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Abstract. In this paper, with use of Lyapunov functional, we investigate
asymptotic stability of solutions of some nonlinear differential equations
of third order with delay. Our results include and improve some well-
known results in the literature.

1 Introduction

The investigation of qualitative behavior of solutions such as stability, conver-
gence, boundedness, asymptotic behavior to mention few, are very important
problems in the theory and applications of differential equations. For instance,
in applied sciences some practical problems concerning mechanics, engineering
technique fields, economy, control theory, physical sciences and so on are asso-
ciated with third, fourth and higher order nonlinear differential equations. In
recent years, there has been increasing interest in obtaining sufficient condi-
tions for the asymptotic stability and boundedness of solutions of the nonlinear
third order differential equations. Many results relative to the stability, bound-
edness of solutions of third order differential equations with delays or without
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delays have been obtained. We refer the reader to the papers (Burton [1, 2],
Swick [10] and Yoshizawa [16] and references therein) to discuss the qualitative
properties of various form of nonlinear differential equations without delay.

The Lyapunov second method had also been found useful and applicable to
study the qualitative properties of the equation with delay. Many interesting
results, on the qualitative behavior of solutions of the third order differential
equations have been obtained by Omeike [4, 5], Remili and Oudjedi [7], Sadek
[8, 9], Tung [11, 12, 13, 14] and Zhu [17] and references therein.

In 2009, the author [5] adapted [10] and used a suitable Lyapunov function
to establish criteria which guarantee asymptotic stability of solution of non-
autonomous delay differential equation of the third order that is bounded
together with its derivatives on the real line, and boundedness under explicit
conditions on the nonlinear terms of the equation

X" +a(t)x" +b(t)g(x') + c(t)h(x(t —71)) = p(t).

Recently, in 2013 Tun¢ and Gozen [15] considered the non autonomous differ-
ential equation of the third order with multiple deviating arguments:

X"+ a(tx” + nb(t)g(x) +c(t) Y hi(x(t—1)) =p(t).

i=1

He discussed the stability and boundedness of solutions of this equation.

Our aim in this paper, by using Lyapunov second method is to study the
asymptotic stability of third-order nonlinear differential equation with multiple
deviating arguments

n

[ (O (1] + at)x"(t) +nb(t)g(x (1) +c(t) Y hilx(t—73)) =0, (1)

i=1
and the boundedness of solutions of the equation

n

[ ()X (1] +alt)x" (1) +nb(t)g(x' (1)) +c(t) Y hilx(t—ri)) =q(t), (2)

i=1

where 1 are certain positive constants. It is supposed that the derivatives,
d : . .
a'(t),b'(t), ¢/ (1), V'(y) = d;l)’ and hf(x) = ‘g}g, exist and are continuous.

In this work, we want to adopt the approach in Omeike [5] and Tung [15] to
extend the result in Swick [10] to the equation (1) and give sufficient criteria
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which guarantee the existence of uniform asymptotic stability of the solution
with their derivatives on the real line. Obviously, the equations discussed in
[5] and [15], are particular cases of our equation (2). Here, by this work, we
improve the boundedness result obtained in [5, 15].

2 Preliminaries

First, we will give some basic definitions and important stability criteria for
the general non-autonomous delay differential system. Consider the general
non-autonomous delay differential system

X/:f(t)xt)a Xt(e) :X(t+e) ) —TSGSO, tZO) (3)

where f : I x Cy — R™ is a continuous mapping, f(t,0) = 0, Cy := {$p €
C([=r,0], R™) : ||d|| < H}, and for H; < H, there exists L(H;) > 0, with
If(t, )l < L(Hy) when [[¢[| < H;.

Definition 1 [2] An element P € C is in the w — limit set of ¢, say Q(b),
if x(t,0,d) is defined on [0,+00) and there is a sequence {tn},tn — oo, as
n — oo, with ||xt, (¢) — || — 0 as n — oo where x¢, (¢) = x(tn + 6,0, P) for
—1r<0<<0.

Definition 2 [2] A set Q C Cy is an invariant set if for any ¢ € Q, the
solution of (3), x(t,0, ), is defined on [0,00) and x¢($p) € Q for t € [0,00).

Lemma 1 [1] If ¢ € Cyis such that the solution x¢($) of (3) with xo(P) = b
is defined on [0,00) and ||x¢(d)|| < H;y < H for t € [0,00), then Q(d) is a
non-empty, compact, invariant set and

dist(x¢($), Q(Pp)) =20 as t — oco.

