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Abstract. In this paper, we focus on the time-varying shortest path
problem, where the transit costs are fuzzy numbers. Moreover, we con-
sider this problem in which the transit time can be shortened at a fuzzy
speedup cost. Speedup may also be a better decision to find the shortest
path from a source vertex to a specified vertex.

1 Introduction

Time-varying shortest path problem may arise in the applications of math-
ematics such as transportation, telecommunication and computer networks.
The problem is to find the shortest path from a source vertex to a target ver-
tex, so that the total costs of path is minimized subject to the total times of
path is at most T, where T is the time horizon and a given positive integer.
The shortest path problem with fuzzy numbers has been studied by Kelvin
[7], where a new model based on fuzzy number was presented. Lin and Chern
[10] and Li and Gen [9] surveyed this subject, separately. Gent et al. in [3]
solved the shortest path problem by genetic algorithm. Shirdel and Rezapour
in [15] studied a k-objective time-varying shortest path problem, which cannot
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be combined into a single overall objective. Okada and Gen [13] concentrated
on the problem with interval numbers. Then, Okada and Soper maintained
their work on the shortest path in network with fuzzy number in [14]. We
encourage the reader to consult [2, 4, 6, 8, 11, 12] for historical background,
computational techniques and mathematical properties of the fuzzy shortest
path problem. In this paper, we consider time-varying shortest path, where
transit costs are triangular fuzzy numbers. Moreover, we assume that the tran-
sit times and the transit costs are dependent on discrete time T , where T is
the time horizon. The preliminary and definitions are given in Section 2. The
problem is discussed in Section 3 and two theorems are proved for solving of
problem. An algorithm is presented in Section 4 for the mentioned problem.

2 Preliminary

Consider a time-varying network G(V,A, b, c), where V and A are the set
of vertices and the set of arcs, respectively, with |V | = n, |A| = m. The
transit time b(i, j, t) and the fuzzy transit cost c̃(i, j, t) are associated with
each arc (i, j), respectively, such that t is the departure time of a vertex i.
Moreover, c̃(i, j, t) is assumed to be triangular fuzzy number. The transit time
b(i, j, t) and the fuzzy transit cost c̃(i, j, t) are the functions of discrete time
t = 0, 1, ..., T , where T is a given positive integer. The waiting time at vertex
i from t to t + 1 is shown by w(i) and the associated fuzzy waiting cost is
presented by c̃(i, t).

Definition 1 [5] The membership function µA(x) : X→ [0, 1] allocates a value
between 0 or 1 to each member in X, where X is a universal set and A ⊆ X.
The assigned values point out the membership grade of the element in the set

A, and moreover the set
{(
x, µA(x)

)
: x ∈ X

}
is named fuzzy set.

Definition 2 [5] A fuzzy number Ã = (α,β, γ) is called to be a triangular
fuzzy number, when it has the following membership function:

µÃ(x) =



x− α

β− α
α ≤ x ≤ β

1 x = β

γ− x

γ− β
β ≤ x ≤ γ

0 otherwise
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where, α ∈ R, β ∈ R and γ ∈ R.

Definition 3 [6] Let Ã = (α1, β1, γ1) be a triangular fuzzy number, then its
ranking function Ã is a function < : <(Ã) → R, where <(Ã) is the set of
all fuzzy numbers. For a triangular fuzzy number Ã = (α1, β1, γ1), the ranking
function < is calculated by <(Ã) = 1

4(α1 + 2β1 + γ1).

Definition 4 [6] Assume Ã = (α1, β1, γ1) and B̃ = (α2, β2, γ2) are two trian-
gular fuzzy numbers, then:

• Ã⊕ B̃ = (α1 + α2, β1 + β2, γ1 + γ2),

• Ã > B̃ if and only if <(Ã) > <(B̃),

• Ã = B̃ if and only if <(Ã) = <(B̃),

• Ã < B̃ if and only if <(Ã) < <(B̃),

• A triangular fuzzy number Ãk is the maximum triangular fuzzy numbers
Ãi such that <(Ãk ≥)<(Ãi) for all 1 ≤ i ≤ n,

• Minimum triangular fuzzy numbers Ãi is similarly defined,

• Moreover, let 0̃ = Ã⇔ α1 = 0, β1 = 0, γ1 = 0 and Ã = ∞̃ ⇔ <(Ã) = ∞̃.

