(hlew, W), h(X, &)

k=2p+2

hance, we have

sxw) = Z{p+a-1 +3cosze} (90X, W) =n(X)n(W))
2p+q-+1

+(2p +q + 1)g(h( Z g(h(er, W), h(X, e1))

the proof is complete. O

Theorem 15 Let M be a pseudo-slant submanifold of a cosymplectic space
form M(c). Then the scalar curvature p of M is given by

C
= 42p+q—1+3cos?0}2p + @) + 2p+ g+ D[P~ n*. (47)

Proof. By using (45), we have

2p+q+1

D S(eyen)
=1

which gives (47). Thus the proof is complete. O
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Theorem 16 Let M be a proper pseudo-slant submanifold of a cosymplectic
space form M(c) such that ¢ # 0. Every totally umbilical pseudo-slant sub-
manifold M in a cosymplectic space form /Mv(c) 18 a semi-invariant or anti-
mvariant submanifold.

Proof. We suppose that M is totally umbilical pseudo-slant submanifold in
cosymplectic space form M(c). Since M is totally geodesic, we have

9(R(X,Y)Z,dZ) = g((Vxh)(Y, Z) — (Vyh)(X, Z), Z) = 0,
or
gR(X,Y)Z,dZ) = g(Vxg(Y,Z)H— g(VxY,Z)H— g(VxZ,Y)H, $Z)
—g(Vyg(X, Z)H — g(VyX, Z)H — g(VyZ, X)H, $pZ) = 0

for any X,Y € I'(Dg) and Z € I'(D"). Since the ambient space M is a cosym-
plectic space form, from (6) we infer

g(ﬁ(X,Y)Z, bZ) = %g(X, ®Y)g(NZ,NZ) =0. (48)
Taking Y = TX in equation (48), we have
g(X, dTX)g(NZ,NZ) = 0.
Here, by using (36) and (37), we obtain
cos? 0sin? 0g(Z, Z){g(X,X) —n*(X)} = O.

This implies that sin20 = 0, that is, M is either a semi-invariant or an anti-
invariant submanifold. This proves our assertion. ]

Theorem 17 Let M be a totally umbilical pseudo-slant submanifold of a Cosym-
plectic space form M(c). Then the Ricci tensor S of M is given by

c
S W) =2 {2p+q—1+3cos 0} (g(X, W) —n(Xm(W))  (49)
for any X, W € T(TM).
Proof. From by using (11) and (45), we obtain

SXW) = £ {2p+q—1+3cos?0} (g(X,W) —n(Xm(W))

2p+q+1
+(2p + g+ Ng(g(X, W) H,H) — Z g(gler, W)H, g(X, e1)H)

this complete the proof. Thus we have the followmg corollary. O
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Corollary 2 FEvery totally umbilical pseudo-slant submanifold M of a cosym-
plectic space form M(c) is an n-FEinstein submanifold.

Theorem 18 Let M be a totally umbilical pseudo-slant submanifold of a cosym-
plectic space form M(c). Then the scalar curvature p of M is given by

p= E{Zp—i-q—] +3cos” 0}(2p + q). (50)

Proof. By using (49), we have

2p+q+1
p= ) Sle,el)
1=1
which gives (50). Thus the proof is complete. O

Example 1 Let M be a submanifold of R? defined by
x(u, v, s, W, z) = (1, —V/2v, vsin o, v cos &, § cos W, — cos W, s sinw, —sinw, z).

We can easily to see that the tangent bundle of M is spanned by the tangent
vectors

U
1_ax1’ 5=6= 5

0 0 0
e = —V2— +sino=— + cos o,

Y1 0x2 Y2
e; = coswa—X3 + sinwa—m,
€4 = —ssi wi—i-s' wi—i- COSW— — COSW—
4 = —SSIn ox3 n 3y; S s ay4'

We define the almost contact structure ¢ of R?, by

d d d d d
)= )= —)=0, 1<i,j<4.
o) = 5o ¢<ay]_) " o(55) =0 10

For any vector field X = 7\16%i + uja%i + Va% € I'(TR?), then we have

90X, X) = AL+ 1 + 2, g(dX, dX) = AT + ]



72 S. Dirik, M. Atceken

and

$2X = _}\ii —

0
o ”jaTJ = —X+n(X)§,

1

for any i,j = 1,2,3,4. It follows that g(dX, dX) = g(X,X) —n*(X). Thus
(b, &, g) is an almost contact metric structure on R?. Thus we have

0
e = —,
dey oy,
0 . 0 0
(I)ez = \/iaix‘l + sin (X@ — COS (xaixz,

be; = (:oswi + sinw—
’ 0y3 oys’

. . 0
€4 = — — — 4+ — .
dey s Smwbyg SmWOX3 s Cosway4 + COSWOX4

By direct calculations, we can infer Dg = span{er, ez} is a slant distribution

with slant angle cos ® = % = %, 0 = cos™! (%). Since g(des,e;) =0,
i= 1,245 and g(dese;) = 0,j = 1,2,3,5, dpe3, dpes are orthogonal
to M, D+ = span{es, e4} is an anti-invariant distribution. Thus M is a 5-
dimensional proper pseudo-slant submanifold of R’ with its usual almost con-
tact metric structure.

Let V be the Levi-Civita connection on R?. Then we have

0= [61)61] = [62) eZ] = [63) 63] [64, 64] = [65) 65]
= [e1, ez] = [er1, e3] = [er, es] = [er, e5] = [ez, €3]

= [e2, e4] = [e2, e5] = [e3, e5] = [ey, €3],

cos 2w 0 1 0 1 0
le3,eq] = | — — + . = =
sinw / 0x3 ssinw / 0y3 cosw / 0x4

<(s -1) > 0
+ cosw | —,
S ay4

gler,er) = gles,e3) = 1,g(ez, e2) = 3,g(es, eq) = s> +1,g(es,e5) = 1,

and
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gler,e2) = gler,e3) =g g
glez, e3) = gl(ez, e4) = glez, e5) =0,
g(es,es) = g(es,es) =g 0

Using Koszul’s formula, the Riemannian connection V of the metric g is given
by

29(VxY,Z) = Xg(Y,Z) +Yg(Z,X) — Zg(X, Z)

Koszul’s formula yields, we can find

O - Ve] e] - v€1 €2 - Ve1 63 - VQ-I 64 - Ve] 65
= vez ez = vez e4 = vez e5 = V63 e] = V63 ez

1
=Ve,e5 = Ve, e5 = Veses, Ve,e4 = —s€3, Ve,e3 = Pl
S .
Ve,€4 = o <1 — 2+ (1—s—s%) cos?w+ szs1n2w> es
S
cos 2w — tan?w
+ e3.
tanw

Thus we can say that M is Dg-geodesic and mized- geodesic. But it is not D+-
geodesic.
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