Lemma 2 [1] let V(t,$): I x Cy — R be a continuous functional satisfying
a local Lipschitz condition. V(t,0) =0, and such that:

() Wi19(0)]) < V(t, &) < Wa(9(0)]) + Ws([[]l2) where
ol = (Ji lb(s)IPds)

(ii) V(g)(t, b) < —Wy(Ip(0)]), where, W; (1 =1,2,3,4) are wedges. Then the

zero solution of (3) is uniformly asymptotically stable.
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3 Assumptions and main results

The following assumptions will be needed throughout the paper. Let ap, by, co,
d, m,dy, dq, A,B,C,L, M, and ¢, §;, p; be an arbitrary but fixed positives num-
bers and suppose that a(t), b(t),c(t) € C'(IR;), h € C'(IR), g € C(IR) and let
1V be a twice continuously differential function on IR, such that the following
assumptions are satisfied:

i) 0< ap<a(t)<A; 0<by<b(t)<B;0<cy<c(t)<C.

i) c(t) <b(t), b/(t) <c/(t) <O fort e [0,00).

i) 0<m<Plu) <M, O<d0§9;y)§d1 fory #£0 .

hi(x)
X

iv) hi(0) =0, > 8; >0 (x #0), and |hi(x)| < p; for all x.

Mo:
V) d§1<d<ao.

‘I n
vi) Eda’(t) —bo(ddg — MZ pi) < —e < 0.

i=1

+00
vii) J [’ (u)] du < oo.

viii) inf u¥’'(u) =1 > —m.
ueR

ix) Q(t) = J Iq(s)| ds < oo.

For ease of exposition throughout this paper we will adopt the following no-
tation

_ / o P’ (x'(t)) "
P(t) = b(x'(t)), R(t) = mx (t).

Theorem 1 In addition to conditions (i)-(vii) being satisfied, suppose that the
following is also satisfied

n
D i< min{e, Bil,
i=1
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where
. — 2(ap—d) and B — 2mde
7 MCpy YU CoM2(d+dm2 +m)’

Then every solution of (1) is uniformly asymptotically stable.

Proof. We write the equation (1) as the following equivalent system

Note that the continuity of the functions a(t),b(t),c(t), q(t) on [0,+oo[, and
P(x'), g(x'), hi(x) in their respective arguments on IR with h(0) = g(0) = 0,
guarantee the existence of the solution of (4) (see [3]). It is assumed that the
right hand side of the system (4) satisfies a Lipschitz condition in x(t), x'(t), x”(t)
and x(t — r;). This assumption guarantees the uniqueness of solutions of (4)
(see [3], pp.15).

We shall use as a tool to prove our main results a Lyapunov function U =
U(t, xt, Yt, z¢) defined by

U(t, Xt,yt,Zt) = exp <_YS)> V(t) Xt)ybzt) = exp <_Yl(f)> V) (5)

where .
vl = | Risias
0
and
n | y : )
V = de(t)H( )—i—C(t)U;hl(x) +nb(t)P(t)G (P(t)> + 32
N (©)
d t
TRt 2P2 o Z A JTL Ls (£)dEds,
n X y
where H(x) = Z J hi(u)du and G(y) = J g(uw)du. p and A are certain pos-
0 0

itive constants, which will be specified later in the proof. From the definition
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of V in (6), we observe that the above Lyapunov functional can be rewritten
as follows

t+s

n 0 t
V=V +V2+Z7\ij J y?(£)déds,
i=1 T

with

Vi = de(t)H(x) + c(t)y D hi(x) + nb(t)P(t)G(5>-),
i=1

and
da(t) ,

d
_ 12
V) =27+ yz+zpz(t)y .

{
(

Using the conditions on a(t) in (v),

First consider

1 2
VvV, = 22 4

d da(t) ,
P YT P Y }
d \? d(a(

P(t)”) T Y
d(a(t) —d) S d(ap —d)

2P2(t) T 2P%(t)
that there exists sufficiently small positive constant &, such that

2
lz—i—
2

> 0, it follows

V, > 8(y* +22). (7)
n

Vi > de()H(X) +c(t)y ) hi(x) +

i=1

ndob(t) 2
BIORE

d
since QS‘J) > do > 0 implies that G (P?t)) > ZPZ(Et)yZ' We wish to arrange

V1, and using the assumptions (i)-(v), we get,

n ) 2
Vi > de(tH(x) + 2000 > {9 + W}

oox c(t)P(t)h](w)
> de(t) ZL (1 — ddob(t)> hi(w)du

i=1

= [~ Mp;
> dc(t)ZJ (1 T > hi(u)du

i—1 90
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= [ Mp;\ hi(u)
2dc(t)ZJ <]_ddo) " udu

i=1 Y0
n X
Mp;
> dc(t) J <1 — ) diudu
0 ddo )

de(t) s Mp; )
> 1— :
> & Z( o) s,

so that 5
wzgﬁ (8)
n n
Mp; d
where 83 = dc();éi (1 — ddo> > a‘lc();zsi (1 —d> = 0. From (8), (7)

and (6), It is easy:to check that

5 n 0 t
V> 8y + 5222 + =X+ > AiJ J y2(&)déds.
2 ; —Ti Jt+s
i=1 i
Subject to the conditions of Theorem 1, V(0,0,0) = 0 and there exists suffi-
ciently small positive constant k such that