Definition 5 [1] Suppose a time-varying path from i1 to ik is specified by
P (i1 − i2 − · · ·− ik). Consider α(ir) be the arrival time of a vertex ir on P

such that α(i1) = t1 > 0 and we have:

α(ir) = α(ir−1) +w(ir−1) + b
(
ir−1, ir, τ(ir−1)

)
for 2 ≤ r ≤ k

where, τ(ir−1) is the departure time of a vertex ir−1 for for2 ≤ r ≤ k on P and
we have:

τ(ir−1) = α(ir−1) +w(ir−1) for 2 ≤ r ≤ k.

Moreover, let α(s) = 0 for the source vertex s.

Definition 6 [1] Let P (i1 = s− i2 − · · ·− ik) be a time-varying path from s

to ik, then the time of time-varying path P is determined by α(ik) +w(ik).

Definition 7 The fuzzy cost of the time-varying path P (i1 − i2 − · · ·− ik) is
defined as follow:

ζ̃(P) = ζ̃(ik) = ζ̃(ik−1) + c̃
(
ik−1, ik, τ(ik−1)

)
+ Σ

w(ik)−1
t′=0 c̃

(
ik, t

′ + α(ik)
)

Moreover, the path P is the shortest path within time t if for each path P′

within time t, we have: ζ(P) ≤ ζ(P′).
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3 The fuzzy shortest path problem with speed up

Consider that the transit time b(i, j, t) can be reduced at a fuzzy speedup cost
c̃γ(i, j, t) i.e. an arc (i, j) is traversed in shorter time and b(i, j, t) is rebated
by paying the speedup cost c̃γ(i, j, t). Speedup on one or several arcs may be
leaded to a better solution; especially it may be necessary when the deadline
T is tight. Let γ(i, j, t) be the amount of time reduced from the transit time
b(i, j, t) with fuzzy speedup cost c̃γ(i, j, t), such that b(i, j, t) − γ(i, j, t) > 0.

Theorem 1 Define dsA(j, t) as the fuzzy cost of a time-varying shortest path
from s to j of time exactly t with speed up. Then dsA(j, 0) = ∞̃ for all j 6= s,
dsA(s, 0) = 0̃ and if t > 0 have:

dsA(j, t) = min
{
dsA(j, t− 1) + c̃(j, t−

1),min(i,j)∈A minu+b(i,j,u)−γ(i,j,t)=t
{
dsA(i, u) + c̃(i, j, u) + c̃γ(i, j, u)

}}
Proof. It is clear that dsA(j, 0) = ∞̃ for all j 6= s and dsA(s, 0) = 0̃, since
all transit times are positives. The theorem is proved by induction on t > 0.
Consider t = 1, for j = s the theorem clearly holds. If j 6= s, for (s, j) ∈ A
and b(s, j, 0) = 1, the theorem holds with dsA(s, 0) + c̃(s, j, 0) + c̃γ(s, j, 0).
Assume that the theorem is correct for t′ < t and dsA(j, t) is finite. If dsA(j, t) =
dsA(j, t− 1) + c̃(j, t− 1), by induction, there is a path from s to j within time
t − 1, by waiting at j one unit of time more, the time of path is exactly t . If
dsA(j, t) = dsA(i, u) + c̃(i, j, u) + c̃γ(i, j, u), since b(i, j, t) − γ(i, j, t) > 0, then
u < t, therefore by induction, there is a path from s to i within time u and cost
dsA(i, u). We can extend this path to j, obtaining a path from s to j within time
u+ b(i, j, u) − γ(i, j, t) = t and cost dsA(j, t) = d

s
A(i, u) + c̃(i, j, u) + c̃γ(i, j, u).