V > k(x* +y? +2%), (9)

t 5
since the integral J yz(i)dé is positive, where k = min <62, 23'>
t+s

Assumptions (iii) and (vii) imply the following:

t
Y = j R(s)] ds

0
J“Z“) ¥’ (1)
o (t) 11)2 (T)

+00
< | WElersN<e,

dt

—00

where o (t) = min{x/(0),x'(t)}, and o (t) = max{x'(0),x'(t)}. Now, we can
deduce that there exists a continuous function W; with W4 (|®@(0)]) > 0 such
that W (|@(0)]) < U(t, @).

The existence of a continuous function W5 (||$||) which satisfies the inequality
U(t, d) < Wi(||dl|), is easily verified.
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Now, let (x,y,z) = (x(t),y(t),z(t)) be any solution of differential system
(4).
Differentiating the function V, defined in (6), along system (4) with respect
to the independent variable t, we have

%v = dc/(YHE) +¢(t)y }_hi(x) + b (YP(H)G (Pl(Jt)> = ;((tl)(t) g

i=1

# (0 |(afe) — izy ~wo(0P(0) (g (oo )y = P06 (5o ))] 2 A
i=1

da’(t) + 2¢(t Zl h’ y y
*[ zpzu i “‘“’“)P(t)g(mu)]

dy Couls) L )
elt )< +P(t)>;L_r P(s)h Z’\J v (£)dE.

Consequently by the hypothesis (i)-(vi), it follows that

n b n
SV < A OHE) + ¢y 3 i) + ey <Ajz 3 m) ¥’

i=1

+ [R(t)] [(/\ d) [zyl + 3an1y } (o — d)2°

1
M
n t

dy t y(s),,

—1 T i=1 YT
We claim that
n

0(t,%,y) = dc/()H(x) + c/(thy ) hi(x) +

i=1

ndob,(t) 2
_ <
iy ¥ S0

for all x,y and t > 0. First suppose that ¢’(t) = 0, then

ndob/(t) 2

e(tv x)U) = ZP(t)

<0.

Finally, suppose that ¢/(t) < 0, the quantity in the brackets above can be
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written as,
0(t,x,y) = dc’(t) [H(x dyZh myzl
s [§ o]

Hence, on combining the two cases, we have 0(t,x,y) <0 forallt > 0, x and y.
Utilizing the assumptions of theorem and Schwartz inequality [uv| < %(u +v7),
the following inequalities are obtained

t

dC(t)y ZJ Mh/ ))ds < Z dem y? ii ZJ Py’ (E)dE,
i

PO Y &) Pl 2

<) dgsinyz o gﬂ_nyz(i)da,

c(t) i [ Biemistsnas < i S zflziflplyz(a)da
<y BTy B S Ln (£)de,
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and
3
Wi = |R(t)] [A d) [zy| + anly }
B A—d 24 A—d+3nBd; ,
2 2 Y
< ki [R(D)| (y* +2%),
— B
where k; = A—d ; SnBd, . These estimates imply that

d € i dCp; 5
V< - | - — L Mt .
at’ = [MZ 2 <)‘1 " om >r] Y

m2

d € " Cpi 1 d 5
Sve_ | &2 _ T
dt — [Ml ,ZZm <d+m+m2>n]y

i=1

[

If we take ZC Pi (1 + i) = A, the last inequality becomes

L 22+ kg IR(t)I(y2 + ZZ>.

k
Using (9), (5) and taking u = o we obtain:
1

d. . _ kiy(t) (d,, kiRt
dtU—exp<— X )(dtv_ . V)
(B £ B S
=1

ap — d i Cpﬂ‘i 2
— — )z .
< M = 2
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Provided that

ir~<min 2(ap—d) 2m’e
— ' MCp; ’CpiMZ(d+dmZ+m) [’

The inequality (10) becomes

d k1N
au(t) Xt)U’UZt) < _B exp < - %)(yz + Zz)v for some B > 0.
It is clear that the largest invariant set in Z is Q = {0} , where
d
= C u - O .
{0 cns fuwi-of

d
Namely, the only solution of system (4) for which aU(t, Xt, Yt, 2t) = 0 is the

solution x =y = z = 0. Thus, we conclude that every solution of system (4)
is uniformly asymptotically stable. Now from (4) we have

X (Y (1) = y(t), (11)
Furthermore, it follows from (iii) that
ly(t)l ey Yl ly(t)
M= MOIE gy = e
which implies that hm x'(t) = 0. Differentiating (11) we obtain
(1) [¥X (1) + W () (1] = (1), (12)

then hm x"(t) = 0 since hrn Y(x'(t)) + W (X' (t)x(t) =¥(0).

Thus under the above dlscussmn we conclude that every solution of equation

(1) is uniformly asymptotically stable. O
For the case q(t) # 0, we consider the equivalent system of (2)
x = 1
Pt)Y
Y=z
a(t) Y - (13)
Z = ——Zz+a(t)R(t)y —nb(t ()—c(t) hi(x)
+c(t) i Jt @h’(x(s))ds +q(t)
'L:] t*Ti P(t) ' q '

The following result is introduced.
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Theorem 2 In addition to the assumptions of Theorem 1, we assume that
(viii) and (ix) hold. Then, there exists a finite positive constant C such that
every solution x(t) of equation (2) defined by the initial functions

x(0)=¢(t), X (0)=¢'(t), x"(0)="(t),
satisfies the inequalities

x(I<C, KMI<C K'(tI<C vt>0,
where ¢ € C%([—,0],R).
Proof. An easy calculation from (13) and (5) yields that

d d

d
dtu” au(4)+(2+79)qm-

P(t)

d
Since aum < 0, then it follows that

d
Sy < (4 ) latel

Noting that |x| < 14 x?, which implies that

<|z| ; Pft)|y|>|q(t)| < ¥a(lzl + yDlq(t)]

< k(2 + 2 +yd)lq(t)|
< k| X|[lq(t)| + 2kalq(t)]

2 1q(t)[U + 2ka|q (1)),
de w

where k; = max {], i}, recalling that
N
be ® HXH < u(t)xt)ybzt)-

k2
Let n = max {Zkz, } then
567 W

d
¢ S < nla®)l+niqt)iu
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Multiplying each side of this inequality by the integrating factor e M we
get

. d — —
e T]Q(t)au(”) <e ﬂQ(t)an(t) Te ﬂQ(t)an(t)u'

Integrating each side of this inequality from 0 to t, we get, where X, =

(x(0),y(0),z(0)),
e MU —U(0,Xp) <1 —e MM,

Since Q(t) < L for all t, we have
u(t) Xt)yt)zt) < U(O)XO)enL + [e'ﬂ]— - ]] for t > 0.

Now, since the right-hand side is a constant, and since U(t, x¢, Yt,z¢) — 00 as
x* +y2 + 2% = o0, it follows that there exists a D > 0 such that

x(t) <D, yt) <D, [z(t) <D Vt=>0.

From (11) and (iii) we obtain

x| = ‘

Y(x')
it follows from condition (viii) that
K(x') =) +x'P'(x') > m +n,

but (12) implies
2| . D

"
‘X }_ K(x) —n+m’

thus we can deduce

() < C, (1) <C, K'(t) <C vt>0,

D D
where C = sup <D> —, ) This completes the proof of theorem. O
Example 1
X/ " 1 1
<<H‘Xl2 '|‘Tl(n + ])) Xl) + <4n2(n + ])2 - Eeizt + 2) X//
1 , x/
() (v (14)

1 N « [ ix(t—ry) ]
+ <2(1 +1) +2> 1Z [m(t_riH 1 —i—lx(t—ri)l] =e

=1
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We can simply verify that

)

11)2 4n2(n+1)241, 1> 0,
_ 1

<2, t>0,

i) From (i) we have b(t) > c(t) and b’(t) < c/(t) <0, Vt >0,

i) P = ]fﬁ +n(n+1). Now, it is easy to see that

1
inf ¥(u) :—§+n(n+1) >m=—14+nn+1),

uekR
1
supY(u) =z +nn+1)<M=14+nn+1),
ueRr 2
g(y) :
=2< = =2 <3= th .
do =%y +]+y2_3 dy withy #0

Also

iv) 6y = i< b — (1+ 1+Ix\> with x # 0, and [h(x)] < py = 2i,

X

then Zpl ZZI— (m+1).

v) For d = ZMTL(TL + 1) we have

Mp;

Mi =
i a4

<Mn<d<ay=4n*(n+1)?

vi) a’(t) = e 2 < 1, and

1 - 3
ida'(t) —bo (ddo — MZ pi> < —id-i- Mnn+1) <O0.

vii) An explicit calculation shows that

too e w4+1-2
J -l = PG

L2
(1+u?)?

J au

—00 —00

viii) in&uw'(u) =n=—1>-nn+1)+1,
ue
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ix

) Q(t) = [ye*ds < co.

If we take vy = %, with k = min{o, Pn}. Then

i=n 00 2k
;Ti < Z] 22 =k < min{ay, Bi}.
1= 1=

All the assumptions (i) through (ix) are satisfied, we can conclude using
Theorem 3.2 that every solution of (14) is uniformly bounded.
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