It is easy to see that dsA(j, t) is the fuzzy cost of shortest path from s to j. �

Theorem 2 Define ds
∗
A (j) as the cost of a time-varying shortest path form s

to j of time at most T with speed-up, then we have:

ds
∗
A (j) = min0≤t≤T d

s
A(j, t).

Proof. The proof is Straightforward. �

4 The algorithm for solving fuzzy shortest path prob-
lem with speed up

The key idea in the below algorithm is to first sort the values of u+b(i, j, u)−
γ(i, j, t) = t for all u = 0, 1, 2, . . . , T and all arcs (i, j) ∈ A, before the recursive
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relation as given in theorem 1 is applied to compute dsA(j, t) for all j ∈ V and
t = 0, 1, 2, . . . , T .

Algorithm

1. Begin

2. Let dsA(j, 0) = ∞̃ for all j 6= s, dsA(s, 0) = 0̃;

3. Sort all values u + b(i, j, u) − γ(i, j, t) = t for all u = 0, 1, 2, . . . , T and
all arcs (i, j) ∈ A;

4. For t = 0, 1, 2, . . . , T , do;

For j ∈ V, do;

For each (i, j) ∈ A, and each u and γ, do;

dsA(j, t) = min
{
dsA(j, t− 1) + c̃(j, t−

1),min(i,j)∈A minu+b(i,j,t)−γ(i,j,t)=t
{
dsA(i, u) + c̃(i, j, u) + c̃γ(i, j, u)

}}
5. Let ds

∗
A (j) = min0≤t≤T d

s
A(j, t);

6. End

Example 1 Consider a given time-varying network G in Figure 1, where
T = 6.

1 

3 5 

6 

2 4 

Figure1. A network for example 1

Assume that the waiting at vertices are not allowed, i.e. w(i) = 0 for all i ∈ V.
Furthermore, for arcs (1, 2), (1, 3) and (2, 4) and for each time t = 0, 1, . . . , 6
let:
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b(i, j, t) = 3, c̃(i, j, t) = (2, 3, 4)

for arcs (4, 6) and (5, 6) and for each time t = 0, 1, . . . , 6 let:

b(i, j, t) = 3, c̃(i, j, t) = (1, 3, 5)

Other transit times and fuzzy transit costs are shown in Table 1.

Table 1. Information for network G

Arcs (2,5) (3,4) (3,5) 

       
b,

         

t
                    

  b                     b                   b                 

0
   

1             (1,2,3)
   2              (2,4,6)  3             (1,4,5) 

1
   

4            (1,3,4)
   

2              (2,4,5)
  

2             (1,4,6)
 

2
   

3            (1,3,4)
   

1              (3,4,5)
  

3             (2,3,4)
 

3
   

3            (2,3,5)
   

4    
          

(3,4,6)
  

5             (2,4,6)
 

4
   

2            (1,3,6)
   

3              (1,3,5)
  

4             (3,5,6)
 

5
   

3           
 
(1,3,5)

   
2               (1,3,4)

  
3             (4,5,6)

 

6
   

4            (1,3,4)
   

3              (1,2,4)  2             (2,5,7) 

There is not any feasible path from source vertex 1 to vertex 6 with T = 6,
because each path has time more than time horizon T = 6. Let γ(i, j, t) = 1,
corresponding to each γ, consider that there is a speedup cost c̃γ(i, j, t) =
(2, 4, 6). After applying the described algorithm to find the shortest path between
the vertex 1 and the vertex 6, we can obtain a path 1-2-5-6 with fuzzy cost
ds
∗
A (j) = (10, 20, 31).

5 Conclusion

In the time-varying shortest path problem, speedup may be a better decision
for the solution, although it incurs an extra cost. In particular, speedup may
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become necessary when the deadline T is tight. In this paper, we have consid-
ered one class of the time-varying shortest path, where the transit costs are
fuzzy numbers and speedups on all arcs along the path are decision variables.
Moreover, we have presented an algorithm for solving the problem.
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